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The t h r e e  bound unequal p a r t i c l e s  problem us ing  K-harmonics i s  analysed 

concern ing how t h e  natur'e o f  i n t e r a c t i o n s  and asymmetries o f  the  system 

w i l l  a f f e c t  convergence o f  the s o l u t i o n s .  Coulomb i n t e r a c t i o n  which g i -  

ves c losed  express ions f o r  t h e  m a t r i x  elements o f  t h e p o t e n t i a l  i n t h e  me- 

thod i s  discussed. 

O problema de t r ê s  p a r t í c u l a s  d i s t i n t a s  l i gadas  é ana l i sado  p e l o  método 

dos harmônicos K, tendo em v i s t a  como a natureza das in terações e a s s i -  

' m e t r i a s  do sistema a f e t a r ã o  a convergência das soluções. A in te ração  

Coulombiana, a qual  dã expressões exatas do método, para os elementos de 

mat r i zes  do p o t e n c i a l ,  é d i s c u t i d a .  

1. INTRODUCTION 

Dur ing the l a s t  decade much progress has been made i n  t h e  s tudy o f  the 

three-body problem í n  quantum mechanics . Faddeev's equat ionsl and t h e  hy- 

p e r s p h e r i c a l  harmoni c approach2'3 (a1 so known as K-harmof i c s )  a1 low one 
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c i o n a l  de Desenvolvimento ~ i e n t í f  icÒ e Tecnológico ( c N P ~ )  and Comissão 

de Aperfeiçoamento de Pessoal de N í v e l  Super io r  (CAPES) (Braz i  1 i q n  Agen- 

c i e s ) .  



t o  handle t:he problem exact ly .  This i n  cont ras t  t o  the o lder  va r i a t i ona l  

methoc! whic:h i s  very dependent on the choice o f  a t r i a l  wave func t ion .  

Many three-body problems have been studied recent ly  w i t h  these newer te-  

chniques4 but most o f  them involve three p a r t i c l e s  w i t h  equal rnasses. 

For bound systems the K-harmonic method t rea ted according t o  ~ i m o n o v ~ , ~  

has proved t o  be very powerful and we l l  accepted i n  the s c i e n t i f i c  com- 

muni ty5-7. Some recent e f f o r t s 7  have even extended t h i s  method t o  scat- 

t e r i n g  problems. Our aims i n  t h i s  paper are: 1) To extended thismethod, 

i n  a systematic way, t o  three-body systems o f  unequal p a r t i c l e s .  I n  par- 

t i c u l a r ,  we consider Coulomb pairwise i n te rac t i on  s ince i n  t h i s  case, 

closed formulas can be obtained f o r  most expressions i n  the formalism. 

( I t  i s  worth mentioning tha t  simonov3 has prev ious ly  suggested t h i s  f o r  

i den t i ca l  p a r t i c l e  systems but  d i d  not  car ry  out  the ca l cu la t i on ) .  2) To 

analyse previous work on the three-body problem f o r  u n e q u a l  p a r t i c l e s .  

For instance, zickendraht8 and Schoucri and Dar1 ing9 have dea l t  wi t h  as- 

pects o f  t h i s  problem using a more cumbersome formalisrn than the simple, 

elegant and cu r ren t l y  well-accepted K-harmonic approach according t o  S i -  

monov2. I n  t h i s  paper we a l so  discuss the work i n  reference 9 which, i n  

pa r t ,  i s  incor rec t .  

Many.physical systems can be considered as three bound unequal p a r t i c l e  
- + - + - 

systems: e e e , p e e , M~~~ (as 016 + a + a) e t c .  For de f in i teness we 
- + -  

analyse the system e e e and discuss convergence o f  the so lu t i on .  Com- 

parison i s  made w i t h  previous methods. I t  i s  worth mentioning apaper by 

Amado, coelho1° wherein the unequal mass three body problem i s  analysed 

i n  one dimension using K-harmonic approach. That i s  done t o  coriceptuali- 

ze the hyperspherical method i n  three dimensions. l n  t h i s  paper we f i n d  

possi b l e  t o  analyse i t s  resul  t s  on the basis o f  refe.rence 10. 

