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The geometric p roper t ies  o f  a recent extension o f  E ins te in ' s  nonsymme- 

t r i c  u n i f i e d  f i e l d  theory which includes i so top i c  gauge f i e l d s  are d i s -  

cussed. The a f f i n i t y  associated t o  the i s o t o p i c  gauge and the  correspon- 

d ing curvature are introduced i n  terms o f  the Yang-Mills po ten t i a l s  and 

f i e l d  componen'ts. The Maxwell and Yang-Mi l i s  f i e l d  equations are  der ived 

by imposing condi t ions on the ma t r i x  t ha t  represents the fu l l  covar ian t  

de r i va t i ve  o f  the ma t r i x  G t ha t  replaces the tensor f i e l d  h o f  the 
aB ab 

nonsymnetric u n i f  ied theory. 

As propriedades geométricas de uma recente extensão' da t e o r i a  não- simé- 

t r i c a  do 

co são d 

tu ra  cor 

ponentes 

Yang-Mi l

campo un i f i cado  de E ins te in  que i n c l u i  campos de gauge i so tóp i -  

scut idas.  A a f in idade associada ao gauge iso tóp ico  e a curva- 

espondente são introduzidas em termos dos potenc ia is  e das com- 

dos campos de Yang-Mills. As equações de campo de Maxwell e 

s são deduzidas impondo-se condições sobre a ma t r i z  que repre- 

senta a derivada covar iante completa da ma t r i z  G que s u b s t i t u i  o campo 
a B 

t enso r i a l  h da t e o r i a  un i f i cada  não-simétrica. 
aB 

1. INTRODUCTION 

The nonsymmetric u n i f  i ed  f i e l d  theory proposed by E ins te in ' s  recent l  y 

reviewed by Mof fa t ,  ~ o a 1 ~  and ~ o r c h s e n i u s ~ ,  may be presented i n  terms o f  

tensor f i e l d  ha6 and o f  a l i n e a r  connection 4" which are def ined by 
BY 



where g i s  the symmetric,tensor f i e l d  represent ing g r a v i t a t i o n ,  and A 
aB Y 

i s  def ined by 

p, i s  a  un iversa l  constant, and i n  the l i m i t  p + O  the E ins te in-Maxwel l  

theory i s  obtained, wi t h  g and C a 3 as the  me t r i c  and connection o f  ge- 
a B BY 

nera l  r e l a t t v i t y  ( C h r i s t o f f e l  symbols). The quan t i t i es  F and A are the 
aB a 

f i e l d  tensor and po ten t i a l s  o f  Maxwell ' s  theory. 

Under an electromagnetic Abel i an  gauge t ransformat ion A: = A a -  ( 1 / 2 ) p ~ , ~  

the tensor f i e l d  haB remains i nva r i an t  and the l i n e a r  connection t rans-  

forms as A ' ~  = + 6 a  A . E ins te in  has c a l l e d  such t ransformat ion the 
BY BY B , Y  

A-transformation. 

From the s i m i l a r i  t y  .between general r e l a t i v i  t y  and the Yang-Mi 11s theory 

which ar ises  from the property t ha t  both theor ies a re  sel f- coupled gauge 

theor ies,  i t has been proposed a  general i z a t i o n  o f  the unif ied  E ins te i  n 's  

theory t ha t  conta ins both formulat ions4.  Such extended gauge theory i s  

obtained general i z i n g  the ob jec ts  haB and from ord inary  e-numbers t o  
BY 

2 x 2 matr ices which are  re la ted  t o  a  u n i t a r y  symnetry ( ~ ~ ( 2 1  symmetry). 

