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Solid Neutron Matter: The Energy Density in the Relativistic 
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A r e l a t i v i s t i c  expression f o r  the energy dens i ty  as a f unc t i on  of par- 

t i c l e  densi ty f o r  s o l i d  neutron matter  i s  obtained using D i rac 's  equa- 

t i o n  w i t h  a truncated harmonic po ten t i a l .  U l t raba r i c  and superluminous 

e f f e c t s  are not  found i n  our approach. 

Usando a equação de D i  rac com um potencia l  harmônico truncado, obtemos 

UM expressão r e l a t i v í s t i c a  para a densidade de energia como função da 

densidade de par t ícu las  da matéria neutrônica só1 i da. Na nossa aproxi-  

mação, não encontramos e f e i  tos u l  t r abã r i  cos ou superl umi nosos. 

1. INTRODUCTION 

I n  the past  few years specia l  a t t e n t i o n  has been devoted t o  the problem 

o f  the possib le s o l i d i f i c a t i o n  o f  the core o f  a neutron starl. Severa1 

attempts t o  ca lcu la te  the equation o f  s t a t e  o f  the dense neutron matter  

have been published. I n  our op in ion  the most p laus ib le  one are  those o f  

Barnerjee e t  C Z Z . ~ ,  Canuto and ch i t re3 ,  pandharipande4 and Guyer and Ta- 

kemor i s. 

Banerjee et ~ 2 . ~  proposed a so l  id-body model f o r  the dense matter a t  ze- 

r o  temperature. The neutrons are  assumed t o  form a body-centered cubic 

l a t t i c e ,  w i t h  a l a t t i c e  parameter A. This approach i s  based on the as- 

sumption tha t  when the nuclear forces become s u f f i c i e n t l y  repulsive, a 

possi b l e  m i  nimum energy s t a t e  can be achieved by keeplng the neutrons as 

fa r  apart  as possib le by l o c a l i z i n g  them a t  l a t t i c e  s i t e s .  The calcula-  

t i ons  are  done i n  the harmoníc approximation using the c lass i ca l  Debye 

m d e l  w i t h  Reid's s o f t  core po ten t i a l  as the i n te rac t i on  between neu- 



t rons.  A1 l cal  cu la t ions  were performed i n  a n o n- r e l a t i v i s t i c  approxima- 

t i on .  

Canuto ancl Chi t re3,  used a n o n- r e l a t i v i s t i c  quantum-mechanical treatment 

t o  ca lcu la te  the energy o f  the neutron l a t t i c e .  They assurned tha t  the 

neutrons cssci 1 l a t e  harmonical l y  around t h e i r  equi 1 ib r ium posi t ions  a t  

the l a t t i c e  s i  tes. The.charac ter is t i c  frequency w o f  the harmonic os- 

c i l l a t o r  and the spread o f  the wave func t i on  o f  the p a r t i c l e  are assu- 

med t o  depend on the l a t t i c e  distance A .  The frequency w i s  obtainedby 

the Hartree method tak ing  the two body nucleon-nucleon po ten t i a l  as 

Reid's phenomenological so f t- core  po ten t i a l .  Correlat ions between pa i r s  

o f  o s c i l  l a t o r s  are taken i n t o  account. I n  add i t ion ,  a FCC s t ruc tu re  f o r  

the neutron l a t t i c e  was used t o  ob ta in  the lowest possib le value f o r t h e  

energy o f  the pa r t i c tes .  They considered dens i t ies  up t o  8 x 1 0 ~ ~  g/cm3 

and have shown tha t  on ly  fo r  densi t i e s  l a rge r  than I .5 x 1015g/cm3 the 

l a t t i c e  i s  stable.  

On the .o ther  hand, ~ a n d h a r i  pande4 and Takemori and ~ u ~ e r ~  anal ysed the 

p o s s i b i l i t y  o f  s o l i d i f i c a t i o n  using severa1 versions o f  Reid's in terac-  

t ion .  They conclude tha t  f o r  none o f  these a 1 iqu id- so l  i d  phase t ran- 

s i t i o n  i s  found f o r  dens i t ies  up t o  5 x 1015 g/cm3. 

I n  our opiriion, the problem of  s o l i f i c a t i o n  remains unsolved and we can 

on ly  speculate about t h i s  po in t .  