I n  sections 2 and 3 we introduce the method; i n  sec t ion  4 t h e  Coulomb 

pairwise i n te rac t i on  i s  discussed i n  d e t a i l ,  and i n  sec t ion  5,.we summa- 

r i z e  our resu l t s .  Appendices t o  c l a r i f y  some o f  our mathematical mani- 

pulation, are given a t  the end. 



2. METHOD 

The non-relativistic schr8dinger equation for three non-interacting par- 

ticles of unequal masses ml, m2, m3, may be written as 

I f one introduces Jacobi coordinates* (see also the paper by Raynal in 

ref. 7) 

where 

eq. (2.1) may be rewritten, after taking out the CM motion, as 



The above expression i s  i den t i ca l  t o  the schrdtdinge? equation2 f o r  three 

non- interact ing p a r t i c l e s  o f  equal masses m. 

I n  a c l a s s i c  paper, Simonov2 proposed a method t o  solve eq . ( 2 . 3 )  , now 

ca l  led the K-harmonics o r  hyperspherical harmonic approach. I t consists 

i n  se lec t i ng  the most important var iab les  and then t o  expand t h e  wave 

func t i on  $(I!,$) (or  any o ther  physlcal  quant i ty  o f  i n te res t )  i n a  comple- 

t e  se t  o f  funct ions,  depending on a11 other var iables,  i n  the fo l l ow ing  

way 

where $= c:!+i12 ( the  square o f  the length o f  the s ix- vector  (z,;)), and 

0 (0 ' 0 n/2) by n = pcosO and 5 = ps i n6. A complete orthonormal se t  o f  

angular functions uKa has been der ived by s imonov2,7. They are the angular 

p a r t  o f  the homogeneous polynomial PKa o f  degree K which s a t i s f y  the La- 

place equation and a stands f o r  a11 other necessary quantum numbers. 

For the important case o f  t o t a l  angular momentum L=O the angular f u n c t i -  

ons have a s i m p l i f i e d  dependence on the angles, depending on ly  on 4 and 

0 where 4 i s  def ined by cosb = <*S .  Furthermore, on ly  one ex t ra  quantum 

number, v, besides K, i s  necessary t o  speci fy the s ta tes .  As we w i l l see ,  

the L=O case wi11 give closed expressions f o r  the mat r ix  elements ofsome 

important pai rwise in terac t ions .  

I f  we subs t i t u te  the expansion (2.4) i n t o  the ~ c h r g d i n ~ e r  equationç, we 

f i n d  tha t  the rad ia l  funct ions x (p )  should s a t i s f y  a system o f  coupled 
Kv 

d i f f e r e n t i a l  equationsll. I n  the case where an i n te rac t i on  i s  considered 

between the p a r t i c l e s ,  these equations involve an e f fec t i ve  rad ia l  poten- 

t i a 1  def ined as the mat r ix  elements o f  the physical  po ten t i a l  i n  the an- 

gu lar  hyperspherical funct ions.  

The angular funct ions uXv are given2'3 by 



1 = r.. (1 + + 8 v o ) -  r2 COS (Av) 

where v = K/2, K/2 - 2, . . . 2 O and the r e l a t i o n s  

cos 28 = A  cos A , 

s i n  28 tos$ = A  s i n A ,  

f.or O ?  A' 1 and O A < 2 were used. 

The angular  f u n c t i o n s  Z L ~ )  ( v  1 0) and u( ' )  ( v  > O)  form a complete o r -  
Kv 

thonormal s e t  which s a t i s f y  the r e l a t i o n 2  

3 -+ 
where da = n2 A d4 dX. We should n o t i c e  t h a t  $(g,q) i s  now w r i t t e n  as 

6 

We w i 1 1 ca 1 1 the  Z L ~ )  I s the cosine s tates  a n d  the ZL;:) ' s the sine s tates .  

Under p a r t i c l e  permutat ions,  u k ) ' s  w i t h  v a m u l t i p l e  o f  th ree  a re  sym- 

ma t r i c  f u n c t i o n r 2 ,  whi le  u;:) I s  wi t h  these va lues o f  v a r e  antisymnatric 

f u n c t i o n s 2 .  

