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A ca l cu la t i ng  o f  the e l e c t r i c a l  conduct iv i ty  f o r  Hubbard mate- 

r i a l s  i s  presented which i s  v a l i d  when U / t  >> 1 (U being the Coulomb re- 

pu ls ion  and t the nearest neighbor hopping energy)for  a r b i t r a r y  e lec t ron  

concentrat ion and temperature. The de r i va t i on  employ the s ing le  p a r t i c l e  

rea l  and imaginary times Green's funct ions instead o f  the usual two-par- 

t i c l e  rea l  t ime Green's func t ion .  The r e s u l t  i s  compared w i t h  the expe- 

rimental data ava i lab le  f o r  some organic charge t rans fe r  s a l t s .  

Apresentamos um cá l cu lo  da condutividade e l é t r i c a  para "mate- 

r i a i s  de Hubbard" val i do  quando U / t  >> 1 ( U  sendo a repulsão Coulombiana, 

t a energia de t ransferência para v iz inhos próximos) para concentração 

e le t rôn i ca  e temperatura a rb i  t r á r i a s .  A dedução emprega as funções de 

Green com tempos rea l  e imaginário, em vez do método usual que emprega a 

função de Green de duas par t ícu las .  O resul tado é comparado com dados ex- 

perimentais d isponíveis para alguns sa is  orgânicos com transferência de 

carga. 

There are some mater i al s character i zed by narrow energy bands
where strong e lec t ron  co r re la t i on  plays the major ro le .  The importance 

o f  these cor re la t ions  i n  narrow energy bands was deamatical ly i l l u s t r a t -  
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ed by ~ d l e r l  i n  h i s  analysis of the e lec t ron i c  s t ruc tu re  o f  t r a n s i t i o n  

metal oxides. For example, MnO i s  pred ic ted t o  be m e t a l l i c  according t o  

band theory and i t  i s  exper imental ly  an i nsu la to r .  

A model f o r  e lec t ron i c  cor re la t ions  has been developed by Hub- 

bard2. There, an e lec t ron  i n  a  narrow energy band i s  supposed t o  hopfrom 

s i t e  t o  s i t e  i n  the l a t t i c e  w i t h  a  hopping frequency o f  the order o f  the 

bandwidth. When i t  happens t o  come onto an atomic s i t e  already occupied 

by an e lec t ron  o f  opposi te sp in  i t  experiences a  strong repu ls ion  force. 

U being the intra-atomic Coulomb energy, a  narrow band i s  then def ined 

as one i n  which U i s  la rge compared wi t h  the bandwidth. Hubbard showed2 

us i ng Green's funct ions techniqyes tha t  the exci  t a t i o n  spectra o f  the cor- 

re la ted e lec t ron  sys tem ( i  n  the non-magnet i c  case) corresponds t o  the 

s p l i t t i n g  o f  each o f  the o r i g i n a l  bands i n t o  two sub-bands. I t  i s  impor- 

t a n t  t o  emphasize here t h a t  these new bands are  i n  f a c t  many p a r t i c l e e x -  

c i t a t i o n  spectra o f  a  nature d i f f e r e n t  from the o r i g i n a l  bands which as 

i s  we l l  known are  a  consequence o f  the s o l u t i o n  o f  an e lec t ron  ~ c h r 8 d i n -  

ger equation i n  a  pe r i od i c  l a t t i c e .  We w i l l  t u rn  t o  t h i s  po in t  again. 

The Hubbard Hamiltonian has been a  subject  of intense rese- 

a r ~ h . ~  Very i n te res t i ng  resu l t s  e x i s t  f o r  the model i n  one dimension.The 

exci  t a t i o n  spectra has been studied by severa1 a ~ t h o r s ~ ' ~ ' ~ ' ~  and the re- 

s u l t s  app l ied  t o  the study o f  the magnetic s u s c e p t i b i l i t y ,  sp in  waves, 

e t c .  i n  organic metals l i k e  TTF-TCNQ t o  mention an e ~ a m ~ l e . * ' ~  

Using a  one eZectron picture,  where the one e lec t ron  s ta tesare  

taken t o  be occupation number dependent i n  a simpler manner Yoffa and 

~ d l e r l ~ ~ l l  der ived the Fermi energy, spec i f  i c  heat and thermal conducti- 

v i t y  o f  the so-cal led Mott insu la tors .  Also, the e lec t ron i c  conduct iv i ty  

and thermopower has been studied wi t h i n  t h i s  one electron p ic ture .12~13~14 

More general r e s u l t s  f i  r the e l e c t r i c  conduct iv i ty  and i n t e r -  

band t rans i  t i ons  has been obtained by ~ u b o l ~  using a  decoupl i ng scheme 

fo r  the two p a r t i c l e ,  real  time, temperature dependent Green's funct ions.  

