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We study the spectroscopy o f  po ten t i a l s  o f  the type ~ ( r )  = Krn + C(n>O) 
w i t h  special reference t o  the decay widths and hyperf ine spl i t t i n g  o f  

the narrow resonances i n  the context o f  the charmonium model. The bound 

s t a t e  spectra and o ther  observables are not  very sens i t i ve  t o  the expo- 

nent n, and one cannot account f o r  the observed values o f  the abovemen- 

t ioned quan t i t i es .  We have a l so  examined the consequence o f  changing the 

standard assumption o f  assigning Ji'(3684) t o  be the f i r s t  r ad ia l  exc i-  

ta t i on .  This al lows one t o  ob ta in  b e t t e r  agreement f o r  the hyperf ine 

s p l i t t i n g  but  introduces some d i f f i c u l t i e s  elsewhere. 

Estudamos a espectroscopia de potencia is do t i p o  ~ ( r )  = ~r'l + C (n>0) 

dando ênfase às larguras de decaimento e à separação h i p e r f  i na das res- 

sonâncias estreita., no contexto do modelo do cha r6n io .  O espectro dos 

estados I i gados e outros observávei s não são mui t o  sens i v e i  s ao expoen- 

t e  n e não conseguimos reproduzir  todos os valores observados das quan- 

t i  dades acima mencionadas. Exami namos tambem as consequências de mudar 

a hipótese usual de ser ij1(3684) a pr imeira excitação rad ia l .  Isso nos 

permite obter  melhor concordância para a separação h ipe r f i na ,  o que t o -  

davia dá lugar a outras di f iculdades.  

1. INTRODUCTION 

The color-gauge theory o f  strong in terac t ions  has a t t rac ted  a l o t  o f  a t -  

ten t ion  i n  recent yearsl. I n  t h i s  framework, one can have a mechanism o f  
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quark-confi nement through the f a c t  t ha t  the gauge coupl ing  o f  the quarks 

t o  co lo r  gluons increases w i t h  separation. On the  other hand, t h i s  cou- 

p l i n g  i s  sinal1 a t  short  distances and may account f o r  the observed B jor -  

ken scal i ng. The "new p a r t i c l e s"  have a1 so been analysed us i  ng th i s  "asym- 

p t o t i c a l l y  f r ee  gauge theory". Here, the la rge masses o f  the fundamental 

constituentts involved may reduce the e f f e c t i v e  coupl ing constant t o  such. 

an ex tent  t ha t  per tubat ive  ca lcu la t iops  become meaningfu12. 

The proper.ties o f  )(3095), Ji8(3684) and o ther  narrow resonances have en- 

couraged people t o  study the spectroscopy o f  a high mass fermion pa i  r (ge- 

ne r i ca l  1 y ca l  l ed  "charmed quark"). bound by a phenomenologi ca l  conf i n i  ng 

po ten t i a l  which becomes small a t  small distances3. The non r e l a t i v i s t i c  

treatment iis j u s t i f i e d  by the supposedly weak binding. The case o f  a li- 

near po ten t i a l  and a combination o f  l i n e a r  and Coulomb potent ia lshas a l -  

ready been studied extensivel  y4.  Taking )(3095) and $' (3684) respect ive-  

l y  as the c: bound s ta tes  13s1, and the f i r s t  rad ia l  exci  t a t i o n  2 S, , 
permi t s  one t o  deterrni ne the po ten t i a l  s t rength parameter K and the cons- 

t an t  C, foi- a rb i  t r a r y  values o f  the charmed quark mass nc which i s  t rea- 

ted as a va r i ab le  parameter, and then one pred ic ts  o ther  exci  ted  l eve l s  

and attempts t o  i d e n t i f y  some o f  these w i t h  the exper imental ly  observed 

states.  A 1 inear po ten t i a l  leads t o  a mass d i f fe rence between 1 's, and 

1 's, s ta tes  (AJd hyperf  i ne  sp l  i t t i n g )  whi ch is 'by a f a c t o r  o f  three too  

small compered wi t h  the possib le experimental observation5. 