The r a d i a l  system o f  d i f f e r e n t i a l  equat ions i s  g i v e n  as the  fo l low ing l :  

1 d ( p 5  L) - I -- X(X + 4) 
e 
@I (i) (

I
>) 

I pP5dp dp p2 
XKV 



where 

and 

E being the  eriergy o f  the bound s t a t e .  

The opera to r  o r  f u n c t i o n  1'123 i s  the  i n t e r a c t i o n  p o t e n t i a l  among the 

th ree  p a r t i c l e s .  I t ' s  very impor tan t  t o  emphasize t h a t  i f  V i s  chosen 
1 2 3  

t o  be a  l o c a l  p o t e n t i a l ,  the  K-harmonic method keeps t h a t  na tu re  o f  the  

i n t e r a c t i o n .  T e c h n i c a l l y  the  problern i s  c l e a r l y  q u i t e  s i m i l a r  t o t h e t h r e e  

-body problem o f  equal 1 n a s s e s ~ 9 ~ .  Two fundamental d i  f fe rences  a re  wor th  

rrtentioning: p a r t i c i e  symmetry i r  now broken and V 1 2 3  <m w i l l  depend 

on the  rnasses m l ,  m2, m3. 

3. PROPERTIES OF THE MATRIX ELEMENTS v:!,~~,", 

The exp l  i c i  t forrn o f  eq. ( 2 . 9 )  i s  f o r  the cosine states 

and f o r  the  sine states 



v', v > o 

and f o r  the Mked S t a t e s  

where the operator O i s  def ined as 

and L = v + v '  and R' = ( v '  - v ( ,  and the fo l l ow ing  r e l a t i o n s  have been 

used 

1 
s i  n(vh) s i  n(vt;) = 7 Ecos (!L;) + cos (ll'h)] , 



An obviou!; property o f  eq. ( 2 . 9 )  i r  t ha t  , ( p )  = V ~ : ; C : ~ ~ ( ~ ) .  I f  we 
Kv,K v 

r e s t r i c t  ourselves t o  pairwise inter 'act ions only, V may be w r i t t e n  as 
123 

where 

m2a C=- and d = a - c .  
rn + m  

1 2  

The po ten t i a l  V  can always be expressed as a func t ion  o f  p ,  A and X .  
123 

I n  order t o  do tha t  we f i  r s t  de f ine  

-+ 
x = ( n 2  - c 2 ) / p 2  and y = 2F d o 2 .  

I t  i s  s t ra igh t fo rward  t o  show tha t  

I t  i s  possib le and convenient t o  express the c o e f f i c i e n t s  o f  x $nd 

a  cosine and a  s ine respect ive ly  o f  a  common angle. Using eqs.(2.5 

(3.5) we f i n a l l y  ob ta in  

where 

2bc sinó = - b2 - c* 
and cosó = - , 

b2 + c2 b2 + c2 

Y as 

) and 



Suppose t h a t  the  

panded i n  t h e  f o  

V. . ( r )  = . . 
se7 

two-body p o t e n t i a l  v . = ( r .  .) can f o r  smal.1 r.. z r  be ex- 
ZJ zJ 'L3 

l l o w i n g  way 

A11 p o t e n t i a l s  i n  phys ics  somehow have such expansion. For instance,  t h e  

term a-l corresponds t o  a Coulomb p o t e n t i a l  and Yukawa type p o t e n t i a l s ,  

e tc .Tha t  means t h a t  b a s i c a l l y  i n  the  end we may be l o o k i n g  a t  a s tandard 

i n t e g r a l  o f  the  t ype  

where 

271 cos (nh) 

j ( p )  = j  dh 
O ( 1 - A c o s ~ ) ~  ' 

where n = R, R '  and p i s  any pos i  t i v e  o r  nega t i ve  r e a l  number which appear 

i n  eqs. f3 .1) ,  (3.2) and (3.31, i f  the  i n t e g r a t i o n  over  h i s  c a r r i e d  o u t  

f i r s t .  We should a l s o  n o t i c e  t h a t  r = 6, 6 '  and p = t / 2 .  Depending o n t h e  

va lue  o f  p, Jn(p,r)  may converge o r  no t ,  and conrequent ly  V ( " j : ) , ( p )  
Kv,K v 

e x i s t s  o r  n o t  i n  the  K-harmonic approach.So t h i s  i s  a fundamental p o i n t .  

