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The rad ia t i on  emit ted by a plane o f  exc i t ed  two - level atoms, i n  A i = ] ,  

h = O  t r ans i t i on ,  i s  exact ly  ca lcu la ted using a semiclassical model i n  

which the electromagnetic f i e l d  i s  t rea ted c lass ica l  l y  ( M a x w e l l ' sequa-

t ions) and the coupl i ng  between matter and f i e l d  i s  described i n  the 

e l e c t r i c  d ipo le  approximation. The i n f luence o f  the plane densi ty i n  

the rad ia t i on  ra te  i s  invest igated i n  both I i m i t s  o f  weak and strong 

coupl ing  (def ined i n the tex t )  . I t i s  shown tha t ,  i n  the second case, 

we c a nobserve i n f i n i t e l y  many so lu t ions  o f  the problem, depending on 

the i n i  t i a l value o f  the phase d i f fe rence appearing i n  the d e f i n i  t i o n  

of the exc i ted  state.  Cases o f  phase choices leading t o  enhanced o r  

attenuated emission rates are a lso  discussed. 

Calcula-se exatamente a radiação emi t i d a por um plano de átomos exc i-  

tados, a dois níveis,  em uma transição com A %  = l e Am = 0, fazendo-se 

uso de um modelo semi-clássico no qual o campo eletromagnético é t r a -  

tado classicamente ( v i a  as equações de Maxwel 1), a in teração en t re  ma- 

t é r i a  e campo sendo desc r i t a  na aproximação de d ipo lo  e l é t r i c o .  Inves- 

t iga- se a i n f l uênc ia  da densidade planar dos átomos, na taxa de radia-  

ção, em ambos os l i m i  tes de acoplamentos f raco e for te,  d e f i n i  dos no 

texto.  Constata-se, no segundo caso, a ocorrência de uma in f in idade de 

soluções, dependendo do va lo r  i n i c i a l  da diferença de fase que aparece 

na def in ição do estado exci tado.  Discutem-se também escolhas de fase 

que conduzem à i n tens i f i cação ou atenuação das taxas de emissão. 



1. INTRODUCTION 

A soluble model, f o r  the spontaneous decay o f  a plane o f  two-leve1 

atoms, was presented i n  a previous paperl f o r  the case o f  a A R - A r n  = 1 

t r a n s i t i o n .  Here, we sha l l  employ the same model t o  solve the A R  = 1, 

Arn = 0,  c,ase, s ince i t  presents some features which we deem worth- 

wh i le  o f  ,a separate study. I n  order t o  render t h i s  paper more reada- 

b l e  t o  those n o n i n i t i a t e d  i n  the f i e l d ,  we s h a l l  present, i n  the f i r s t  

two Sections o f  t h i s  work, a b r i e f  review o f  the subject, inc lud ing a 

de ta i l ed  descr ip t ion  o f  the model discussed i n  Ref.1. 

The in terac t ion ,  between a system o f  N two-leve1 atoms and the elec-  

tromagnetic f i e l d ,  was discussed by ~ i c k e ~  who showed how the emission 

ra te  could be expressed i n  t e n s  o f  the atomic energy anda newquantum 

number ( the cooperation number) whi ch represents the quantum anal og o f  

the dipolles phase re la t ionsh ips  o f  the c lass i ca l  descr ip t ion .  Theusual 

treatment today3-9 cos is ts  i n  s t a r t i n g  w i t h  a multimode cav i t y  f i e l d ,  

i n  a volume V, and obta in ing  ~ e i s e n b e r g ' s  equations o f  motion f o r  the 

time-dependend atomic operators and f i e l d  amplitudes. Here, instead o f  

using per turbat ion  theory (as i n  Dicke's treatment), we can reso r t  (as 

i n  more recent works) t o  a non-perturbative approach which consists i n  

an approximate i n teg ra t i on  of the f i e l d  equations ( l i n e a r )  and the 

subs t i t u t i on  o f  the resu l t s  i n  the atomic equations (non- l inear) .  The 

approximations more commonly used i n  these ca lcu la t ions  are the rota-  

t i n g  wave approximation, and the assumption tha t  the spontaneous rad i -  

a t i v e  decay i s  a slow process, requ i r i ng  many c i c l e s  o f  atomic osci  1-  

l a t i o n s  t o  be completed. The r e s u l t i n g  equations y i e l d  a semiclassical  

1 i m i  t (a lso djscussed by ~ i c k e )  i n  which the operators are t rea ted as 

c-numbers and thei  r eigenvalues taken i n  the 1 i m i  t o f  la rge quantum 

numbe r s  . 

