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The d i e l e c t r i c  cons tan t  and absorp t ion  c o e f f i c i e n t  o f  an e l e c -  

t r o n  gas whose ground s t a t c  d i s p l a y s  a  s t a t i c  charge d e n s i t y  wave w i t h  

exchange i n t e r a c t i o n  v i a  a  § - p o t e n t i a l ,  i s  s t u d i e d  and a p p l i e d  t o  an a l -  

k a l i  meta l ,  sodium. An a d d i t i o n a l  c o n t r i b u t i o n  t o  t h e  a b s o r p t i o n  c o e f f i -  

c i e n t  was found which mani fests  i t s e l f  i n  the  form o f  a  band t h a t  prece-  

des and over laps  w i t h  the i n i t i a l  p a r t  o f  the in terband c o n t r i b u t i o n .  

Furthermore, t h i s  c o n t r i b u t i o n  i s  severa l  o rders  o f  magnitudes s m a l l e r  

than the  in terband c o n t r i b u t i o n  so t h a t  i t  can o n l y  be de tec ted  us ing  

very h i g h  r e s o l u t i o n  inst ruments.  

A constante d i e l é t r i c a  e  o  c o e f i c i e n t e  de absorção de um gás 

de e l e t r o n s  c u j o  estado fundamental apresenta uma densidade e s t á t i c a  de 

carga com in te ração  de t r o c a  v i a  um p o t e n c i a l  § são estudados e  a p l i c a -  

dos a  um metal a l c a l i n o ,  o  s ó d i o Uma c o n t r i b u i ç ã o  a d i c i o n a l  ao c o e f i c i -  

e n t e  de absorção f o i  encontrada, manifestando-se na forma de uma b a n d a  

que precede e  se superpõe à p a r t e  i n i c i a l  da c o n t r i b u i ç ã o  i n t e r b a n d a .  

Além disso,  e s t a  c o n t r i b u i ç ã o  menor, por v á r i a s  ordens de grandeza, que 

a  c o n t r i b u i ç ã o  interbanda, de modo que só pode s e r  detetada p e l o  de i n s-  

trumentos de al t a  resolução.  

1. INTRODUCTION

Many o p t i c a l  experiments a r e  capable o f  f u r n i s h i n g  i n f o r m a t i o n  

concerning s o l i d  s t a t e  p r o p e r t i e s .  I n  genera l ,  s o l i d s  a r e  c l a s s i f i e d  as 

meta ls  and i n s u l a t o r s  wi t h  in te rmed ia te  cases be ing  c a l  l e d  semi  c o n d u c -  

tors l .  A l though t h i s  c l a s s i f i c a t i o n  i s  based p r i m a r i l y  on e l e c t r i c a l  con- 



d u c t i v i t y ,  the  charge c a r r i e r s  a l s o  i n f l u e n c e  o p t i c a l  p r o p e r t i e s s u c h  t h a t  

i n s u l a t o r s  tend t o  be t ransparen t  and metals opaque i n  t h e  v i s i b l e  p a r t  

o f  the spectrum. Semiconductors tend t o  be opaque i n  the  v i s i b l e  r e g i o n  

and t ransparen t  i n  t h c  i n f r a r e d .  

Genera l l y  o p t i c a l  p r o p e r t i e s  a r e  s t u d i e d  by measurements o f t h e  

r e f ! e c t i v i t y  a t  normal inc idence,  f o l l o w e d  by a Kraners - K r o n i g  a n a l y s i s  

r e l a t i n g  t h e  r e a l  and imaginary p a r t s  o f  ~ ( w ) .  Thus two p a r t s  o f  t h e  d i -  

e l e c t r i c  constant ,  eãch dependent on frequency, E ~ ( w )  and E ~ ( w ) ,  o r  the  

o p t ! c a l  constants ,  q(w) and K(w),  a r e  obta ined2.  