I n  the preseirit work, we study the spectroscopy o f  a more general poten- 

t i a 1  , name l y ~ ( r )  = Krn + c ( ~ > o )  wi t h  specia l  reference t o  the hyperf i ne 

s p l i t t i n g  and lep ton ic  decay w id th  o f  the narrow resonances. Our resul ts,  

g iven in'Tebles 2, 5, 6 and 7, show the welcome feature tha t  qua l i  t a t i -  

ve ly  the bound s t a t e  spectrum i s  not  very sensi t i v e  t u  the posi t i v e  ex- 

ponent n o f  the po ten t i a l  . Next, we abandon the assumption t h a t  Ji' (3864) 

i s  the f i  r!;t rad ia l  e x c i t a t i o n  o f  ~ ( 3 0 9 5 )  and using as inpr i t  the mass o f  

d ,  h,), and the lep tbn ic  decay w id th  o f  ), I'(w!Zz), a lso  as an input ,  

one i s  able t o  increase dM but i t s t i  1 1  remains smal l e r  than the exper i-  

mental resul  t. The f i  r s t  r ad ia l  exci  t a t i o n  goes up t o  about 4 GeV. 



2. MASSES OF HIGHER RESONANCES 

The r a d i a l  p a r t  o f  the Schrt ldinger equation i n  the CM system i s  ( c =  ?i = 1) 

where the r a d i a l  wave f u n c t i o n  i s  ~ ( r )  = u ( r ) / r ,  and mc denotes the  mass 

o f  the  charrned quark. For p o t e n t i a l  s  o f  the  t ype  ~ ( r )  = hn + C(n > O)  , C 
i s  a  constant  which i s  inc luded  t o  take i n t o  account the f a c t  t h a t  beca- 

use o f  confinement one cannot compute abso lu te  energ ies b u t  o n l y  energy 

d i f f e r e n c e s .  The S-wave p a r t  o f  u ( r )  rnust vanish a t  the o r i g i n .  

Since we can n o t  i n  general so lve  ~ ~ . ( l )  a n a i y t i c a l i y ,  we rnay use the 

WKB-approximation o r  a  v a r i a t i o n a l  c a l c u l a t i o n .  The WKB method i s  a good 

approx imat ion f o r  energy eigenvalues f o r  s t a t i o n a r y  s t a t e s ;  a l so ,  i t  irn- 

proves w i t h  inc reas ing  r a d i a l  e x c i t a t i o n  index N .  For low e x c i t a t i o n s ,  

the  v a l i d i t y  o f  the method depends on the p a r t i c u l a r  problern under con- 

s i d e r a t i o n .  For exarnple, t h i  s  approx imat ion g i  ves good energy e i  genvalu- 

es f o r  the l i n e a r  p o t e n t i a l  and reproduces exact  r e s u l t s  f o r  the harmo- 

n i c  o s c i l l a t o r  p o t e n t i a l .  The v a l i d i t y  o f  t h i s  approx imat ion i s  t e s t e d  

by comparing the r e s u l t s  w i t h  numerical s o l u t i o n  o r  v a r i a t i o n a l  c a l c u l a -  

t i o n s .  On r a r e  occasions, one can even check i t  aga ins t  a n a l y t i c a l  so lu -  

t i o n s .  

The Nth energy e igenvalue f o r  k = O i s  g i ven  by6 

where r. i s  the  c l a s r i c a l  t u r n i n g  p o i n t  such t h a t  E' - Krn = O and E; = 
n EN - C. Making a  change of v a r i a b l e s  Y = (K/E;)~ , Eq.2 leads t o  



We have used7 

where ~ ( r , , s )  and r(z)- a r e  the  usual Beta and Gamma f u n c t i o n s .  