The treatment presented i n  Ref.1 fo l lows a d i f f e r e n t  l i ne ,  i n  the sen- 

se tha t  i t i s  a thorougly semiclassical  ( o r  c l ass i ca l )  approach; t ha t  

i s ,  one i n  which the electromagnetic f i e l d  i s  t rea ted c l a s s i c a l l y  from 

the beginni ng (through Maxwel l ' s  equations) . AI though some important 

quantum features wi 1 1  be l o s t  (e.g: the spontaneous decay o f  one atom) 

the equations o f  motion f o r  a many-atom system w i l l  (as shown below) 



be in tegra ted exactZy (independent o f  the coupl i ng  s t rength  between 

matter  and f i e l d ,  p rov id ing  an worthwhile comparison wi t h  previous re- 

s u l t s  some ins igh t  on the behaviour o f  matter  a t  h igh dens i t ies .  

2. MATTER AND HELD EQUATIONS 

Let us consider a medium o f  two-leve1 atoms, energies equal t o  + (1/2) 

li a o ,  whose i n te rac t i on  w i  t h  the transverse electromagnetic f i e l d  i s  

taken i n  the e l e c t r i c  d ipo le  approximation ( t he  f i e l d  i s  assumed t o  be 

space-independent i n  the whole atomic volume). S ince there are on l  y two 

normal i zed wave functions, $ and gb, correspondi ng respecti ve l y  t o  the a 
ground and exc i ted  states, we can w r i t e  the general time-dependent wa- 

ve func t i on  o f  a s ing le  atom as 

where we have used the vector  no ta t i on  db = [h] ,ga =[:I .On the o ther  - 
hand, the one-atom Hamiltonian i s  given by 

-+ 
where H i s  the unperturbed Hami l tonian, H, = (Ewo/2) o -+ 

!-i] , P 1s the 

e l e c t r i c  d ipo le  operator, and E the externa2 e l e c t r l c  f i e l d  producedby 

a l i  o ther  atoms (no react ion f i e l d  here).  Substi t u t i n g  the wavefunction 

( 1 )  i n t o  the ~ c h r g d i n ~ e r  equation corresponding to ( 2 ) ,  i . e .  

we get 



where, assuming a spher ica l ly  symnetric po ten t i a l  f o r  our model atomwe 
+ -+ 

have taken (4a, p 4,) = (4b, p 4b) = 0. Instead o f  using the cmp lex  

numbers 5 and we introduce the rea l  variables1° 

t = <U >.= $ X$ = ab* + a*b , x x 

where ux, o and oz are the usual Paul i  spin matrices. (: A)!(: I 5) and 
1 0 .  Y I n t e r m s  of  r r and rZ, equations (4) can be w r i t t e n  as (*) 

Y 

+ + 
where r = r >  + r$ + $ 2 and u = w  . +u$ + wzâ, w i t h  

z .  - 2  

2 
w = - Re($,, H1 $b), 
x A 

2 
w = lm(Oa, H1 $b) , 
Y 

W = w .  
z o 

From (61, we have g*(&/dt) = O, o r  $2 = cconsant, which expresses the 

conservation of p robab i l i t y ,  since r2 + r2 + r i  = ( l a I 2  + lb12)2 .(con- " Y -+ 
s ider ing only normalized wave functions we sha l l  always take r2=1). Now 

we have to  ca lcu la te  the mat r ix  element appearing i n  the r i gh t  hand s i -  