I f  s o l i d i f i c a t i o n  i s  p o s s i b l e , r e l a t i v i s t i c  e f f e c t s  w i l l  be s i g n i f i c a n t  

f o r  d e k i t i e s  h igher than 2 x 1015 g/cm3, s ince the region o f  conf ine-  

ment o f  the: neutron (see Canuto and c h i t r e 3  ) w i l l  be smel ler  than 0.8 

fermi, comparable t o  the neutron Compton wavelength, X = h/mc which i s  

about 0.2 f'ermi. 

I n the present work our purpose i s ,  assumi ng tha t  the core o f  the neu- 

t r on  s t a r  i s  so l id ,  t o  ob ta in  an equation o f  s ta te  f o r  dens i t ies  h igher 

than 1015 g/cm3 taking i n t o  account r e l a t i v i s t i c  e f f e c t s  

We are on ly  in teres ted i n  const ruc t ing  a simple model wh 

t o  show the general features o f  a r e l a t i v i s t i c  approach. 

i c h  i s  capable 

We do not  ín -  



tend t o  o b t a i n  an exact  equa t ion  o f  s t a t e  us i n g  many-body techniques and 

accura te  exper imenta l  r e s u l  t s  f o r  neutron- neutron i n t e r a c t  i ~ n l - ~ .  

Wi th  t h i s  i n  mind i t  i s  enough t o  cons ider  the  m s t  s imple m d e l  f o r  a 

c r y s t a l  which i s  E i n s t e i n  model: each neutron i s  bound e l a s t i c a l l y  t o  

i t s  own e q u i l i b r i u m  p o s i t i o n ,  each o s c i l l a t i n g  about i t s  own o r ig in .The  

mot ion o f  each neu t ron  w i l l  a f f e c t  the  mot ion o f  the  neighbors, b u t  we 

neg lec ted  t h i s  coupl ing.  I t  seems t o  be j u s t i f i e d  s i n c e  the v i b r a t i o n a l  

f requencies,  due t o  the  conf inement o f  neutrons a t  these densi t i e s ,  a r e  

ext remely h igh .  We consider  each neutron i n  t h e  l a t t i c e  t o  be a th ree-  

-d iment ional  h a r m n i c  o s c i l l a t o r  w i t h  frequency w 3 .  

I n  t h e  absence o f  f i e l d  t h e o r e t i c a l  methods a p p l i c a b l e  t o  , t h e  r e l a t i -  

v i s t i c  r e g i o n  we propose t o  s tudy the  energy spectrum o f  the  neu t ron  by 

rneans o f  a s t a t i c  p o t e n t i a l  a c t i n g  as the  four th  component o f  a f o u r  vec- 

t o r  i n  D i r a c ' s  equat ion.  However, as w e l l  known, the K l e i n  Paradox o r  

i t s  mani f e s t a t i o n s  a re  p resen t  i n the  r e l a t i v i s t i c  approach: when the  

p o t e n t i a l  energy becomes l a r g e r  and l a r g e r  wi t h  the  d is tance ,  c r e a t i o n  

and a n n i h i l a t i o n  processes become i n c r e a s i n g l y  impor tant .  Consequently 

we get  i n s t a b i l i t i e s  i n  the  system and the  s o l i d i f i c a t i o n  could beques- 

t i o n a b l e .  

To a v o i d  these d i f f i c u l  t i e s  i t i s  necessary t o  assume t h a t  neutron-neu- 

t r o n  p o t e n t i a l  i s  s o f t 6 .  So, t h e  p o t e n t i a l  energy ~ ( r )  f o r  each neu t ron  

cannot increase indef i n i  t e l y ,  so we w i  I l p u t  ~ ( r )  = 1/2 m2r2 ( ~ e f  .3) f o r  

r - < a and ~ ( r )  = VO = 1/2 mw2a2 f o r  r - > a ( t h e  parameter a, as w i l l  be 

seen l a t e r ,  i s  g i ven  by A , ;  2a). 

Consider ing t h i s  p o t e n t i a l  ~ ( r ) ,  we eva lua te  i n  s e c t i o n  (2) the r e l a t i -  

v i s t i c  e igenvalues f o r  the  bound s t a t e s  o f  the  neu t ron  u s i n g  D i r a c ' s  e- 

quat  ion .  