The mass o f  the flth bound s t a t e  i s  deterrnined by adding the flth energy 

e igenvalue t o  the  r e s t  mass o f  the c o n s t i t u e n t s :  

M = 2 m  + E h  + C . N C 
(5) 

The two parameters, K and C, may be f i x e d  by assuming t h a t  the observed 

$ (3095 )  and $ '  ( 3 6 8 4 )  a r e  the  ground s t a t e  ( N  = 0 )  and the f i r s t  r a d i a l  

e x c i t a t i o n  ( N  = 1) o f  the c: system, r e s p e c t i v e l y .  T h i s  assumption, t o -  

ge ther  w i t h  Eqs. (3)  and (5), g ives  us K and C as a f u n c t i o n  o f  t h e  po- 

t e n t i a l  exponent n, and mc. Resul ts  a r e  d isp layed  f o r  severa l  values o f  

m c =2.0 ( C Gov i'n 1-1.681 1 -1.347 - 1 .239 

Table 1 .  Constant C and p o t e n t i a l  parameter K f o r  severa l  va lues o f  the  

p o t e n t i a l  exponent n and charmed quark mass mc us ing  the s tandard as- 

sumption t h a t  $ and $' a re  the .Q, = O ground s t a t e  and f i r s t  r a d i a l  

e x c i t a t i o n  o f  the  c: system. 



From Eq.3 and Table 1, we can compute t h e  p r e d i c t e d  masses o f  the h igher  

S-Wave c< ressonances . 

Above t h e  t h r e s h o l d  o f  charmed meson p a i r  p roduc t ion ,  t h e  phenomenologi- 

c a l  Zweig r u l e  p reven t ing  s t r o n g  decay becomes inopera t i ve ,  ressonances 

a r e  expected t o  be broad. The computed masses f o r  t h e  s t a t e  N = 2, 3, 4 

a r e  g i v e n  i n  Table 2. 

Table 2. Masses o f  the f i r s t  few r a d i a l  e x c i  t e d  s t a t e s  above $ (36841, 

f o r  va r ious  values o f  the  p o t e n t i a l  exponent n. 

For l i n e a r  ( n  = 1, R = 0) and harmon ic .osc i l  l a t o r  ( n  = 2) p o t e n t i a l s ,  we 

have exact  s o l u t i o n s .  For a l l  o t h e r  cases, we need approximate o r  nume- 

r i c a l  s o l u t i o n s .  For n even (n = 4 i n  p a r t i c u l a r ) ,  the v a r i a t i o n a l  method 

g ives  good r e s u l t s  by us ing  an o s c i l l a t o r  wave f u n c t i o n  as t e s t f u n c t i o n ,  

when compared wi  t h  numerical es t imates 8.  S o l u t i o n s  f o r  the  ground s t a t e ,  

Y ( r ) ,  a r e  g iven  by 

4.164 GeV 

a parameter which minimizes the  energy e x p e c t a t i o n  va lues.  Us i n g  the t e s t  

f u n c t i o n  g i v e n  i n  ~ ~ . ( 6 ) ,  energ ies o f  the ground s t a t e s  a r e  g i v e n  by 

4.519 GeV 

4.861 GeV 

5.214 GeV 

5.421 GeV 

2 

4 

6 

4.895 GeV 

5.155 GeV 

6.103 GeV 

6.509 GeV 

4.272 GeV 

4.401 GeV 

4.470 GeV 



The valueri o f  E' obta ined  by the  WKB and v a r i a t i o n a l  methods f o r  n=4 and o 
6 a r e  d isp fayed  i n  Table 3. 

Table 3. Values o f  E' f o r  n = 4  and 6 ,  as a  f u n c t i o n  o f  the parameters 
o '  

V a r i a t i o n a l  r 
K and rn c b t a i n e d  by t h e  WKB and v a r i a t i o n a l  methods. 

C '  

Table 3  shows t h a t  t h e  r e s u l t s  o f  the two methods a re  i n  good agreement 

w i t h  each o t h e r .  For  n = 4, E' d i f f e r s  by o n l y  2%, and f o r  n = 6  the  d i f -  

ference i s  8%. Thus, we may use the  values o f  K  and C ob ta ined  i n  Table 

1 .  As' expected, the  WKB appr'oximation f o r  E i  improves as N i ncreases. 

n = 4  

E f  = 3 . 7 5 2 ( K 1 ' / ~  
o rn 

C 

K  1 / 3  
E; = 3.847(T) 

mc 

3. HYPERFINE SPLITTING 

n = 6  

K  114 
E' = 4.154(3) 

rn c  

K  1 / 4  
E;  = 4.527(3) 

rnc 

The mass c l i f fe rence  between the t r i p l e t  and s i n g l e t  c o n f i g u r a t i o n s  can be 

computed by n o t i n g  t h a t  the  h y p e r f i n e  i n t e r a c t i o n  behaves as4 