(*) Since the real  and imaginary par ts  of 5 and b make four  rea l  num- 

bers, we cannot construct  $(t) from the values o f  r 
x s  py 

and r alone. 
Z 

However, i t  fo l lows from (5) that ,  given r r and Z ,  we can determi- 
"' Y 

ne lal, 1 ~ 1  and the phase d i  fference $a - 4b, leaving out  onl  y an i r re-  

levant mul ti.pl i c a t i v e  phase fac tor .  



des o f  (7) :  Since i n  a cent ra l  po ten t i a l  the ground s ta te  has zero an- 

gu lar  momentum, @b must be a p- state,  otherwise the i n te rac t i on  Harnil- 

ton ian  w i l l  be i d e n t i c a l l y  zero ( t h i s  i s  an obvious consequence o f  the 

se lec t i on  ru les  f o r  the d ipo le  coupling assumed i n  ( 2 ) ) .  There are then 

two poss ib le  choices f o r  the angular rnornentum o f  @b : R = 1, m = 2 1 o r  

R = 1, m = 0, f o r  which, using hydrogen- like wave funct ions,  we get :  

Px = 0 

where e i s  an overlap i n teg ra l  contain ing the rad ia l  par ts  o f  +a and $b. 

From ( 7 ) ,  (8) and (9) we obta in  

and 

Y 

The equations o f  motion can now be obta 

= O, nt = O .  

ined f roni (6) : 

Let us now tu rn  our a t t e n t i o n  t o  the electromagriet ic f i e l d  considering 

a medium o f  2 two leve1 atoms per u n i t  volume whose con t r i bu t i on  t o  the 

sources o f  Maxwell's equations i s  e n t i r e l y  described by a macroscopic 

p o l a r i z a t i o n  $(P,t). The deta i  l ed  expression f o r  ?(g,t) wi 1 l natura l  l y  

depend on the s p a t i a l  d i s t r i b u t i o n  of the atomic. d ipoles a t  t h e p o s i t i o n  

r and time 4. Assuming the maximum possib le ' 'cooperation" (i.e: a l l  atoms 

a t  the same po in t  wi t h  the same wave funct ions) we s h a l l  w r i  te. 



From (8) and (9) we then get  

Q=np(rxG 2 r i ) .  rn = I, Y 

and 

On the o ther  hand, i t  fo l lows from Maxwellls equations tha t  

which, w i t h  the he lp  o f  (15) and (161, gives a t  l a s t  

and 

Equations (12), (18) o r  (131, (19) cons t i t u te  a basic s e l f  - consistent  

system f o r  the study o f  non- l inear l i g h t  propagation i n  resonant media. 

Our i n t e r e s t  here, however, i s  d i rec ted  t o  emission problems, i n  which 

on ly  a l i m i t e d  p o r t i o n  of the space i s  occupied by the mater ia l  medium. 

As the s implest  example o f  t h i s  s i t u a t i o n  we s h a l l  consider the sponta- 

neous one-dimension emission produced by an i n f i n i t e l y  t h i n  plane o fex-  

c i  ted a toms : 

whereo i s  the number o f  atoms per u n i t  surface area. Equations (17)  i s  

now w r i  t t e n  as 



Flg.1 - EmIss1on and absorptlon of radlatlon by a materlal plane, sho- 

wlng the Incldent and reflected fieldr (Eq. (22)). 

a2 I a2 471 d2 
3 (- - - -)Èf(z,t) = - a6(z) - cp(~, t )> ,  (21) 

az2 c2 a t 2  c2  dt2 

w i t h 8 = E z 2 +  E$. Since a11 matter i s  concent ra tedat  z  = O  we have 

f o r  both z < 0  and 2  >O f ree- f i e ld  solut ions of (21) ( ~ e e  ~ i ~ . l ) :  