I n  t h e  usual experiments, the  o p t i c a l  p r o p e r t i e s  o f  meta is  a r e  

assoc ia ted  w i t h  t h e i r  h i g h  r e f l e c t i v i t i e s  and low t ransmiss ion .  I n a  more 

q u a n t i t a t i v e  way, these o p t i c a l  p r o p e r t i e s  a r e  g iven  i n  terms o f  two ma- 

t e r i a l  constants ,  the  index o f  r e f r a c t i o n  q and the  c o e f f i c i e n t  o f  ex- 

t i n c t i o n  K, which a l l o w  one t o  r e l a t e  the  complex d i e l e c t r i c  constant  t o  

observables such as the  r e f l e c t i v i t y .  I n  meta ls ,  because o f  t h e i r  h i g h  

o p t i c a l  absorp t ion  a t  low f requencies,  the  e f f e c t s  caused by f r e e  charge 

c a r r i e r s  a rea lmos t  always s t u d i e d  by a p p l i c a t i o n  o f  r e f l e c t i v i t y  t e c h n i -  

ques. The c o n d u c t i v i t y  o f  these f r e e  charge c a r r i e r s  appears t o  be w e l l  

exp la ined  by Drude's theory .  On the  o t h e r  hand t h e  m a n i f e s t a t i o n s  caused 

by f r e e  charge c a r r i e r s  i n  semiconductors a r e  usual l y  more conven i e n t  l y 

s t u d i e d  us ing  a b s o r p t i o n  techniques.  

I n  s o l i d  s t a t e  s t u d i e s  we must a l s o  cons ider  t h e  c o n t r i b u t i o n s  

o f  va r ious  e l e c t r o n i c  processes o f  energy bands on the  o p t i c a l  p r o p e r -  

t i e s .  Among these c o n t r i b u t i o n s ,  the  in t raband  process, which corresponds 

t o  e l e c t r o n i c  conduct ion by f r e e  charge c a r r i e r s ,  i s  impor tant  inconduc- 

t o r s  such as meta ls  and degenerate semiconductors. 

The i n t e r a c t i o n  between i t i n e r a n t  e l e c t r o n s  i n  t h e  i n t e r i o r  o f  

the  metal can be s t u d i e d  by means of t h e  response o f  the  metal t o a  char-  

ge which v a r i e s  w i t h  t ime and space. The f u n c t i o n  which descr ibes t h i s  

type o f  i n t e r a c t i o n  i s  the  d i e l e c t r i c  constant ,  which i s  dependent on 

the  wave vec to r ,  q,  and the  frequency, w. Wi th  the o b j e c t  o f s t u d y i n g  the 

d i e l e c t r i c  constant  and the  a b s o r p t i o n  c o e f f i c i e n t  o f  an e l e c t r o n  gas,as 

w e l l  as i t s  a p p l i c a t i o n s  t o  a l k a l i  meta ls ,  we i n v e s t i g a t e  here the  d i e -  

l e c t r i c  constant  o f  an e l e c t r o n  gas whose ground s t a t e  corresponds t o  t h e  

s t a t e  o f  a  s t a t i c  charge d e n s i t y  wave i n  the  form proposed by Overhau- 



ser 3.  We w i l l  d iscuss the  m o d i f i c a t i o n s  which the d i e l e c t r i c  cons tan tand  

a b s o r p t i o n  c o e f f i c i e n t  s u f f e r  i n  r e l a t i o n  t o  t h e i r  r e s p e c t i v e  va lues i n  

normal meta l  s  (NHF) . 

2. THE GENERALIZED HARTREE-FOCK APPROXIMATION (GHF): THE STATIC 
CHARGIE DENSITY WAVE STATE 

The normal Hartree-Fock approx imat ion (NHF) descr ibes t h e  wave 

f u n c t i o n  by means o f  a  s i n g l e  S l a t e r  determinant  formed us ing  e l e c t r o n  

f u n c t i o n s  o f  the  t ype  Qko(c).  We propose t o  rnodify the  S l a t e r  determinant  

by us ing  o n e - p a r t i c l e  wave f u n c t i o n s  o f  the  t ype  

where the OK(r) a r e  NHF s o l u t i o n s  w i  t h  uK and vK normal i z e d  such t h a t  u i  

+ v i  = 1 .  These l a s t  two q u a n t i t i e s  a r e  v a r i a t i o n a l  parameters s p e c i f i e d  

by the m i n i m i z a t i o n  o f  the  t o t a l  energy. The many- par t i c le  wave func t ions  

w i l l  be g i v e n  by 

The second q u a n t i z a t i o n  formal ism w i l l  be used because i t  permi ts  cons i -  

de rab le  s i r n p l i f i c a t i o n  o f  t h e  mathematical treatrnent and i s  more adequa- 

t e  f o r  ou r  p resen t  work. The b a s i c  Hami l ton ian  o f  the  system c o n s i s t i n g  

o f  an e l e c t r o n  gas o f  p o i n t  p a r t i c l e s  immersed i n  a  n e u t r a l i z i n g ,  c o n t i -  

nuous d i s t r i b u t i o n  o f  p o s i t i v e  charge, i s  

where the f i  r s t  term o f  the  RHS o f  Eq. (2) i s  t h e  Bloch-band hami 1  t o n i a n  

and the second represents the  i n t e r a c t i o n  between t h e  e l e c t r o n s .  The e- 
+ 

q u a t i o n  o f  mot ion  f o r  CKo i s  



The l i n e a r i z a t i o n  of the genera l i zed  Hartree-Fock approx imat i -  

on, us ing  wave f u n c t i o n  ( I )  g ives  

and 

where Q i s  a wave v e c t o r  t o  be s p e c i f i e d .  Tak ing t h e  i n t e r a c t i o n  term of 