-+ -+ 
where a l  and õ2 a r e  t h e  Paul i s p i n  opera to rs .  For o u r  case o f  a  power- law 

con f  i nemerit p o t e n t i a l  ~ ( r )  = Krn + C ,  t h i  s  reduces t o  



+ -+ 
Using the  a p p r o p r i a t e  eigenvalues o f  the o p e r a t o r  O .a f o r  the t r i p l e t  

1 2  
and s i n g l e t  S-wave s t a t e s ,  the mass d i f f e r e n c e  reads 

where + í s  the  normal ized ground- state wave f u n c t i o n .  
o 

The normal i zed ( r )  can be approximated by e i  t h e r  the  WKB method o r  a  

v a r i a t i o n a l  c a l c u l a t i o n .  The WKB s o l u t i o n  f o r  R = O i s  g i v e n  by 

For norma l i za t ion ,  we can use the  approximate r e l a t i o n  

where r, i s  the  c l a s s i c a l  t u r n i n g  p o i n t ,  i .e., the  s o l u t i o n  o f  ~ ' - k r ~  = 

O .  I n  t h i s  approximation, one ignores the  p o s s i b i l i t y  o f  t u n n e l l i n g .  

The quan t i  t y  (0) 1 i s  exact  by c o n s t r u c t i o n  f o r  the v a r i a t i o n a l  method 

( n = 2 ) ,  whereas the  WKB r e s u l t  i s  w i t h i n  a 2% accuracy. For t h e  q u a r t i c  

p o t e n t i a l  ( n = 4 ) ,  the ground s t a t e  energy e igenvalues g iven  by the  v a r i -  

a t i o n a l  method agrees b e t t e r  w i t h  t h e  numerical r e s u l t s  than those g iven  

by the  WKB approx imat ions.  T h i s  g ives  us conf idence i n  t h e  9 (r) g iven  by 

the  v a r i a t i o n a l  method. I n  view o f  t h i s  comparison, we s h a l l  use a wave 

f u n c t i o n  determined by the v a r i a t i o n a l  method which i s  more convenient 

and avoids numerical est imates invo lved  i n  the  WKB method. 

The square modulus o f  ground s t a t e  f u n c t i o n  $ , a t  the o r i g i n ,  i s  g i ven  
o 

i n  Table 4. 

Using E q . ( l l )  and Table 1, we w r i t e  down t h e  s p l i t t i n g  AM i n  Table 5. 



n = 2  
..- 

3 / 2  
71 

Table 5. Mass differences between R = O  singlet and triplet states as a 

function of the potential exponent n (even), for various values of m . 

AM in 

MeV 

4. DECAY MIIDTHS 

Table 4. Values of I $  ( 0 )  1 '  for potential exponents n = 2 ,  4 and 6. 
O 

n = 4  

(5xnC) 
3 1 2  

n 

Knowledge of the wave functíons at the origin allows us to calcu 

the one photon exchange approximation, the leptonic decay widths 

n = 6  

( 1 05hc/4)  3 / 8  

312 
TI  

mc = 1 .O GeV 
- 

mc = 1 .5 GeV 

m = 2.0 GeV 
C 

late, in 

eQ is the charge of the charmed quark which in the usual GIM mdel is 2/3. 

87 

58 

4 3  

The orthocharmnium interpretation of $ allows one to compute the hadro- 

nic decay width of $ via the conversion into ordinary hadrons of the three 

gluons whicli a 3 ~ 1  c; system decays into3: 

66 

44 

3 3 

6 3  

42 

3 1 



Table 6. Lep ton ic  decay wi'dths o f  $ as a f u n c t i o n  o f  even n, the  poten- 

t i a 1  exponent, f o r  va r ious  values o f  mc. 