I n  t h i s  paper we study the geometric p roper t ies  o f  such extended formula- 

t i o n .  E x p l i c i t  d e f i n i t i o n  o f  the covar ian t ,  gauge i nva r i an t ,  de r i va t i ves  

i nvo l v ing  ~ b j e c t s  which are  2 x 2  matr ices i s  given. The concept o f  gauge 

t ransformat ions i s  now taken over by 2 x 2 maír ices which are a  l i n e a r  

combination o f  the  P a u l i t  matr ices and the  2 x 2  i d e n t i t y  ma t r i x  w i t h  co- 

e f f  i c ien ts  g iven by a r b i  t r a r y  func t  ions o f  the coordinates . 

The no ta t i on  used i s  the fo l l ow ing :  a11 r e l a t i o n s  i nvo l v ing  matr ices are 

always w r i  t t e n  i n  the m a t r i x  no ta t i on  ( t h a t  means, w i thout  expl i c i  t use 

o f  ma t r i x  indices) . Greek l e t t e r s  denote spacet ime degree o f  freedom. 

Small L a t i n  l e t t e r s  designate degrees o f  freedom going from 1 t o  4 and 

are  used f o r  l a b e l l i n g  the bas is  elements i n  the space o f  the 2  x  2 ma- 

tr i  ces. 



2. MATRIX FORMULATION OF THE NONSYMMETRIC UNIFIED FIELD THEORY 

The tensor f i e l d  h o f  (1 . l )  describes grav i  t a t i o n  and electromagnet ism. 
a B 

I n  order  t o  u n i f y  t h i s  fo rmula t ion  w i t h  the  Yang-Mi 11s f i e l d  theory5 i t  

has been assumed t h a t  the  componetíts o f  the tensor f i e l d  haB and o f  the 
a 

1 inear  connection A are  matr ices instead o f  o rd inary  func t ions4.  This 
BY 

general ized tensor f i e l d  i s  denoted by the symbol GaB and may be w r i t t e n  

i n  the general form 

where w = (wi,w ) form a basis i n  the  space o f  the 2 x 2 mat r ices .  The 
i 4 

w . ( i  = 1,2,3)-are the th ree Paul i  matr ices and w i s  the 2 x 2 i d e n t i t y  
Z - 4 

mat r ix .  The bas is  elements wi s a t i s f y  the cond i t ions  o f  commutation and 

o f  anticommutation 

wi t h  the c o e f f i c i e n t s  tak ing  values 

The general ized f i e l d  theory which uses GaB as f i e l d  po ten t i a l s  i s  as- 

sumed t o  be i nva r i an t  under the group o f  general coordinate transforma- 

t ions, as i n  general r e l a t  i v i  t y ,  and under l oca l  t ransforrnations w i th  ge- 
t 

nera t ing  matr ices t h a t  s a t i s f y  the  cond i t ions  I M ~  .= l,M = M-I ( l o c a l  SU 

(2) t ransformat ions).  Under these t ransformat ions we assume tha t  GaB 

transforms as 



For a d iscussion on the choice o f  the t ransformat ion law (2.4) see the- 

appendix. The general form f o r  the matr ices M i s  

w i  t h  t he  condi t ions 

Thus on l y  th ree rea l  parameters are involved i n  these l oca l  t rans format i -  

ons, corresponding t o  l oca l  i s o t o p i c  gauge paramaters. Any m t r i x  i n  iso-  

t o p i c  space transforms as Gag o f  (2.5), and any two-component wave func- 

t i o n  descr ib ing  a f i e l d  w i t h  i s o t o p i c  sp in  1 /2  transforms as 

Since the d e r i v a t h e s  o f  J, do not  ' t ransform as J, under these transforma- 

t ions ,  i t  i s  necessary t o ' i n t roduce  a gauge covar iant  de r i va t i ve ,  d e f i -  

ned by 

thus 

S i m i  l a r l y  

i s  def ined by 

IFrom (2.7) and (2.8) the t ransformat ion law f o r  the S U ( ~ )  a f f i n i  t y  i s  g i -  

ven by 





The guan t i f y  daY transforms under l oca l  r o t a t i o n  o f  the i so top i c  axis as 
R' = M Q' rl, and transforms as an a f f i n i t y  w i t h  respect t o  coordi-  

a Y a~ 
, we a lso  have nate transfokmations. Thus 

Ga B 

Ttie decomposi t i o n  (3.3) shows tha t  G transform as a  t h i r d  rank tensor 
aB IY 

urider spacetime mappings. From (3.1), (2.5) and (2.9) '  as we l l  as from the 

d e f i n i t i o n  o f  a i t  fo l l ows  tha t  GaBly t ransform under r o t a t i o n  o f  the 
ay' 

i so top i c  ax i s  s i m i l a r l y  t o  G 
aB' 