The use o f  per turbat ion  methods using imaginary time G r e e n ' s  

funct ions and the associated feynman graphs are d i f f i c u l t  t o  a p p l y t o t h e  

Hubbard Hamiltonian w i t h  s t rong i n t r a s i t e  repu ls ion  due t o  the lack o f  a  

su i t ab le  per turbat íon  parameter. When the concentrat ion i s  small,however, 



we can use something l i k e  the ladder approximation o f  the imperfectFermi 

gas. ~~o~~ studied tha t ransport  p roper t ies  i n  t h i s  case and found f o r  

the conduct iv i  t y  resul  t s  which are i den t i ca l  t o  the one obtained by Kubo. 

I n  the present paper we use the  s ing le  p a r t i c l e  rea l  and ima- 

g inary  time, temperature dependent Green's funct ions formalism t o  ca l -  

cu la te  the e l e c t r i c a l  conduct iv i ty  up t o  order t2 (t, being the nearest- 

-neighbor hoppi ng energy-supposed smal 1 r e l a t  i v e  t o  U) a t  a rb i  t r a r y  con- 

cent ra t  ion  and temperature. 

As a f i r s t  s tep i n  the ca l cu la t i on  we der ive  i n  sections 2 and 

3, w i t h  the a i d  o f  the Green's funct ions formalism, the Fermi energy and 

the interna1 energy i n  the atomic l i m i t  o f  the Hubbard model.We a l so  d i s -  

cusss b r i e f l y  the question o f  the band s p l i t t i n g  which has been a source 

o f  sane misconception. 

I n  sect ion  4 the resu l t s  obtained are inserted i n  the Kubo f ó r -  

mula and i n  t h i s  way the conduct iv i ty  i s  e a s i l y  obtained. F i n a l l y ,  in  sec- 

t i o n  5 we tha t  the formula we get  p red i c t s  under the re laxa t i on  time ap- 

proximation (w i th  a s ing le  temperature dependence f o r  T ) the conducti- e 
v i t y  o f  NMP-TCNQ, but  i s  a t  variance w i t h  the data f o r  TTF-TCNQ. 

2. REAL TIME GREEN'S FUNCTION AND THE CHEMICAL POTENTIAL 

We consider i n  the fo l lowing a system o f  Ne i n te rac t i ng  elec-  

t rons described by the Hubbard Hamiltonian 

+ n . = c c i s the occupation number 
zo ia ia 

and are  respect ivel  y the c reat ion  

+ 
o f  s i t e  i (i = 1,2, ... N) and cio 

and a n n i h i l a t i o n  operators o f  an - - 
e l ec t ron  w i t h  o sp in  a t  the t h  atomic s i t e ,  t i s  the t rans fe r  ma t r i x  i j 
element between the i t h  and j t h  s i t e .  U i s  the repu ls ive  po ten t i a l  which 

acts' on ly  then two electrons w i t h  opposite sp in  are  a t  the same s i te .The 

band energy i s  re la ted t o  t.. through 
2.7 



I n  the atomic 1 im i t ,  where tij = 6 .  .T , the Four ier  transform o f  the cau- 
23 o 

sa l ,  retarded and advanced, rea l  time, temperature dependent Green's 

funct ions (see appendix f o r  the d e f i n i  t ions)  which g ive  the spectra o f  

pseudo-part icles o f  the system, can be obtained exact ly  using the equa- 

t i o n  o f  motion method described by zubarev.17 We obta in  f o r  the a n a l i t y c  

cont inuat ion  o f  both the advanced and the retarded Green's func t ion  i n  

the complex energy plane, the equation 

p i s  the chemical po ten t i a l  which f i x e s  the number of p a r t i -  

c les  and < n  > i s  the thermal average o f  the expectat ion o f  nia over a i a  
grand canonical ensemble a t  temperature T. I n  what fo l lows we assume 

<nio: = na = 1 n, where n i s  the number o f  e lectrons per atom. This res- 

t r i c t s  our d iscussion t o  nonmagnetic states.  The mean numberofelectrons 

per atom can be obtained through the expression: 

(4) 

ln' Eq.(4) as usual f3 = l/M. From t h i s  equation we immediate- 

l y  inder t ha t  the pseudopart icles densi ty o f  states per atom i s  g iven by 



The Ferm~ energy E ( n , ~ )  p can be immediately ca lcu la ted from Eq. (4) 
F 

by so l v i  ng the equation 

We f ind :  

With some algebraic manipulations Eq. (7) can be put  i n  the 

a1 te rnat  ive! form 

which i s  thie r e s u l t  obtained by Yoffa and ~ d l e r " .  