The f a c t o r  5/18 comes f rom t h e  Su(3) c o l o r  group: as d e n o t e s  t h e  e f -  

f e c t  i v e  g l  uon-parton coupl i ng cons t a n t .  $(O) depends on t h e  con f  i n i  ng 

p o t e n t i a l .  Tak ing 0.2 < a < 0.3, we compute t h e  upper and l o w e r l i m i t s  
s 

on I'h($) : 

n = 6  -- 
0.99 

1.81 

2.79 

n = 2  n = 4  

m = I . O G e V  
C 

1 .O2 
r ($-c %a) 

i n  keV 

Table 7. L i m i t s  on the  hadron ic  decay w i d t h s  o f  $ as a f u n c t i o n o f  (even) 

n, the  p o t e n t i a l  exponent, t a k i n g  the  gauge coup l ing  a i n  the range 
S 

0.2 < a < 0.3, f o r  v a r i o u s  values o f  mc. 

m = 1.5 GeV 
t . 

rn = 2 . 0  GeV 
C 

I 
i n = 2  

mc = 1 .5 GeV 

mc = 2.0 GeV 

~ x ~ e r i r n e n t a l l ~ ~ ' ~ ,  AM = 300 MeV, T(J»R&) = 4.8 keV, and rh ($ )  59 keV. 

Tables 5, 6 and 7 show t h a t  the  computed values o f  A and r(p+ki), assu- 

ming * and $ '  t o  be the  ground s t a t e  and the  f i  r s t  r a d i a l  exc i  t a t i o n  res- 

p e c t i v e l y ,  d isagree w i t h  observa t ion .  r&$) i s  however, compat ib le .  

n - 4  

> 28 

95 
mc = 1 .O GeV 

2.32 

3.57 

n = 6  

> 27 

< 92 

> 35 
< 118 

> 28 

96 

> 25 

< 83 

1.89 

2.90 

> 23 

< 78 

> 20 

< 68 

> 22 

< 75 

> 19 

< 65 



5. CQNSEQUENCES OF CHANGING INPUTS 

Let us now abandon1° the assumption tha t  the f i r s t  r ad ia l  e x c i t a t i o n  i s -  

indeed the I)', and instead use as input  the observed mass of: $, m($), 

and r ( q+~R) .  This p red i c t s  the f i r s t  radia l 'exci  t a t i o n  t o  be around 4 

GeV, above the supposed charmed pai  r product ion  threshol d, and a1 though 

i t increeses AM considerably, i t i s  s t i l l  a f a c t o r  o f  two too m a l  1 com- 

pared with experiments. Our resu l t s  are given i n  Table 8. 

1 AM i n  MeV ( 515 1 515 1 515 1 

C i n  GeV 

n = 2  ' 

0.018 

GeV 

r,(@) i i -  keV 

C i n GeV 

n = 4  

0.287 

I I I 

m = 1.5 

GeV 

Table 8. \lalues o f  C, AM, rn and r,,($) us ingm = 3.095GeVand r(++fil)=- 9' 
4.8 keV as input ,  f o r  various values o f  mc. For f i x e d  r(@!& and mc, 

the val uec. o f  AM are i ndependent o f  n ( ~ e f  .l I )  . 

n = 6  

0.377 

"'v GeV 

> 132 
< 447 

- 0 .623  

m = 2 . 0  
I 

i Gev 

K 

AW i n MeV 

"'$* i n  GeV 

r,($) i n  keV 

C I n  GeV 

4.530 

> 132 

< 447 

-0 .443  

K 

AJd i n MeV 

m$, i n  GeV 

? 132 

< 447 

-0.384 

0.0859 GeV3 

153 

4 .052  

> 58 
199 

-1.443 

4.716 

0.0643 GeV3 

64 

3.812 

4.725 

0.0061 7 GeV5 

153 

4 .176  

> 58 
< 199 

- 1.309 

0.000423 G ~ V '  

153 . 