For instance,  eq. (3.1) f o r  K = K' = 0, may be w r i t t e n  as 

where l o o k i n g  on!y a t  the  c o n t r i b u t i o n  coming f rom V , one can o b t a i n  
12 

where z = cose. L e t  VI, (opz) a 1/zZp which impl i 

g r a l  o n l y  converges1* If p 5 1 .  I f  t n i s  i s  the  s i  

es t h a t  the  above i n t e -  

t u a t i o n  f o r  the  K= K r =  O 



case, one can conclude tha t  ifi r q  ( 3 . 8 )  on ly  p 1 can be corisidered. As 

a resu l t ,  a pairwise in terac t ion ,  l i k e  the 6-12 po ten t i a l ,  sometimes used 

i n  Molecular physits13, can not  be handled i n  the K-harmnic approach.' 

Now l e t t s  re tu rn  t o  the evaluat ion o f  expression (3.8). I t t s  poss ib le  t o  

show (see appendix) t ha t  f o r  p 1 

where F i ç  the Gauss hypergeometric funct ion.  

I f  Jn(p,.r)  i s  known, we are bas i ca l l y  

t o  have the e f f e c t i v e  po ten t i a l  

l e f t  w i t h  in tegra ls  i n  A i n  order 

'(P) . 
Only f o r  very few cases o f  two-body po ten t i a l s  we can obta in  

i n  closed form. 

4. APPLICATION TO COULOMB INTERACTION 

For some special forms o f  the pairwise in terac t ion ,  the mat r ix  elements, 

( j 9 j t )  ( p )  , can be obtained i n  closed form. This i s  the case, f o r  insi 
' ~ v , ~ ~ v t  
tance, f o r  the harmonic osci  l ~ a t o r l l ~ ~ ~ ,  inverse ~ ~ u a r e ~ ~ ,  ' ~ a u s s i a n ~  and 

square we113. 

A case o f  p ra t ica1 i n t e r e s t  i s  the Coulomb-Kepler pairwise i n te rac t i on .  

We can see by the use o f  eqs. (3.1) - (3.6), t ha t  i t i s  convenient t o  se t  



and 

where 

vv'  
x r z f  (amrf(" s in ( r6 )  J ~ : ( L ' )  s i n ( ~ ~ 6 ) )  

1- 13  

7 44 



and 

- 1 where n = L, L f  and Jn ((? i s  defined by eq. ( 3 . 8 ' ) .  

A convenient expression f o r  the Jacobi polynomial P(~'O) (1  - 2A2) 1 1  
given by14 K --v 

2 

which can be used i n  eq. (4 .9 ) :  

where n = L, L f  and 



and z = d2, 

1 1 F (n,z) = F( (2n+l), 4- (2n+3); 1 + n ;  z ) .  
1 /2  

A recurrence relat ion (see appendix a) can be used to calculate I (s +s I) : 
n 

where for n = 

and for n = L' 

vv' vv' 
The knowledge of Cm, , S;: and Mm, allows us to write eq. (2.8) as 



+ I  n [ vv '  (C) v v '  (SI cKK I xK fv  t M K K  t XK tV I ('1 = O 
K ' v f  1 

which can be solved numerical ly11'15 easi l y .  S imi la r  equation can a l so  

be w r i t t e n  f o r  s ine ,y s ta tes .  

The change o f  va r i ab le  x$)(p) =p -5 /2  I$(') (P) can f u r t h e r  simpl i f y  the 
Kv 

system as fo l lows 

where A = K + 3/2 and these equations have the usual form known i n  the 

two-body probl  em. 

The symmetry o f  a p a r t i c u l a r  system w i l l  impose condit ionson the al lo\ ied 

vaiues o f  C""' KX' ' f :  and M;:. 