(r,a,r and R standing respect ively f o r  r i gh t ,  l e f t ,  inc ident and re f lec-  

ted) which must obey the boundary condi t i o n  

where z ( t )  i s  the e l e c t r i c  ' f i e l d  actual  l y  "seen" by the atoms i n  the pla-  

ne (Eqs (12) and (13 ) ) .  In tegra t ing  (21) from z =-- e t o  z =+E and taking 



the l i m i t  o f  the r e s u l t  when ~ - 1 0  we get the equation 

which wi t h  the help o f  (22) transforms i n t o  

I n teg ra t i ng  (25) wi t h  respect t o  the time, tak ing  i n t o  a account the f a c t  

tha t  the giound s ta te  (where <c> = O)  must be compati b l e  wi t h  the absen- 

ce o f  external  f i e l d s ,  we ob ta in  

This resul t can be w r i  t t e n  i n  a more useful  form wi t h  the help o f  boun- 

dary cond i t ion  (23).  I n  fac t ,  using the re la t i ons  

and 

we can e l im inate  the r e f l e c t e d  f i e l d  from (26) and ob ta in  

2na d 
O ,  + O ,  - 3 ( t )  =c% -$(o,t)> (28) 

Equation (28) together w i t h  equations (12), (15) o r  (131, (161, const i -  

t u t e  a system of coupled o r d i n a q  d i f f e r e n t i a l  equations which g i v e s  

the behaviour of matter  and f i e l d ,  a t  z=0, under the e f f e c t s o f a  knam 
+L 

external  e x c i t a t i o n  E + . Once t h i s  systern solved, thebehaviour o f  I 
the electr isc f i e l d  i n  the whole space w i l l  be read i l y  obtained from 

(22) and (23). Since we are in teres ted i n  the spontmzeous emission we 

sha l l ,  from now on, assume 3; + G 0. 



3. SPONTANEOUS EMISSION BY A PLANE OF TWO-L.EVEL ATOMS 

I t  i s  now convenient  t o  t r e a t  separa te ly  the  s o l u t i o n s  accord ing  t o  

whether m = k 1 o r  m = 0. 

Case I: m = '1 Equat ion (28), t a k i n g  i n t o  account ( 1 5 ) ,  i s  now w r i t t e n  

as 

I n  Eqs (29) and (12) we have a non- l inear  system o f  f i v e  d i f f e r e n t i a l  

equat ions f o r  the  f i v e  unknown rx, r rZ ,  Ex and E . I t s  s o l u t i o n  i s  
Y '  Y +  

m r e  r e a d i l y  ob ta ined  i n  terms o f  the  complex v a r i a b l e s  r =rx+ir and 
Y 

E k = E  2 i E :  " Y 

wi t h  r g iven  by t h e  constant  o f  mot ion r i  + r2 + r i  = I. E1 i m i n a t i n g  
+ z  Y 

E- i n  (30) we ob ta in ,  f o r  b o t h  va lues o f  m: 

where a = 4ap2u/Ec i s  a dimensionless constant .  Using s p h e r i c a l  coord i -  

na te r  r+ = sineeib, rz = cose ( i t  f o l l o w s  f r o r  (5) t h a t  cose i s  propor-  

t i o n a l  t o  the  mean unper turbed energy, whereas $ i s  the  phase d i f f e r e n -  

ce between 2 and i) we ge t  f rom (31): 

- de = aw s i n o  - 
dt O 1 + a2cos*e 

and 



The e lec t i r i c  f i e l d  can be obtained 

equations (30) . The resul  t i s  

e l im ina t i ng  ar+/& between the two 

From (34) we have a = 2p~m/Rw0, where E i s  the  maximum value o f  the 
m 

e l e c t r i c  f i e l d ,  corresponding t o  a s i t u a t i o n  (8 = */2) i n  which one- 

- h a l f  o f  ,the atoms are s t i l l  exci ted.  The constant a measures then 

the strength o f  coupl ing between matter  an f i e l d .  For a << 1 the d i -  

pole in terac t ion ,  being much smal ler  than the b ind ing forces o f  the 

atom, can be t rea ted as a perturbat ion2.  Numerical approximations f o r  

a can be readi l y  establ ished i n  the fo l l ow ing  way: w r i t i n g  p =ed,where 

e i s  the e l e c t r o n i c  charge and i s  o f  the order  o f  one atomic diame- 

te r ,  we ob ta in  a = (4ne2/fic)od2 = 0.091ad2. Here od2 plays the r o l e  o f  

a "screening constant" g i v ing  the f r a c t i o n  (which actual  l y  can be l a r -  

ger than m e ,  depending on the number o f  atomic "layers" i n  the plane) 

o f  the p h n e  area occupied by the atoms. I n  the case o f  a sol  i d  plane 

w i t h  a11 (atoms p a r t i c i p a t i n g  i n  the emission process we can have, - f o r  

a t yp i ca l  o p t i c a l  t r ans i t i on ,  a 5 1.6 ( ~ e f . 1 1 ) .  