Besides the components o f  GaB, namely the  quan t i t i es  q o f  (2.1), the 
aBi 

equations ( 3 . 1 )  i nvo lve  the quan t i t i es  r Cla and the T 
a'  BY aByi 

of ( 3 . 4 )  

as unknows. I n  order t o  ob ta in  co r rec t  values f o r  these q u a , i t i t i e s  we 

proceed as f o l  lows.: f i r s t  i t should be noted tha t  i n  absence o f  e l e c t r o -  

magnetic f i e l d  the t race o f  GaB gives the me t r i c  o f  general r e l a t i v i t y  

Along w i t h  (3.5) we a l so  impose tha t  the a f f i n i t y  o f  a  Riemanniari space- 

t ime i s  obtained by tak ing  t race i n  equation (3 .1) .  Then i t  fo l l ows  from 

(3.4) t ha t  

T = o 
aBy4 

(3.6) 

and from (3 .1 )  we get  

Q~~~ = u4 

where are the C h r i s t o f f e l  symbol S .  The i ntroduct  ion  o f  electromagne- 



t i c  f i e l d  i s  obtained as a co r rec t i on  t o  equat ion (3.5), (3.6) and (3.7). 

The quan t i t y  T i s  chosen i n  such form tha t  the equations (3 .  1) are 
aBy4 

cons is tent  w i t h  the  d e f i n i t i o n s  (1 .I) and (1 .2), which here take the  form 

We take 

such tha t  

A possib le expression f o r  E , funct  
a BY 

s a t i f y i n g  (3.11) i s  

r - .  

(3.11) 

i on  o f  the electromagnetic var iables,  

where a i s  a constant. From ( 3 . 1 ) ~  (3.81, (3.9) and (3.10) we f i n d  

Here FaB;Y denotes the covar ian t  d e r i v a t i v e  o f  the c-number quan t i t y  F 
aB 

w i t h  a f f i n i t y  i:}. From (3.11) and (3.12) the Maxwell equations i n  pre- 

sente o f  g rav i  t a t i o n  are  ob ta i  ned as 

g B y ( ~ ~  GaBly - 2TaBy4) = O 

where TF CaB ly i s  der ived from (3.1) .  Again from (3.  

have 

[ I~,G - ' = r  saX + 
y C X B ~  aByi  - ay G a ~  + G a ~  & 

) and from (3.4) we 

(3.13) 

w r i  t i n g  

484 



we ob ta in  from (3.13) 

A f t e r  some easy calcu l a t i o n s  t h  i s  equat ion  takes the form 

+ 
h e r e a g a i n q  i s t h e c o v a r i a n t d e r i ~ a t i v e w i t h a f f i n i t y { ~ ~ .  Wemay 

~ B ; Y  BY 
w r i t e  t h i s  equation i n  compact form by in t roduc ing the covar iant  der iva-  

t i v e  w i t h  respect t o  the a f f i n i t y  o f  (1.2). I n  t h i s  case (3.14) takes 
BY 

the form 

Equations (3.14) o r  (3.15), simi l a r l y  t o  before, imply i n  the Y,ang-Mi 11s 

equations by cont rac t ion  on the indices 8, y if 

Here we have the i so top i c  vector meson in te rac t i ng  w i t h  g r a v i t a t i o n  and 

electromagnetism. However, the  i n t roduc t i on  o f  the e lec t romagnet ic in ter -  

ac t i on  o f  the i so top i c  meson generates Abelian gauge dependentterms in the 
* 

equat ion of motion ( the  d e r i v a t i v e  D i ç  dependent on the e lec t ro -  
Y aB + 

magnetic gauge) . It i s  poks ib le  t o  redef ine T i n  such form tha t  a l l  ~ B Y  
Abelian gauge dependent terms disappear. Wr i t i ng  