5. CONCLUSIONS 

I n  t h i s  paper we have dea l t  w i t h  the use o f  the K-harmonic me thod 2  f o r  

bound unequal p a r t i c l e  systems i n  a systematic way. We have shown t h a t  

the a p p l i c a b i l i t y  o f  the method depends essen t i a l l y  on the k ind  o f  p a i r -  

wise i n te rac t i on  involved among the three p a r t i c l e s .  For insfance, i f  the 

nature o f  ttie i n te rac t i on  i s  loca l  i t w i l l  remain loca l  throughout the 

method (as i t i s  seen by eqs. 2-8, 2-9). A const ra in t  i s  a l so  imposed on 

the allowed forms o f  the po ten t i a l s ,  mainly the cond i t ion  tha t  p L 1 i n  

eq. (3-8). Coelho e t  az15 have a l so  showed tha t  f o r  three b d y  equal par- 



t i c l e  systems, the na tu re  o f  the  i n t e r a c t i o n  a f f e c t s  very much the  con- 

vergence o f  the s o l u t i o n s .  

Another impor tan t  aim o f  t h i s  work i s  t o  show how the  symmetry among the 

p a r t i c l e s  man i fes ts  i t s e l f  i n  the geometry and how very  asymmetric s i t u -  

a t i o n s  cause problem f o r  the method. The asymmetries should g e t  i n t o  t h e  

problem through the e v a l u a t i o n  o f  the m a t r i x  elements conta ined i n  VIz3 
-+ -+ 
(<,q) (see eqs. 2-9 and 3- 4) .  I n  o r d e r  t o  i 1 l u s t r a t e  t h e  method we have 

considered a k i n d  o f  pa i  rw ise  i n t e r a c t i o n s :  Coulomb f o r c e .  Th is  k i n d  o f  

i n t e r a c t i o n  appears i n  a g r e a t  v a r i e t y  o f  problems i n  phys ics  and we ha- 

ve shown t h a t  r e l a t i v e l y  s imple c losed  express ions can be ob ta ined  f o r t h e  

m a t r i x  elements o f  the  p o t e n t i a l  which appear i n  eq. (2- 8 ) .  I n  t h i s  p o i n t  

we should ment ion a paper by Schoucri  and ~ a r l  ing9 which t r i e d  t o d e s c r i -  

be the  ground s t a t e  o f  the He atom us ing  an approach q u i t e  s i m i l a r t o  t h i s  

one b u t  much more complicated. The r e s u l t s .  ob ta ined  by Schoucri  and Dar- 

l i n g  a r e  n o t  c o r r e c t  s ince,  as i t  cou ld  be seen e a s i l y ,  eqs. ( ~ 1 0 )  and 

(A1 1) i n  re fe rence  9, d e r i v e d  by them, a r e  t r u e  o n l y  f o r  n=L. The case 

n=k' was complete ly  ignored. 

- + - 
A recen t  paper by Chowdhury e t  aZ.19 considers the system e  e  e where 

o n l y  Coulomb i n t e r a c t i o n  a c t s  between the  p a r t i c l e s .  The rnasses o f  the 

th ree  p a r t i c l e s  a re  equal .  The i n t e r e s t  i s  i n  t h e  ground s t a t e  w i t h  ze ro  

t o t a l  o r b i  t a l  angular  momentum (L=O) . The t o t a l  wave f u n c t i o n  ( i n c l u d i n g  

sp in )  shouid be ant isymmetr ic  w i t h  respect  t o  exchange o f  t h e  two e l e c-  

t r o n s .  The corresponding s p i n  f u n c t i o n s  f o r  the  e l e c t r o n s  i s  the  s i n g l e t  

f u n c t i o n s ,  which i m p l i e s  t h a t  o n l y  symmetric s t a t e s  (cos ine  s t a t e s )  a r e  

a l lowed f o r  the  space p a r t  o f  the  wavefunct ion under in terchange o f  t h e  

two e l e c t r o n s .  T h i s  paper does n o t  so lve  the  problem i n  genera l  b u t  o n l y  

f o r  p a r t i c u l a r  values o f  K ,  T h e i r  t a b l e  1 con ta ins  some numer ica l  va lues 

f o r  the  c o e f f i c i e n t s  cVV' (eq.4-6) and i t i s  easy t o  show t h a t  the  f o r -  
KK' 

mal ism d e r i  ved by Schoucri  and Dar1 i n g 9  i s  unable t o  reproduce a1 1 these 

c o e f f i c i e n t s .  Chowdhury e t  a2.19 c l a i m  t h a t  w i t h  K o n l y  v a r y i n g  up t o  K= 