Let  us nani t u rn  our a t t e n t i o n  t o  the i n i t i a l  condi t ions involved i n t h e  

so lu t i on  o f  (32) and (33) ( the behaviour o f  8 and $ as funct ions o f  

time was a1 ready d i  scussed i n reference 1 )  . The general so l  u t i o n  o f  (32) 

has the form 8(t+c), where c i s  an a r b i t r a r y  constant ( t h i s  i s  an ob- 

vious consequence o f  the invar iance o f  the emission process under time 

t rans la t i ons ) .  A p a r t i c u l a r  value f o r  c can be obtained i n  p r i nc ip le ,  

g i v i ng  the i ns tan t  o f  time when the emission begins. Here, however, 

we run i n t o  a t i p i c a l  d i f f i c u l t y  o f  the semiclassical  treatments: -be- 

sides the exponential decay f o r  t -+ m (ground s ta te)  we have an expo- 

nen t i a l  increase i n  the rad ia t i on  ra te  s t a r t i n g  a t  t +- - (exci  ted sta-  

te) .  This i s  due t o  the lack o f  a "quantum f i e l d "  term,2'12 wi thout  

analogue i n  the c lass i ca l  l i m i t ,  which i s  responsible f o r  the begin- 

n ing  o f  the rad ia t i on  process. The e f f e c t  o f  t h i s  absence can be seen 

i n  eqiliation (32) which admits 0 = O  (correspondlng t o  the exc i teds ta te)  

as an unstable so lu t ion .  What we s h a l l  do here i s  t o  choose t = O as 

the i ns tan t  o f  maximum rad ia t i on  ra te  which happens j u s t  a f t e r  the 



emission o f  one-half o f  Che tota! exci  t a t i o n  energy (see Eq. ( 3 4 ) ) .  The 

so lu t i on  0 ( t )  i s  then inser ted  i n t o  (33) g iv ing,  a f t e r . i n teg ra t i on ,  the 

azimuthal angle $ ( t )  . Here we have andther constant o f  in tegra t ion ,  the 

general s o l u t i o n  being now o f  the type $ ( t )  + c ( invar iance under rota-  

t i ons ) .  Since $ determines the d i r e c t i o n  o f  the po lar iza t ion ,  i t  f o l -  

lows f rom the above reasoning t h a t  we are  f ree t o  choose the d i  r ec t i on  

o f  the space i n  which the bu lk  o f  the rad ia t i on  w i l l  be emi t ted .  This 

may seem,at f i  r s t  s igh t ,  paradoxical -  as we are used t o  consider the 

rad ia t i on  as being cornpletely determined by the i n i t i a l  s tate.  Th is  i s  

indeed what happens: The po in t  i s  that ,  s t r i c t l y  speaking, theemission 

beginning e m c t l y  i n  the exci ted s ta te  gives r i s e  t o  an undetennined 

problem, i n  t h e  sense  t h a t  smal 1 changes i n  t h e  i n i t i a l  s ta -  

t e  may produce sensi b l e  changes i n  the electromagriet ic f i e l d  emi t t e d  i n  

the fu ture .  I f  we se lec t ,  as i n i t i a l  s ta tes  o f  the atoms, 0 = E (€<<I) 

wi t h  a rb i  t r a r y  values o f  $ ( t he  same mean energy wi t h  a11 possiblepha- 

ses) , the systems wi 11, f o r  a1 1 subsequent values o f  0, "remember" the 

i n i t i a l  phase di f ferences producing, accordingly, ro ta ted f i e l d  pat-  

terns. For a<<] those ro ta ted  so lu t ions  w i l l  produce the  same physi- 

ca l  e f f e c t s  assuming t h a t  our time reso lu t i on  i s  no t  too small compa- 