Eq. (3 )  and a l l  the p o s s i b l e  cornbinations o f  the  o p e r a t o r  p a i r s  we o b t a i n  

where we can immediately i d e n t i f y  one p a r t  o f  t h i s  equa t ion  as the normal 

Hartree-Fock energy g i v e n  by 

NHF 
E; + i < K , K ' I v I K ' , K ~  K'u' -1 K l  < K ' , K ~ v ~ K ' , D ~ ~ , ~  = c K  . 

K r , o '  

The o t h e r  term we c a l  1 



Then 

This equatioq o f  motion, as compared wi t h  Eq. (3)  contains one more term 
+ 

invo lv ing  the operator C K+Qo2 whose equation o f  motion i s  

The genera l iza t ion  o f  the Hartree-Fock approximation then produces 

L e t t i n g  E N'iF = ÊK Eqs . (4) and ( 5 )  can be rewr i t t e n  as K 

whose secular determinant i s  

Solving t h i s  equation we ob ta in  the new energy spectra o f  the yuasi-par- 

t i c l e s ,  

To ca lcu la te  the t o t a l  system energy i n  i t s  ground s ta te  we f i x  the wave 

number Q as h a l f  a reciproca1 l a t t i c e  vector  and se t  \o> = \ o ' >  f o r  the 

wave funct ions o f  the quas i- par t ic les .  I n  t h i s  way the s e l f  consistent  



p o t e n t i a l  has a  per 

the f i r s t  B r i l l o u i n  

can then be w r i t t e n  

i o d i c i t y  o f  tw ice  t h a t  o f  the  l a t t i c e  p o t e n t i a l  w i t h  

zone reduced t o  one hal f . The ground s t a t e  e n e  r g  y  

as 

( 1 )  
w h e r e C  i s a s u i n o v e r  t h e n e w r e d u c e d B r i l l o u i ~ i z o n e .  

Ko 

The wave f u n c t i o n  o f  the ground s t a t e  has been s e l e c t e d  t o  be 

which i n d i c a t e s  t h a t  the f i r s t  N s t a t e s  o f  a  q u a s i - p a r t i c l e  o f  l o w e s t  
- 

energy wK a r e  occupied. M in im iz ing  t h i s  energy wi t h  respec t  t o  O m e  has K 

where 

which i s  the  s e l f  c o n s i s t e n t  equa t ion .  Here V(&) = <K+Q, K'-QIvIK;K> and 

V(K-K') = <K~,K+QIVIK'+Q,K>. 

U t i l i z i n g  the  wave f u n c t i o n  s e l e c t e d  by GHF, the  charge densi -  

t y  becomes 

Approx imat ing the  f u n c t i o n  I$ by p lane  waves t h i s  equat ion becornes 



where 

Since s i n  2eK i s  p r o p o r t i o n a l  t o  AK i t  goes t o  ze ro  as A goes K 
t o  ze ro  arid the re fo re  p ( r ) = l  which i s  the  riormal s t a t e  charge d e n s  i t y  

w i t h  plane waves, as i t  should be. Eq .  (8) c l e a r l y  shows t h a t  t h e  ground 

s t a t e  o f  the systeni descr ibed by t h e  wave f u n c t i o n ,  develops a s t a -  

t i c  charge d e n s i t y  wave w i t h  p e r i o d i c i t y  X = 2a/ I&] .  I t  i s  easy t o  v e r i -  

f y  t h a t  the 'magnet i c  d e n s i t y  i s  ze ro  and t h e r e f o r e  magnetic o r d e r  i s  n o t  

present .  k'e w i l l  denote s t a t e s  descr ibed  i n  t h i s  way as "non-normal" me- 

t a l l i c  s t a t e s .  