4 .182  

> 58 
< 199 

- 1 .264  

0.00463 GevS 

6 4  

3.906 

0.000317 Gev7 

6 4  

3.910 



6. CONCLUSION 

Our computat ions show t h a t  the  bound s t a t e  spec t ra  o f  a  heavy quark-an- 

t i q u a r k  h y p e r f i n e  sp l  i t t i n g  between the t r i p l e t  and s i n g l e t  S-waves ( A M ) ,  

and the  l e p t o n  decay w i d t h  o f  the t r i p l e t  ground s t a t e ,  r ( $ +  RR) , are n o t  

very s e n s i t i v e  t o  the  exponent o f  the c o n f i n i n i g  p o t e n t i a l .  The standard 

assurnption t h a t  Q1(3684) i s  the  f i  r s t  r a d i a l  e x c i t a t i o n  r e s u l t s  i n  a se- 

r i o u s  disagreement between t h e  computed and observed values o f  AM and 

T ( Q - + R ~ ) .  We s t u d i e d  consequences o f  dropping t h i s  assumption and use 

T'(Q+!L?,) as i n p u t .  Th is  leads t o  a p o s i t i o n  o f  the  f i r s t  r a d i a l  e x c i -  

t a t i o n  above 4 GeV, above the  supposed charm p a i r  p r o d u c t i o n  th resho ld ,  
+ - 

where d e f i n i  t e  s t r u c t u r e s  are seen i n  the  e e a n n i h i  l a t i o n  cross sec- 

t i o n .  However, the d iscuss ion  preceding the  r e s u l t s  g i v e n  i n  Table 8 

show t h a t  one does n o t  achieve agreements w i t h  a11 the  observables.Also,  

the re  i s  the problem o f  r e i n t e r p r e t i n g  iji1(3684) toge ther  wi t h  i t s  es ta -  

b l i s h e d  p r o p e r t i e s  such as the  l a r g e  b r a n c h i n g ' r a t i o  f o r  the cascade de- 

cay @'-t$m. On the o t h e r  hand, t a k i n g  m m , and r($-t!LE) as i n p u t ,  we *' dJ 
f i n d  f o r  n = 2 casemc = 2.438 GeV, C = -2.223 GeV, K = 0.0528 GeV, AM= 

35 MeV and 22 keV < rh($)  < 75 keV; i .e., the  h y p e r f i n e  s p l i t t i n g  i s t o o  

small  and the l a r g e  va lue o f  mc cas ts  doubt on the  v a l i d i t y  o f  the non 

r e l a t i v i s t i c  t reatment ;  n = 4 and 6 g i v e  even worse resu l  t s .  I n  view o f  

those c o n t i n u i n g  d i f f i c u l t i e s ,  the re  does no t  seem t o  be a n e t  g a i n  i s  

changing the  s tandard i nputs. 

Ana lys i  ng the  resu l  t s  o f  ou r  computat ion and consi d e r i  ng f o r  d e f i n i  teness 

mc = 1.5 GeV, where r e l a t i v i s t i c  e f f e c t s  a re  expected t o  be sma l l ,  we 

conclude t h a t  p o t e n t i a l s  w i t h  exponents n > 2 do n o t  p r o v i d e  s a t i s f a c t o -  

r y  w d e l s  f o r  the  charmonium. A p r e l  im inary  s tudy i n d i c a t e s  t h a t  poten- 

t i a l s  n = 1/2 may descr ibe  t h e  charmonium b e t t e r  than  the  n ', 1 cases. 

The r a d i a l  e x c i t a t i o n  spectrum f o r  t h i s  p o t e n t i a l ,  w i t h  the  s tandard i n -  

pu ts ,  u s i n g  the  WKB approx imat ion,  .given by m = 4.089 GeV, m J I i t l  = 
*I ' 

4.415 GeV and miiv= 4.687 GeV, a r e  i n  good agreement w i t h  exper imenta l"  

i n d i c a t i o n s ;  a l s o  AM and I'($+ 6,) a r e  es t imated  t o  be l a r g e r  than those 

o f  the  n = I case. In xriew o f  t h i s ,  the  case O < n < 1 which a l s o  sa t i s -  

f i e s  the  ~ a r t i n ' ~  c o n d i t i o n  i s  under numerical s tudy.  Th is ,  t o g e t h e r w i t h  

the  r e s u l t s  o f  s p i n  o r b i t  fo rces  R' f O, and r a d i a t i v e  decays, w i l l  be pu- 

b l i s h e d  elsewhere. 
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