red w i t h  the l i f e  expectat ion o f  the system. This i s  due t o  the f a c t  

t h a t  $ ( t ) ,  f o r  a<<1, changes wi t h  time much f a s t e r  than 0 ( t )  . The po- 

l a r i z a t i o n  vector  then passes many times through a1 1 d i  rec t ions  o f  the 

space wi t h  approximately the same magnitude, rendering imnater ia l  the 

presence o f  an addi t i v e  phase i n  $ ( t )  . For a ,> 1, however, the decay 

i s  so f a s t  t ha t  the 1 i f e t i m e  o f  the system i s  reduced t o  the order o f  

one atomic o s c i l l a t i o n  (d$/dt = wo)  g i v i ng  r i s e  t o  a s t rong ly  anysotro- 

p i c  and phase-dependent rad ia t i on .  

Case I I :  m = O  Let  us consider here a p l a n e o f e x c i t e d  atoms which 

contains the z-ads. Our se1 f-cons i s t e n t  se t  o'f i iquations i s  obtained 

from ( 1 3 ) .  (16) and (281, remembering tha t  now both <c> and 8 po in t  i n  

the 2 d i rec t íon .  



This system i s  read i l y  transformed i n t o  

where = B>/( fip) r ry = fi ~ ~ ~ l ( a f i w ~ )  and T = w  t. 
o 

Using spl ier ical  coordinates rx = sinecos$, r = s inOs in$, rZ= cose, we 
Y 

ob ta in  the f i n a l  form o f  (36) . 

Before discussing the i n teg ra t i on  o f  the system (371, (38) f o r  a11 va- 

lues o f  tr , we sha l l  f i r s t  consider the weak coupl ing l i m i t .  Takíng 

a<<l i n  (38) we have d$/6r = 1 and the s o l u t i o n  corresponding t o  0 (0) 

= ~ / 2 ,  $ ( O )  = i s  read i l y  obtained 

Expression (40) can be f u r t h e r  simpl i f i e d :  f o r  a<<l we have 

exp k ( r  - cos (T + 2q0) s i n ~ ) ]  = exp(ar) exp C-acos ( r  + 2$ ) s i  nr] = exp (-ar) , 
o 

(41) 

whi ch makes 8 ( r )  i ndependent of $o. From (39) , (40) and (4 1) we have 

the approximate so lu t ions  

where thei amplitude sech(ar) i s  a s l o i l y  changing modulation (1 i f e t ime  

= l/(awo)) compared wi t h  the f a s t  osci  l l a t i o n s  ( l /wo) o f  C O S ( ~ + $  ) and 
o 



s i  n . The i n f  l uence o f  the phase (O appears i n (42) as a time d i  s- 

placernent o f  the f a s t  terms w i t h  respect t o  the modulation, g i v i ng  ne- 

g l i g i b l e  resu l t s  f o r  a < < l .  This f a c t  can a l so  be: seen i n  the rad ia t i on  

ra te  ( p r ~ ~ o r t i o n a l  t o  -drz/dt) :  

I f  we assume a time reso lu t ion  A t ,  l / uo  << A t  t< l/aw and take the 
o 

mean o f  (43) i n  t h i s  time i n te rva l  we get 

dr  - 2 = aw sech2 (aw t )  
dt ' 0 o 

which i s  independent o f  ( . 
o 

The so lu t i on ' f o r  la rge values o f  a can be best understood considering 

the  symnetry proper t ies  of Eqs.(37) and (38). Let  0 (T) ,  ( (T)  bea so- 
1 1 

l u t i o n  o f  t h i s  system s a t i s f y i n g  the i n i t i a l  condi t ions 0 (0) = r /2,  
1 

(,(O) = qo.  Taking T +- r ,  8 -+ n - 8  and ( -+ - $ i n  (37) and (38) i t  i s  

eas i l y  shown tha t  

i s  another so lu t i on  o f  the same system, sat is fy in ig now e 2  ( 0 )  = n / &  

~ ~ ( 0 )  = - ( o f  ( m Eq. (45) prov id ing  the res t  o f  the so lu t i ons .  I n  
o O 

pa r t i cu la r ,  the so lu t i an  der ived from ( = O has the special symnetry 
o 