3. THE INTERNAL ENERGY 

I n  order t o  obta in  the interna1 energy we need t o  know the 

Four ier  treinsform o f  the imaginary time Green's funct ion.  This can beob- 

ta ined as f o l  lowsl*. We f i r s t  transform r i j (~)  from the Wannier t o  the 

basis int roducing T($ ,E)  through 

Then, 

Next int roducing the operator func t ion  p($,w) def ined through 



we obta in  ~ ( x , w ~ ) ,  where wk = (2k + 1 ) n e  i r  the fermion frequency through 

the equation 

The energy per atom i s  then 

Eq. (13) can be put  i n  a compact form using the value o f  given by Eq.  

(8). 

which agrees w i t h  the value obtained i n  Ref.9, using an appropriategrand 

p a r t i t i o n  func t i on  f o r  N independent atornic s i t e s .  

For the calculation of the conductivity we shall need the 
value o f  the thermal average <fli+?zi+>. I t  is obvious from the form of 

the Hubbard Hami 1 tonian tha t  t h i s  number i s  given by ~-'ú' < V> , where 

< V >  i s  the thermal average o f  the i n te rac t i on  energy. We then have 



I n  Ref. 9 the above r e s u l t s  have been obtained through the 

in t roduct ion  o f  a grand p a r t i t i o n  f t inc t ion  Z f o r  N independent s i t e s  

which can t ~ e  complete1 y unoccupied (E = O nondegenerate) , s ing le  occup- 

ied (E = T, twofold degenerate) our doubly occupied (E = 2To + U, nonde- 

generate) . 

Using the s ing le  e lec t ron  p i c t u r e  i t  seems tha t  the states o f  

the upper band appear as consequence o f  s i t e s  which are  doubly occupied. 

Then i t seems natura l  t o  answer the quest ion - how many e 1 e c t  r o n s  per 

atom are there i n  the upper band a t  a given temperature?-simply by say- 

ing tha t  these are the number o f  doubly occupied s i  tes. This number n;(T) 

i s  according t o  the s ing le  e lec t ron  p i c t u r e  

According t o  the Green's func t ion  formalism the same question isanswered 

through Eq. (6) and we get  

As t h i s  r e s u l t  doesnit agree w i t h  Eq. (16) @lthough we remind tha t  both 

methods give the same resu l t s  f o r  the Fermi and interna1 energies] we must 

f i n d  an explanation f o r  the s i t ua t i on .  

What happens i s  t ha t  the Greenls funct ions formalism (as op- 

posed t o  the s ing le  p a r t i c l e  p i c t u r e  under which the grand p a r t i t i o n  

func t ion  o f  Ref. 10 was constructed) implies t ha t  the upper band e x i s t s  

once and f o r  a l l  when the i n te rac t i on  between electrons i s  switched on. 

So there i s  a nonzero p r o b a b i l i t y  f o r  an e lec t ron  which i s  i n  a s ing le  

occupied s i  t e  t o  be exci  ted i n  the upper band (when T # O) . This i s  why 

we got  d i f f e r e n t  resu l t s  from the two methods. We may i n f e r  f romtheabo- 

ve discussion tha t  the question about which po in t  o f  view i s  the cor rec t  

one can be answered from a ca l cu la t i on  o f  the conduct iv i ty ,  since a t f i r s t  

s i g h t  t h i s  quant i ty  seems t o  depend on the r e l a t i v e  populat ion o f  the 

bands. As wle sha l l  see i n  sec t ion  4 the ca l cu la t i on  o f  the conduct iv i ty  

( t o  order t2) reduces t o  the knowledge o f  the thermal average o f  doubly 



occupied s i t e s  and f o r  t h i s  reason both methods give the same answer 

again. To end t h i s  sec t ion  we would l i k e  t o  emphasize tha t  the subbands 

are many particte pseudo-particte excitation spectra which a r i s e  due t o  

the e lec t ron  c o r r e l a t i o n  and are there as a whole once and f o r  ever. Ob- 

v ious ly  the shapes o f  the subbands depend on the p a r t i c u l a r  mater ia l ,  

being determined by U, t and n. 