3. DIELECTRIC CONSTANT 

We in t roduce  a t e s t  charge i n  t l ie  system def ined by ~ ~ . ( 2 )  and 

consider  t h a t  t h i s  charge v a r i e s  s p a c i a l l y  and tempora l l y  f o l l o w i n g  the  

expressior i  

er  e i ( q . r  - w t )  + C.C- 
o 

Th is  dens i t y  o f  e x t e r n a l  charge introciucecl i n  t h e  gas a t  a  p o i n t  r i s r e -  

levan t  vec to r  D ( r , t )  by means o f  Poisson's equat ion4, 

i ( y . r  - w t )  
d i v  D ( r , t )  = 4 n e r o ( e  + C.C.) ( 9 )  

The e x t e r n a l  f i e i d  a c t s  t o  p o l a r i z e  t h e  system o f  e l e c t r o n s .  

The f l u c t u a t i o n s  o f  induced charge can be considered as i-esponsible f o r  

the f i e l d  E According t o  the laws o f  e l e c t r o s t a t i c s  the  e l e c t r i c  f i e l d  
P' 

w i t h i n  the system i s  

where E ? ( r > , t )  can be i -e la ted t o  the p o l a r i z a t i o n  charge densi t y  by the 
t/ 

equat ion 



Taking the d ivergence o f  (10) and s u b s t i t u t i n g  i n t o  i t  the  values g iven  

by (9) and (11) we o b t a i n  

which i s  the equa t ion  t h a t  r e l a t e s  the  e l e c t r i c  f i e l d  t o  the f l u c t u a t i o n s  

o f  externa1 and induced charge. Taki ng the F o u r i e r  t ransforms o f  (9)  and 

(12) we have 

and 

For a macroscopic f i e l d  these equat ions express the  usual laws 

o f  e l e c t r o s t a t i c s  f o r  a d i e l e c t r i c  m a t e r i a l .  Extending them t o  the mi-  

c roscop ic  leve1 and cons ider ing  them a p p l i c a b l e  t o  a11 the wave v e c t o r s  

q and f requencies w, they correspond t o  f i e l d s  t h a t  vary i n  an a r b i t r a r y  

(and r a p i d )  way i n  space and t ime.  Besides t h i s ,  i n  analogy w i t h  theelec-  

t r o s t a t i c  laws4, we w r i t e  i n  the  l i n e a r  approx imat ion 

Here E ( ~ , w )  i s  t h e  d i e l e c t r i c  cons tan t  dependent on t h e  frequegcy w and 

wave v e c t o r  q .  I n  o t h e r  words i t  i s  the general i z a t i o n  ( t o  f i e l  ds  t h a t  

va ry  i n  space and t ime) o f  the  homogeneous d i e l e c t r i c  c o n s  t a n t  of t h e  

e l e c t r o s t a t i c .  

Taking the  va lue  o f  D(q,w) i n  Eq.(14) and s " b s t i t u t i n g  i t  i n t o  

(13a), i n v e r t i n g  the  o rder  o f  Eqs. (13) and d i v i d i n g  them member by mem- 

ber  we have 

where X(q,w) i s  t h e  e l e c t r i c  s u s c e p t i b i l i t y  o f  the  system. A t  t h i s  p o i n t  

we use t h e  Green's f u n c t i o n  technique descr ibed i n  t h e  c l a s s i c a r t i c l e b y  

zubarev5. We can express 



x (4 

where << . . . . .>> i s  abrev 

t i on .  

O 

i a ted  no ta t i on  f o r  the corresponding Green func- 

The interãict ion energy w i  t h  a t e s t  charge i s  g iven by 

4se2 + 
~ ( t )  = - Eop ( q , t )  o - i w t + ~ . ~ ]  , 

q2 

where 

and c;+qu' and CKo are respect ive ly  c rea t i on  operator o f  a e lec t ron  sp in  

i n  plane wave states,  [K + q7,  and a n i h i l a t i o n  operator o f  o e l e c t r o n  

spin i n  the s t a t e  I K > .  Applying these values t o  Eq.(16) we have 

It remains t o  resolve the equations o f  motlon f o r  Green's funct ions f o r  

pa i r s  o f  operators C+ C and CK+QtqaCK+Qo. Instead o f  invoking theNHF K+qo Ka 
approximation we use the general ized Hartree-Fock form discussed i n  Sec- 

t i o n  2. 