We no te  t h a t  i n  our  s imple model, V i s  o n l y  a parameter ad jus ted  t o  per-  o 
mi t the  ex is tence  o f  neu t ron  bound s t a t e s .  I n  t h a t  manner t h e  ground 

s t a t e  energy e o f  the  neutron becomes t h e  minimum c o m p a t  i b l e  wi t h  a 
4 

g iven  l a t t i c e  c o n f i g u r a t i o n 3 .  

Our model, w i t h  a s t a t i c  p o t e n t i a l ,  was i n s p i r e d  by walecka7 who has 



shown t h a t  the  v e c t o r  mesons p l a y  a  dominant r o l e  i n  the  nucleon-nucle- 

on i n t e r a c t i o n  a t  h i g h  densi t i e s  and t h a t  the  v e c t o r  f i e l d  A cad be re -  
Fi 

placed by 1 = O and A = i+. I n our  paper the t o t a l  p o t e n t i a l  o f  the  
4 

system formed by N neu t ron  i s  

3 t h  
where ri denotes the  pos i  t i o n  o f  the  i- neutron,  i s  approximated by the  

p o t e n t i a l  energy o f  N independent h a r m n i c  o s c i l l a t o r s .  

I t  must be s t ressed  t h a t  the  s o f t  core approx imat ion w i l l  no t  be r i g o -  

r o u s l y  c o n s i s t e n t  wi t h  o u r  scherne i f  more mesons than  v e c t o r  mesons a r e  

needed t o  descr ibe  t h e  s o f t - c o r e .  However, up t o  now, t h i s  i s  an open 

ques t ion3 .  

A s i m i l a r  procedure was adopted by Cazzola e t  a~..* but ,  i ns tead  o f  t h e  

h a r m n i c  c e l l ,  they have used a  square wel I. Our d e s c r i p t i o n ,  i n v o l v i n g  

a  harmonic p o t e n t i a l  seems t o  be more r e a l i s t i c  than t h e  p r e v i o u s t r e a t -  

ment s i n c e  the nucleon-nucleon i n t e r a c t i o n ,  as r e q u i r e d  by the  e x p e r i -  

mental f a c t s ,  i s  s o f t .  

2. SOLUTIONS OF DIRAC'S EQUATION 

L e t  us f i  r s  

Consider i  ng 

V = 1/2 K : ? ~  

t s o l v e  D i r a c ' s  equa t ion  f o r  the harmnic.  p o t e n t i a  

the r a d i a l  D i r a c ' s  e q u a t i o n g 9 l 0  and assuming t h a t  

(see s e c t i o n  1) .  we have: 

1. 

1 = O  and 

where Ra and Rb a r e  t h e  smal l  and l a r g e  components, r e s p e c t i v e l y ,  and 

x = - ( L  + 1) if j = L + 1/2 and x = +L i f  j = L - 1/2. 

67 5 



Def i n i n g  k ma2, 5 s (mw/B) r and E r TI hw + me2, equations (1) and 

(2) become: 

a - = Ra + (E- + A 1 ; 2 ) ~ ~  
d5 5 

where E- = - .E, E+ = + 2 / ~ ,  A = ~ / 2  and E = ( l l ~ / m e ~ ) ~ / ~ .  One e a s i l y  

v e r i f i e s  t ha t  f o r  E -+ O ( ~ e f . 1 1 )  the n o n- r e l a t i v i s t i c  l i m i t  i s  obtained, 

namely, Ra -+ O and Rb obeys the rad ia l  equation f o r  the non- re la t i v i s-  

t i c  harmonic o s c i l l a t o r :  

Equations (3) and (4) can be solved by expanding Ra and Rb i n t o  power 

ser ies .  For x = + ( j  = L - 1/21 we have: 

and 

where A,, = 1, 

f o r  m 2 1, wí t h  A = O and -m 

676 



For x = - (Il + 1) ( j  = R + 1/2) we have: 

and 

whe ye 

fo r  2 3 

I t  i s  i n  general no t  possib le t o  w r i t e  R and Rb i n  closed form. This 
a  

can be done onl  y f o r  E = 0. 