4. CALCULATION OF THE CONDUCTIVITY 

We now use the resul  t s  o f  sections 2 and 3 t o  c a l  c u l  a t e  the 

conduct iv i  t y  t o  order t 2 ( u / t  >> I )  . We suppose tha t  the t .  .'s i n  Eq. (1) 
Z J  

are d i f f e r e n t  from zero and equal t o  t f o r  nearest neighbors only.  The 

d i ss ipa t i ve  p a r t  of the e l e c t r i c  conduct iv i ty  tensor i s  given by ~ u b o ' ~  

formula 

where V i s  the volume o f  the system, jv i s  the p component o f  the current  

operator and x i s  the V component o f  the e l e c t r i c  p o l a r i z a t i o n  operator. 
V 

I n  Wannier basis we have, 

- - -+ -f + 
- i e Z t .  .(R; - R . ) p  cio e jo  

i j o  ' 3  3 

and j p ( t )  = eiHtj e-iHt i s  the Heisenberg representat ion o f  j . Eq. (18) 
1i Fi 

can be wFi t t e n  i n  the a1 te rna t i ve  form 

I t what f o l  lows we assume o diagonal . I n t h i s  case 3 .  are  the components 
z 

o f  the l a t t i c e - s i  t e  p o s i t i o n  vectors p a r a l l e l  t o  the externa1 f i e l d .  



I lsing Eq. (20) we obta in  

u(w) := - 
2v2 i j u  3 

I n  general the ca l cu la t i on  o f  

requires knowledge of the two- par t ic le  real  time, temperature dependent 

Green's funct ion,  but  i f  we are in teres ted i n  an approximation f o r  the 

conduct iv i ty  t o  order t 2 ,  then thes ing le  p a r t i c l e  imaginary time Green's 

func t ion  i s  enough. This i s  due t o  the f a c t  t ha t  a l l  cont r ibu t ions  o f  

order greater  (and equal to)  than t 2 t o  the conduct iv i ty  comes from the 

ca l cu la t i on  o f  Eq. (23).  This means tha t  t o  ob ta in  the con t r i bu t i on  o f  

order t2 wc: must ca lcu la te  Eq. (23) i n  zero order i n  t .  This can be done 

by the subst i  t u t i o n  

Then 

where a i s  the l a t t i c e  spacing, g i s  the number o f  nearest neighbors and 

n i s  the number densi t y  (n I. N / v ) .  The thermal average i n  Eq. (25) de- 

couples i n  our approximation i n  

We have 



Using Eq. (15) we can obta in  the e x p l i c i t  f o r m  o f  E q . ( 2 7 ) .  Inser t ing  

these resul  t s  i n Eq. (25) we get f o r  the & conduct iv i  t y  

u = l i m  a(w) 
dc WNl 

w i t h  5 = (T + U - y) and o. = ge2a2ilt2. Using the value o f  given by 
o 

Eq. (8) we can wr i  t e  the dc conduct iv i  t y  as 

We note some in te res t i ng  aspects o f  Eq.(29). F i r s t ,  f o r  n=l  the equation 

agrees w i t h  a r e s u l t  f i r s t  obtained by Bar i  and ~ a ~ l a n l l .  Also, the equa- 

t i o n  pred ic ts  c o r r e c t l y  zero conduct iv i ty  f o r  n=O and n=2, as i t  must be. 

It i s  i nva r ian t  under the s u b s t i t u t i o n  n -+ (2-n) re f l ec t i ng  the p a r t i c l e  

-hole symnetry4. F i n a l l y  we observe tha t  f o r  a given t e m p e r a t u r e  the 

shape o f  the conduct iv i  t y  curve ( i n  our approximation) depends on n and 

U only.  t simply f i x e s  the scale. 

5. APPLICATION TO THE CHARGE TRANSFER SALTS 

The conduct iv i ty  o f  NMP-TCNQ ( f o r  which n= l )  has been measu- 

red by ~ ~ s t e i n ~ ~ .  For temperatures i n  the range 5 0 ' ~  < T < 4 0 0 ' ~  he found 



w i t h  o,,', a and A constants. Recal l ing tha t  under the re laxa t i on  time ap- 

proximation 6 ( w )  -+ r /a where r i s  temperature dependent we see tha tou r  e e 
Eq.(29) pre t i i c ts  the r e s u l t  i n  ~ ~ . ( 3 0 )  i f  we take 

and A = U/2.. u has been found t o  be between 3 and 4. Now, therecent  d i s -  

covery o f  spin waves i n  TTF-TCNQ has been in terpre ted as evidence f o r t h e  

precence o f  st rong Coulomb in terac t ions  i n  t h i s  charge t rans fe r  sa l t .As-  

suming conduct iv i ty  i n  one stack only,  Torrance e t  aZ.9 have shown tha t  

the experimental data are compatible w i t h  the s ing le  Hubbard model if the 

charge t rans fer  i s  n = 0.59, correspondi ng6 t o  U/t 7> 1 . We may then ex- 