2 (K=0,2), convergence i s  achieved. We f i nd hard t o  t r u s t  t h e i  r numerical 

r e s u l t s  f o r  two main reasons: 1) even f o r  ve ry  w e l l  behaved p o t e n t i a l s ,  

1  i k e  Gaussian types15'7, convergence i s  o n l y  achieved f o r  K 2 4 .  And t h a t  

i s n o t  supposed t o  be expected f o r  a  more s i n g u l a r  p o t e n t i a l  , 1 i k e  the  

Coulomb case; 2) by making K=O i n  eq. (4.16), we can o b t a i n Z 0  an exac t  



so lu t i on  f o r  the ground state,  energy B and wave func t ion  xO(p), namely 
o 

- 512 
Bo - =  0.2306 amu , 

2 2 5 ~ ~  

I t  i s  hard t o  be l ieve tha t  by adding one more p a r t i a 1  wave ( ~ = 2 )  one a l -  

ready gets convergence. I t i s  too bad tha t  Chowtlhurylg did not g i ve  t h e i r  

value f o r  K=O. 

Another woi-k by Amado and coe lho lo  has a l so  studied three body unequal 

p a r t i c l e  systems using K-harmonics but  i n  one dimension. I n  one dimen- 

sion, three p a r t i c l e s  have two interna1 coordinates, there fore  t h e  K - 
harmonic method i s  easy t o  conceptualize. The problem o f  deal ing w i t h  a- 

symnetric systems i s  ca re fu l l y  analysed on the basis o f  convergence o f  

the so lu t ions  and consequently the convenience o r  not  o f  using K-harmo- 

n i c  approach. I t  i s  found a great  s i m i l a r i t y  w i t h  the corresponding three 

d i mens i ona I case. 

The conventional way t o  obta in  the rad ia l  funct ions i s  t o  solve numeri- 

c a l l y  the !jystem o f  coupled d i i f e r e n t i a l  equations. I n  an e a r l i e ~  workll, 

we showed .that an easier  a l t e r n a t i v e  t o  t h i s  procedure i s  t o  f u r t h e r  ex- 

pand the rad ia l  funct ions i n  a complete se t  o f  basis funct ions,  t o  a l low 

the use o f  s tandard ma t r i x  diagonal i z a t  ion techniques . This has the ad- 

vantage, arnong others, t o  take a u t m a t i c a l l y  i n t o  accouni the b o u n d a r y  

condi t ions  and t o  a l low the simultaneous so lu t i on  f o r  both g r o u n d  and 

exc i ted  stistes ( the  l a t e r  i s  par t icu la . r ly  important f o r  ~ g * ~  -+ 016+ a +  a  

i n  the ground and f f r s t  few exc i ted  O+ s ta tes) .  

We are r igl i t-now apply ing t h i s  technique t o  many physical  systems l i k e e  
+ - e e , H;, Iie atom, etc., i n  one and three dimensions, f o r  any value ofK.  

Results w i l l  appear i n  a f u tu re  pub l ica t ion .  



Appendix A: Evaluation of J,,(p,r) 

Frorn. eq. (3.8) we can analyse the i n t e g r a l  

N o t i c e  t h a t  

where P = 1/2 (q-n) i s  a non nega t i ve  in teger ,and zero o therw ise .  

Hence 

Eq.  ( ~ . 3 )  can a l s o  be w r i t t e n  as 

whe r e  

S i nce 
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we have 

APPENDIX B: DERIVATION OF EQUATION (4.12) 

I n  order t o  der ive eq. (4.121, we should in tegra te  by par ts  eq.(4.11) and 

make use o f  the d i f f e r e n t i a l  equation f o r  the hypergeometric func t ion  

1 
z(1-z) F" + n l + n )  - (2+n)Z]F1 = (2n+1) (2n+3) F  (n,z). (8.1) 

the i n teg ra l  s  The fo l lowing re la t i ons  are useful  f o r  the upper l i m i t  o f  

(~ef 's.12, 16-18): 

and 

(1 - z) log  (1 - 2 )  + O  as z +  1 . (8.4) 
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Reference (16) gives a11 the basic proper t ies  required i n  order t oob ta in  

I& + S I ) .  