Figures 1, 2, 3 and 4 are a  p l o t  o f  Q ( ~ ) / S  and R ~ ( E ) / ~  as funct ion of 

5 and E. 
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Fig.3 - R ( 5 ) / 5  as a  function of 5  and e, f o r x  = - ( l + l )  - -  I a n d n  =3/2. 

Fig.4 - R ~ ( E ) / E  a s a f u n c t i o n  of  E  and E,  f o r  x = - ( t + l )  = - I  and ri = 3/2. 



Figures 1 and 2 show the  case x = + L w i t h  R = 1 and = 5/2; f i g u r e s  3 
and ir show the  case x = - (L+]) w i t h  9. = O and 11 = 3/2. 

For E = O ( n o n - r e l a t i v i s t i c  l i m i t )  we o b t â i n  f rom equa t ion  (6) t h a t  Rb 

= 5 exp(-c2/2) f o r  x = - (R+1) = -1 and from equa t ion  (8 )  t h a t  Rb = c 2  
exp(-c2/2) f o r  x = +R = +I, which a r e  the r a d i a l  wavefunct ions f o r  the  

harmonic o s c i l l a t o r  f o r  the s t a t e s  1s and Ip, r e s p e c t i v e l y .  From equa- 

t i o n s  (5) and (7) we see t h a t  R = O, i n  b o t h  cases, i f  E = 0. 
a 

For E > O and f o r  l a r g e  va lues o f  5 ( l e t  us say 5 > 5 where 5, i s  a 
c' 4 

c r i t i c a l  va lue)  we see f rom equat ions (3 )  and (4) t h a t  Ra = cos(A c3/3 
4 + 8) and Rb = - s i  n(A 53/3 + 0) which means t h a t  the  neu t ron  cannot be 

bound by t h e  harmonic p o t e n t i a l .  Th is  e f f e c t  i s  known as K l e i n ' s  para- 

doxg' 12* 1 3 :  when the  p o t e n t i a l  becomes o f  t h e  same o r d e r  o f  magni tudeas 

the  nucleon mass the  vacuum p o l a r i z a t i o n  becomes impor tan t  and t h e  one 

p a r t i c l e  d e s c r i p t i o n  i s  no longer  c o r r e c t .  That i s ,  f o r  5 2 5 D i r a c ' s  
C 

equa t ion  g i v e s  u n s a t i s f a c t o r y  r e s u l t s .  We s h a l l  show t h a t  w i t h  a t r u n -  

cated'harmonic p o t e n t i a l  a t  r = a, correspond;ng t o  c = e a/h bound 
a 

s t a t e s  do e x i s t .  S ince i n  a11 cases considered i n  t h i s  paper, we v e r i -  

f i e d  t h a t  E, , ca, we have a guarantee t h a t  Di r a c ' s  equat i o n  can be used 

s a t i s f a c t o r i l y .  

The r a d i a l  e i g e n f u n c t i o n  f o r  t h e  cons tan t  p o t e n t i a l  ~ ( r )  = V0 can be 

found f rom equat ions (1)  and (2 ) .  I t i s  known t h a t  the  e igen func t ions  

t h a t  correspond t o  bound s t a t e s  a re :  

where e = ~ / r n c ~ ,  v. = ~ ~ / r n c * ,  R '  = L +  1 f o r  x = - ( R +  I ) ,  L' = L - 1 
% 

f o r  x = L, € ( e  - vo)  i s  t h e  f u n c t i o n  s igna l  o f  e - vo, w the  p a r i  t y  o f  

t h e  s ta te ,  h!') the  apher i ca l  Hankel f u n c t i o n s  o f  f i  r s t  o r d e r  and y = 

= 4 - (e  - v o ) "  i s  r e a l .  



For iy 2 a we have: 

where Ra and Rb for  x = + a are given by equations (5) and (6) , respec- 

t i v e l y ,  and f o r  x = - (%+I) by (7) and (81, respect ively,  Cint and C 
e x t  

are normal i z a t i o n  constants and ? the func t i on  o f  the t o t a l  angular ai 
mmentum (j,m) , formed by the composi t i o n  o f  a sp in  1 / '  wi t h  the sphe- 

r i ca1 harmonics of order R. 

For r = a, corresponding t o  6 = ea/X, we must have $ 
i n t  - 

a a and 
e x t  

$Lnt =ib . Th is  gives: 

(1 2) 

From t h i s  r e l a t i o n  we can determine the energy leve ls  e i n  a graphical  

way. 