Performing the required analysis weobtain i n t h e  fo1 lowingresu l ts :  



whe r e  

and g, Voar = 5rJ360,p- v($)I  i s  the  i n t e r a c t i o n  energy. Th is  energy i s  

the  d i  f k r e n c e  between the  exchange i n t e r a c t i o n  (which we approximated 

by a con tec t- type  i n t e r a c t i o n  o f  s t r e n g h t  V )  and the  d i r e c t  coulombiccon- 

t r i b u t i o n  assoc ia ted  w i t h  s component Q o f  e l e c t r o n i c  charge d e n s i t y .  As 

we can see Eqs. (18) and (19) u r e  c o u p i e d  t o  t h e  p a i  r s  o f  opera to rs  

C and C+ ci+~+~~ KO ~+qo'x+~o We have then the c a l c u l a t e d  equat ions o f  mo- 

t i o n s  f o r  Green's func t ions  o f  these p a i r  o f  opera to rs  



Addiny t o  these four  equat ions t h e i r  respec t i ve  independent terms ãnd 

sumniing over  Ku we o b t a i n  the system of  equat ions 

bKu - b~+qo + L -- C dpe(q) ;w +is>> 
Xo % 0' K' "<'+Q-tqo' K'o 



+ + 
<< cHqo CK+Qo l P ( 4 )  ; w + is>> 

+ 1 bKlol  W o a l  C 
K ' o '  K o  R 

K+Q 



where 

and 

the Omi t t ing  the ex tens ive  and ted ious  in te rmed ia ry  c a l c u l a t i o n a l  steps, 1 

f i n a l  r e s u l t  i s  g i ven  by 



whe re 

and 

32 



Eq. (27) furnishes the d i e l e t r i c  constant o f  the e lec t ron  gas i n  the GHF 

approximation. L e t t i n g  

and 

we can wr i  t e  

I m  E ( ~ , w )  = I m  cN(q,w) + 

As we can see the imaginary term i s  separated i n t o  two par ts ,  the imagi- 

nary pa r t  oF the normal intraband d i e l e c t r i c  constant o f  the e lec t ron  

gas, (Im E ~ ( Q , w ) )  6,and the p a r t  due t o  the presence o f  the s t a t i c  char- 

ge densi ty wave, (Im E (q,w)) , whlch i s  represented i n  Fig.1 using nume- G 
r i ca1  data isppropriate t o  sodium metal. The c o e f f i c i e n t  o f  absorpt ion i s  

g i ven by 

Clear ly,  a (w) i s  the con t r i bu t i on  due t o  the presence o f  the s t a t i c  
G 

charge densi ty wave shown i n  Fig.2. I t  can be proved thà t  i n  the l i m i t  

A -t O, i . e .  when the amplitude o f  the s t a t i c  wave o f  charge tends toward 

zero, the term aC(w) i s  zero, as must be the case. F i n a l l y ,  w i t h  the a i d  

o f  the Butcher's formula7 we estimate the interband con t r i bu t i on  t o  the 

absorpt ion c:oeff icient using the appropr iate values f o r  sodium meta13.1n 

Fig.3 we show t h i s  con t r i bu t i on  (ao(w)) and i n  Fig.4 we show i t  together 

w i th  the cor i t r ibu t ion  associated w i t h  the presence o f  the s t a t i c  wave o f  

charge. Note: t ha t  the con t r i bu t i on  o f  the l a t t e r  t o  the t o t a l  absorpt ion 

coe f f i c i en t  i s  much smaller than the interband cont r ibu t ion ,  



F ig .1  - The imaginary p a r t  o f  the d i e l e c t r i c  constant  due t o  the presen- 

ce o f  the s t a t i c  charge dens i t y  wave. 

F ig.2 - C o n t r i b u t i o n  t o  the absorp t ion  c o e f f i c i e n t  due t o  the presence 

o f  the s t a t i c  charge d e n s i t y  wave. 

34 



F ig .3  - The interband c o n t r i b u t i o n  t o  the absorp t ion  c o e f f i c i e n t  us ing  

the appropr ia te  values f o r  sodium meta l 3.  

F ig .4  - The interband c o n t r i b u t i o n  together  w i t h  the  c o n t r i b u t i o n  asso- 

c i a t e d  w i t h  the presence o f  the s t a t i c  charge dens i t y  wave t o  the absor- 

p t i o n  c o e f f i c i e n t .  



Nevertheles, it can be seen that it produces a contributionto 

the absorption in the material at frequencies below the intraband absor- 

ption edge. Since this contribution is always three orders of magnitude 

smaller than that of the interband contribution, its experimental detec- 

tion is extremely difficult in the case of rnetals. However charge densi- 
ty waves have been evidenced recently by means of some types of measure- 

ments, such as electron diff raction8, neutron scattering9 and otherslO,l! 
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