0(r)  = n - e(-T) , ((T) = - I$(-T) . I t i s a l  so easy t o  see tha t  

i s  a l so  a s o l u t i o n  o f  .(37), (38), corresponding t o  the i n i  t i a 1  condi- 

t i ons  0 (0) = n/ , =(,+n(reversed f i e l d  and e l e c t r i c  d ipo le) .  
3 

We can then r e s t r i c t  ourselves t o  the values o f  $ contained i n  an ar-  
o 

b i t r a r y  i n t e r v a l  o f  length n. However, i n  order t o  b e t t e r  d isp lay  the 

s y m e t r y  (45) we shal 1 usual l y  cons i de r  tha range E 1-12, n / g .  Our 

next step i n the i ntegra t  ion  o f  (37), (38) i s t o  note tha t  there are 



two d i f f e r e n t  kinds o f  solut ions:  f o r  a< l  and a> l .  For a < 1 we have 

always d $ / ' d ~  > 0, so tha t  $ ( r )  i s  an unbounded increasing fur ict ion o f  

the time. For a> l  the behaviour o f  $(T) can be best described conside- 

r i n g  the asymptotic form o f  (37) and (38) f o r  t + + -. Taking cos-cT 1 

i n  (38) (correspondi ng t o  .r*-) we get d $ / d ~  5 as in  2$, which has the 

constant so lu t i on  s in(2$ ' )  = + ]/a. Def in ing $a=sin-1/2)(~/a), O<$_<r/2, 

. we have 

These values o f  $' can be thought o f  as d i v i d i n g  the (.r,+) plane i n  in -  

f i n i t e l y  many sheets p a r a l l e l  t o  the T axis.  The character o f  the so- 

l u t i o n  asymptot ical ly  contained i n  .each o f  those sheets depend on the 

s tab i  1 i t y  o f  the constant so lu t ions (47). Let  us then consider 0 = E 

for  r + - -, 8 -  r - E for T + +  -, O < E << 1; and 9 = $ ' + v ,  I v l < < l ,  

sin2$' = i: l / a  f o r  T + f -. 

Subst i tu t ing  these equations i n t o  

ight forward approximations 

(37) and (38) we obtain,  a f t e r  s t ra-  

s i n 2 g t I  , T + f -, (48) 

where A and B are a rb i  t r a r y  constants. It f o l  lows from (49) tha t  solu- 

t ions  a) and c) i n  (47) are stable (cos(2$') > 0) whereas b) and d) are 

unstable (cos(2$') < O ) .  From the above discussions i t i s  easy to  cons- 

t r u c t  a rough p i c tu re  o f  the behaviour o f  $ ( T I  (a> l ) :  For .r+*- the cur- 

ves tend, respectively, t o  the 1 ines a) and c), and diverge from b) 

and d). 

The two types o* solut ions are i l l u s t r a t e d  i n  Figs. 2 and 3 where we 

have the r e s u l t  o f  nunkr ical  computations, f o r  both a < 1 and a > 1, 

using the i n i t i a l  condit ions 8(O) = r/2, $(O) =$,,, - r /2  < $,, < r /2 .  As 



Fig.2  - Graphs o f  @(r) for  a - 0.5. The d i f f e r e n t  values o f  o,; O ,  t n / 4 ,  

? n/2, t3n/4 and t n e r e  given by tho intersect ions w i t h  the v e r t i c a l  

axis .  

a l a s t  remark on $(r)  we note that ,  f o r  a > 1, the e l e c t r i c  f i e l d  and 

d ipo le  (proport ional  respect ively t o  s in$ and tos$) do not  osc i  1 l a t e  

i n  the l i m i t  .r + + - (as i n  the case when a c 1). This s i t u a t i o n  bears 

a c lose analogy w i t h  a damped harmonic o s c i l l a t o r .  For a < 1 we have a 

s o r t  o f  weak damping, where a small loss o f  energy per c i c l e  ( o f  the 

f ree moti on) produces an i n f  i n i  t e  ser ies  o f  damped osc i  l l a t ions .  For 

a > 1 we are  i n  the overdamped region where t h i s  same loss i s  o f  the 

order o f  the whole s tored energy, g i v i n g  r i s e  to a s i t u a t i o n  i n  which 

the amplitude decreases w i thout  changing i t s  sign. We can now concen- 

t r a t e  our a t t e n t i o n  i n  the emission ra te  o f  the rad ia t ion :  S t a r t i n g  ** 
f rom ( 3 6 )  we ge t 

** 
A more general discussion on the conservatian o f  the energy can be 

seen i n  Ref. 11 .  