3. DENSITY OF ENERGY AND COMMENTS 

I n  t h i s  sisction we ob ta in  the densi ty o f  energy 2 as a func t ion  o f  the 

densi t y  p of the neutron matter a t  zero temperature. According t o  the 



m d e l  suggested i n  sec t i on ' ( l ) ,  we have u = n eo, where n i s  the neutron 

densi ty and e. i s  the ground s ta te  energy o f  one neutron f o r  a given 

l a t t i c e  distance A. 

To ca l cu la te  e. we proceed as fo l lows:  we f i x  i n  equation (12) and 

look f o r  a po ten t i a l  V. t ha t  gives the rninimum value f o r  the ground 

s t a t e  energy 5 o f  the neutron. This minimurn value i s  taken t o  be eo. 

I n  a1 1 cases analysed here the wavefunct ions are concentrated essent ia l -  

l y  i n  the harmonic wet l .  So, the l a t t i c e  distance A i s  g iven approxima- 
CI> 

t e l y  by A = 2a. 

Since V = (1/2) mw2a2 the cha rac te r i s t i c  frequency w depends on A and 
o 

consequently on the matter densi ty as occurs i n  the model o f  Canuto and 

Ch i t re  3. 

We considered on ly  two cases: 1 )  j = 1/2, L = 1 (L 1 = 0) and 2 )  j = 

= 1/2, Q = O ( L '  = 1 ) .  These cases are  the two lowest energy states ha- 

v ing the lowest cen t r i f uga l  b a r r i e r .  

Fol lowing Canuto and ~ h i  t r e 3  , we considered the FCC s t ruc tu re  as the 

f a v o r i t e  f o r  the s o l i d i f i e d  phase. Another s t ruc ture ,  l i k e  BCC, gives 

higher values f o r  the energy. 

I n  Figure 5 our resu l t s  f o r  the energy densi ty u (erg/cm3), as a func- 

t i o n  of the densi t y  p0 (g/cm3) = n m ( ~ e f  . l4 ) ,  are compared wi t h  those 

o f  Banerjee et a l .  and o f  Canuto and Ch i t re .  The energy densi ty f o r  j 

= 1/2 and L = 1 ( L I  = O) w i l l  be ind ica ted by u (p ) and f o r  j = 1/2and 
1 o 

Q = o (a 1 = 1) by u (p ) .  
2 o 

We observe tha t  on ly  f o r  densi t i e s  less than 4 x 1015 g/crn3 the energy 

densi ty u (p ) obtabned by Canuto and Ch i t re  i s  lower than u (po  ) .0ur cc o 2 
resu l t s  u (p ) coincide w i t h  u (p ) f o r  pO 2 1015 g/cm3 and are lower 

1 O cc o 
than u (p ) f o r  po > 1015 g/cm3 . For densi t i e s  h igher than 40 x 1015 

CC o 
g/cm3 , u (p ) become lower than u (p ) .  

2 o 1 o 

We have shown i n  sec t ion  (2) t ha t  when E -+ O the n o n- r e l a t i v i s t i c  ap- 

proach can be used. On the o ther  hand, as E becomes o f  the order of ,  o r  



F i g . 5  - The energy density u as a function o f  the density po.The compu- 

ted values a r e  indicated by: Banerjee e t  a t .  (- . - );  Canuto and 

Chi t re  (- -- ) ;  our ul (--) and our u2 (. . . ) .  

g r e a t e r  tha r  1, t h e  r e l a t i v i s t i c  t reatment  must be used. O f  cogrse, F 

increases as p  increases. For our  c o n d i t i o n s ,  E runs f rom 0.5 up t o  
o 

2.2, meaning t h a t - o  assumes values ranging from 3.7 x 1 0 ~ ~  rd/s  t o  7 .  7 

10'" r d / s .  