We would 1 i ke t o  thank Pro f .  Y .  Nogami (o f  Mc Master Uni vers i  t y )  f o r  use- 

f u l  discussions. 

REFERENCES 

1 .  L.D. Faddeev, Sov. Phys. - JETP, 12,  1014 (1961). 

2. Y.A. Simonov, Sov. J. Nuci. Phys., 3, 461 (1966). 

3. A.M. Badalyan and Yu. A. Simonov, Sov.J.Nuc1 .Phys., 3, 755 (1966) . 
4. J.S.C., Mc Kee and P.M. Rolph ( e d i t s ) .  Three Body ProbZern i n  Nuclear 

and ParticZe Physics, ( N o r t h - ~ o l  land, Amsterdam, (1970) ) . 
5. J .S. Levinger, "The Two and Three Body Problem", Springer Tracts i n  

Modern Physics, v01 . 71 (Springer-Verlag, Ber l  i ~ ,  1974). 

6.  E.F. Redish, "Lectures i n  the Quantum Three-body problem", Univers i-  

t y  o f  ~ a r ~ l a n d ,  Department o f  Physics, pub l i ca t i on  ORO 5126-13. 

7. Proceedings o f  the ln ternat iona l  Symposium on Present s tatus  mzd no- 

vez DeveZopments i n  the NucZear many-body probZem, Rome 1972, ed i ted  by 

F. Calogero and C . C .  Degl i A t t i  , (Edi t r i c e  Composi t o r i ,  Bologna, 1973). 

8. W .  Zickendraht, Annals o f  Physcis, 35, 18 (7965). 

9. R.M. Schoucri and B.T. Dar l ing,  Phys. Rev. A, 12, 2272 (1975). 

10. R.D. Amado and H.T. Coelho, Am.J.Phys., i n  press (1978). 

1 1 .  M. V a l l  ières,  T.K. Das and H.T. Coelho, Nucl. Phys. A257, 389 (1976). 

12. I .S. Gradshteyn and I .W. Ryzhik, TabZe of IntegraZs, Series and Pro- 

ducts, eq . 2.260, p.81. ; see a1 so page 849, eq .5, f o r  eq . (4-9") . 
13. J. de Boer, i n  Progress in Low Temperature Physics, vo l .  1 1 ,  C .  J. 

Gorter, ed i t o r ,  North-Holland Publ. Co., Amsterdam, 1975. 

14. E. Ra inv i l l e ,  SpeciaZ Functions (Mac Mi l lan ,  Ney York, (1960)). 

15. H.T. Coelho, T.K. Das and M. Va l l iè res ,  Rev. Bras. F is .  v o l .  7, 237 

(1977) . 
16. T.H. Gronwall, Phys. Rev. 51, 655 (1937). 



17. L.J. S ' la ter ,  GeneraZized Hypergeometric Functions, Cambridge a t  the 

U n i v e r s i t y  press 29 (1966); E.T. Whi t taker  and G.N. Watson, A course of 

Modem-Anclysis, page 299. 

18. B.T. Clarl ing and R.M. Shoucri ,  Phys. Rev. A 12, 2264 (1975). 

19. K.R. Chowdhury (Gupta) e t  a l . ,  Phys. Rev. A 12, 763 (1975). 

20. A .  Oel f ino ,  H.T. Coelho, S.K. Adh ikar i ,  t o  be publ ished.  

21. M. Moshinsky e t  al., Journal  de Physique, Col loque C4, supplement au 

No. 11-12, 31, 125 (1974). 

2 2 .  E.F. Redish and A. Dragy, Lectwes i n  the &uantum three-body problem, 

U n i v e r s i t y  o f  Maryland, Department o f  Physics and Astronomy, 1977. 