pect Eq. (251) t o  be app l icab le  t o  t h i s  mater ia l  a lso.  Unfor tunately i n  

t h i s  case I>issuming a simple temperature dependence f o r  -re as inEq.(31)] 

we have the p red i c t i on  o f  a conduct iv i ty  which approaches i n f i n i t y  a t l o w  

temperatures. This i t a t  variance wi t h  the experimental data which 

show tha t  the conduct iv i ty  s t a r t s  t o  d iminish below 55'~. This i s  a l so  

the case f o r  the TSeF-TCNQ. I n  f a c t  TTF-TCNQ e x h i b i t  the most unusual 
O 

p roper t ies  presenting phase t rans i  t i ons  a t  38 , 49O and 54O~. The expla- 

nat ions o f  these proper t ies  are not  known a t  present time22. 

6. CONCLUS IONS 

I t  was our aim i n  t h i s  paper t o  ob ta in  a simple formula f o r  

the conduct iv i ty  of st rong cor re la ted systems, asa func t ion  o f  the elec-  

t r on  concentration and temperature. It was expected tha t  w i t h  the a i d  o f  

the conduct iv i ty  measurements we could d i s t i ngu i sh  between d i f f e r e n t  va- 

lues of the charge t ransfer  i n  the quasi unidimensional mater ia ls  l i k e  

TTF-TCNQ. This expectat ion has not  been rea l  ized. Eq. (29) cannot d i s t i n -  

guish very much values o f  n i n  the range 0.40 < n 0.60. Even worse i s  

the f a c t  t h a t  wi t h  the exception o f  HMP-TCNQ ( f o r  which n = 1) , the s in -  

g l e  Hubbard imodel p red ic ts  i n f  i n i  t y  growing conduct iv i  t y  f o r  TTF-TCNQ a t  

low temperatures which i s  a t  variance w i t h  the experimental data. This i s  

an i n te res t i ng  po in t  s ince the s ing le  Hubbard model seems t o p r e d i c t  qu i-  

t e  we l l  the spin waves and the s u s c e p t i b i l i t y  i n  t h i s  mater ia l .  As a f i -  

na l  comnent we must say t h a t  the  6- funct ion peak obta i  ned i n Eq. (29) i s  



due t o  the f a c t  t ha t  no d i ss ipa t i on  mechanism was included i n  the model 

studied. 

A f i n i t e  conduct iv i ty  can be obtained tak ing  i n t o  account the 

electron-phonon i n t e r a ~ t i o n ~ ~ ' ~ ~ .  S t a r t  ing wi t h  the Hami 1 tonian 

where thesyrnbols have the usual meaning a f i n i t e  conduct iv i ty  can be ob- 

t a  i ned. The s t ruc tu re  i s  the same as Eq. ( 2 9 )  w i  t h  a temperature dependent 

re laxat ion  time, which f o r  n=l i s  o f  the form suggested i n  Eq. ( 3 1 ) .  We 

w i l l  inves t iga te  t h i s  problem i n  a f u tu re  pub l ica t ion .  

APPENDIX 

Precise d e f i n i t i o n s  are given f o r  the rea l  and imaginary t i- 

mes Greenls funct ions used i n  t h i s  paper. 

by. 

where i 

The c a k a l  retarded and advanced Greenls f unctions are def ined 

+ 
G ( t , t t )  = + ieb t - t f ) ]  cio(t)  C , ( tr)  I> 
r, a 1 $0 

<<Cio ( t )  ; 

, I i s  the anticommutator 

c p w  r, a (A- 1 ) 

and < > indicates the average over 

a grand canonical ensemble a t  temperature T. We d e f  i ne f o r  rea l  E the 

Four ier  transforms 

The a n a l y t i c  cont inuat ion  o f  these funct ions i n t o  the complex energypla- 

ne wi 1 l be denoted by I?!' (E) . 
23 



'The imaginary time Greenls funct ions i s  def ined as 

oo' v +  
G.  .(t,tt) = - < ~ ~ ( z , ~ ~ ( t )  cju(tr) 1) 

23 
(A-3) 

where T i s  the time-order.ing operator  $. and 3' are imaginary t ime an- zu i o 
n i h i l a t i o n  and c rea t i on  operators def ined by 

whe r e  

i s  the grand c 

K = H - U N  

anonical Hamiltonian, v the chemical po ten 

p a r t i c l e  nuinber operator. The Four ier  transform o f  (A-3) 

i t i a l ,  and N the 

i s  def ined by 

where wll = n(2E + I)/kBT i s  the fermion frequency. 
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