> 
For p o  c 5.0 x 1015 g/cm3, we can put ,  approx imate ly ,  u =1013.25 p l S 5 O  

1 o 
and u = 1015.45 ~ 1 . ~ ~ .  SO, f o r  these densi t i e s ,  the  pressure def ined by 

2 o 

i s  g i v e n  by P = 0.50 ul and P2 = 0.36 u2, respect ive1y.Thismeans t h a t  
1 

the  sound v e l o c i  t y  c d i v i d e d  by the  1 i g h t  v e l o c i  t y  c i s ,  i n  case 11, 
s 

g i v e n  by (cs /c I2  E 0.50 and, i n  case 21, by (cs/c)2 - 0.36. 

An impor tant  r e s u l t  o f  o u r  sirnple model i s  t h a t  (cs/c)*  i s  o f  t h e  o r d e r  

1/3, r a t h e r  than 1 ( ~ e f  . l )  . Therefore,  no superluminous o r  u l t r a b a r i c  

e f f e c t s  appear i n  t h i s  rnodel. 



A  rough est i rnate 'o f  e i n  t h e  n o n - r e l a t i v i s t i c  l i r n i t  g i ves  e Q @/ma2 
4 O 

+ m e 2 .  The e n e r g y  h 2 / m a 2  i s  e s s e n t i a l  l y  t h e  k i n e t i c  energy o f  one 

p a r t i c l e  con f ined  i n  a  reg ion  o f  rad ius  2 t h a t  can be ob ta ined  by u s i n g  

the  u n c e r t a i n t y  r e l a t i o n s .  Thus, i n s i d e  t h i s  reg ion,  the  shape o f  the 

p o t e n t i a l  does no t  p lay  a  s i g n i f i c a n t  r o l e  i n  de te rmin ing  u ( ~ e f  . l 5 ) .  l t 

i s  the  k i n e t i c  energy due t o  the u n c e r t a i n t y  r e l a t i o n s ,  which competes 

aga ins t  the  e x t e r n a l l y  a p p l i e d  pressure t o  determine the e q u i l i b r i u m  

c o n f i g u r a t i o n  o f  the s o l i d .  I n  t h i s  way, we must expect t h a t ,  f o r  low 

d e n s i t i e s ,  o u r  r e s u l t s  f o r  2 tend t o  be s i m i l a r  t o  those ob ta ined  by 

Banerjee e t  ~ 2 . ~  and Canuto and ~ h i  t r e 3  as i s  shown i n  f i g u r e  5 .  

Also  i n  the  r e l a t i v i s t i c  l i r n i t ,  i f  we assume t h a t  the  neu t ron  m a t t e r  i s  

s o l i d ,  we b e l i e v e  t h a t  the energy d e n s i t y  i s  e s s e n t i a l l y  governed by 

the u n c e r t a i  n t y  r e l a t i o n s .  The absence o f  u l  t r a b a r i  c  and super l  uminous 

e f f e c t s  probably  i s  due t o  the  so f tness  o f  the  p o t e n t i a l .  

These a r g u w n t s ,  i n  some sense, g i v e  a  suppor t  f o r  choosing the  s imple 

model f o r  the s o l i d  assumed i n  s e c t i o n  1. 

As a  f i n a l  remark, s ince  the  neu t ron  i s  i n  a  bound s t a t e  we must have 

ó > k 2 / m 2  = ( ~ / a ) ~  m e 2 ,  where X i s  t h e  Compton wavelength o f  t h e  neu- 

t r o n .  As i n  our  c o n d i t i o n s  a X i t  i s  expected t h a t  V % m e 2 .  lndeed, 
o 

we v e r i f i e d  t h a t  Iro v a r i e s  f rom 0.35 BeV up t o  6.0 BeV whenp goes f rom 
o 

1015 g/cm3 up t o  1oT7 g/cm3. When p o  > 5 x 1015 g/cm3 V. becomes l a r g e r  

than 4 BeV which seems t o  be t h e  rnaximurn va lue  f o r  t h e  p o t e n t i a l  ener- 

gy between two nucleons6. So, one c o u l d  i n t e r p r e t  t h i s  by say ing  t h a t  

f o r  p o  > 5 x 1 0 ~ ~  g/cm3 there  would be no p h y s i c a l  c o n d i t i o n s  t o  c o n f i -  

ne the  neu t ron  i n s i d e  the  c e l  1  and, consequently,  s o l  i d i f i c a t i o n  becomes 

quest ionable.  However, due t o  the  crudeness o f  ou r  model t h i s  argument 

must be taken wi t h  ca re .  
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