Fig.3  - Graphs o f  $(T) f o r  a - 1.5. l h e  values of $,,, from - n/2 t o  

t n/2 a r e  given by the Intersect ions w i t h  the v e r t i c a l  a x i s .  Also dis- 

played a r e  the stable  (+- - 0.365 rd) and unstable (n/2 - $- - 1.206 rd) 

asymptotic solut ions.  

where 9 i . 5  the value o f  Poynting vector  on both sides o f  the planes. Eq. 

(50) givec; the conversion ra te  o f  the energy (from the atorns t o  the 

f i e l d ) .  Urjing ( 371 ,  i t  can a lso  be w r i t t e n  as: 

From (51) i t  i s  easy t o  see tha t  the emission of the energy may depend 

c r i t i c a l l y  on the i n i t i a l  condi t ions:  choice o f  J, a t  r = O (we are as- 

suming 8(0) = n/2 i n  a1 1 cases). I f $(O) = 0, f o r  example, we haveS(0) 
-f 

= 0, whereas f o r  $(O) = n/2, ~ ( 0 )  has the maximum value h o 2 a a .  It i s  

then easy t o  p r e d i c t  that ,  f o r  r e l a t i v e l y  la rge values o f  a, we w i l l  

have i n  ttie second case a strong peak a t  r = 0, whereas l n  the f i r s t  

case the emission curve w i l l  present two peaks symnet r ica l ly  disposed 

w i t h  respect t o  the o r i g i n .  



Fig.4  - Emission rates f o r  a - 0.1; V - n/2 ( s o l l d  l l n e )  and V,, = O 

(dashed l i n e ) .  The envelope of  these curves i s  approximafeiy given by 

osech2 (07). 

i t i s  a l sa  i n te res t i ng  t o  remark tha t  the exponeritial decay o f  the ra- 

d i a t i o n  f o r  la rge values o f  the time presents d i f f e r e n t  features ac- 

cording t o  whether a 1 o r  a > 1 .  For a 1, as shown i n  (441, the 

a t tenuat ion  increases wi t h  a. For a > 1, however, the exponent i n  (481, 
a s in 2  ~ i '  = (a  - - /2 a c t u a l l y  decreases w i t h  a (see a l so  f i g .  6).  

This e f f e c t  can a l so  be observed in  the case h.:= +I, where, from Eq. 

(32), sino = expí- (a /a2+ l )wot l .  Examples o f  the rad ia t i on  ra te  f o r  

d i f f e r e n t  values o f  a and Jio are given i n  Figs. 4, 5'and 6. The beha- 



v i o r  o f  t.he e l e c t r i c  f i e l d  and dipole i s  i l l u s t r a t e d  i n  Fig. 7 and 8 

fo r  both osc i l l a t i ng  and non-osci l lat ing decays. 

Fig.6 - Ernission retes f o r  *,, - O and a - 1,1.5, 2.5, 4 and 7.5 ( i n  the 

same order as the height  of  the peaks). 

Fig.7 - Graphs o f  asinesin* (proportional t o  B ~ )  for  Y,, - O (a = 0.5, 1 

and 1.5; dashed I lnes)  and c n/2 (a - 0,5, 1.5 s o l l d  l ines) .  The va- 

lues o f  a are l n  the sare order as the height  of  the peaks. 



Fig.8 - Graphs of x - sinOcos9 f o r  $O = O ,  a - 0.5 (dashsd), a - 1 

(dotted), a - 1.5 (sol id) ;  and $o - n / 2 ,  a = 0.5 and 1.5 (so l id  l lnes  

through the o r i g i n ) .  
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