* the and TaB are real  quan t i t i es ,  thus no second k ind  gauge t r a n r f o r -  

mation i nvo l v ing  a phase f a c t o r  i s  possible.  



we ob ta in  the Yang-Mil ls f i e l d  equat ion by cont rac t ion  on the ind ices  B, 
-+ 

y w i t h c o v a r i a n t d e r i v a t i v e q  a n d g a u g e i n v a r i a n c e i s o b t a i n e d . A p o s -  
a B ; y  

s i b l e  choice f o r  $ i s  
~ B Y  

where c i s  a constant. From the expression o f  the S U ( ~ )  a f f  i n i  t y  and from - 
the l e f t  hand s ide  o f  (3.13) we see t h a t  the c o e f f i c i e n t  p may be se t  

Y 4 
equal t o  zero. Thus, the a f f  i n i  t y  r takes the form 

Y 

4. THE CURVATURES 

Formulas l i k e  (3.1) de f i ne  the f u l l  covar ian t  de r i va t i ve  o f  a mixed ob- 

j e c t  w i t h  two covar ian t  wor ld  indices,  and a covar iant  and another con- 

t r a v a r i a n t  i n te rna l ,  o r  i so top i c ,  indices.  More general ob jec ts  may be 

considered. The process o f  d e f i n i t i o n  o f  the f u l l  covar ian t  d e r i v a t i v e  

o f  such ob jec ts  f o l  lows the conventional method used i n general r e l a t i v i -  

t Y .  

I n  t h i s  sec t i on  we determine the  curvatures associated t o  the a f f i n i t i e s  

obtained i n  the previous sec t ion .  Curvatures are determined from thecom- 

mutator o f  covar ian t  de r i va t i ves ,  i n  the usual form. 

For a f i e l d  w i t h  i s o t o p i c  sp in  1 /2  the covar ian t  de r i va t i ve  i s  g iven by 

(2.7) .  The commutator o f  t h i s  d e r i v a t i v e  i s  o f  the form 



whe r e  

i s  the curvature tensor associated t o  

t a t i o n  i n  i so top i c  sp in  space, which i 

the a f f i n i t y  ra. Under a l oca l  ro-  

nduces on the r the v a r i a t i o n  (2. 
a 

l l ) ,  the PaB t ransform as a mixed second rank i n te rna l  tensor 

U  der coordinate transformat ions the components o f  each m a t r i x  (na- 

m-.l y the components w i  t h  respect t o  the  i ndices a , ~ )  behave a:; an a n t i -  

symmetric second rank wor ld  tensor. 

From (3.16) and (4.1) the expl i c i t  value f o r  the i n te rna l  curvature i s  

where 

i s  the Yang-Mills f i e l d  tensor. Considering a l oca l  

t i o n  i n  the i so top i c  sp in  space which induces on the 

formation w i t h  m a t r i x  M(X) o f  the form 

i n f i n i  tesima1 ro ta-  

iso-spi  nors a t rans- 

(here l ( x )  has the  form x (x )  = E?(X) wi t h  E a f i r s t  o rder  quant i  t y )  , the 

v a r i a t i o n  o f  the a f f i n i t y  ra given by (2.11) takes the form 

Substi t u t i n g  the value o f  ra given by (3.16) i n  (4.3)  we f i n d  the Yang- 

- M i l l s  gauge t ransformat ion formula f o r  the po ten t i a l s  o. As was menti- 

oned before, p resent ly  we consider t h i s  u n i f i e d  fo rmula t ion  as a theory 

i n spacetime wi t h  i n te rna l  s t ruc tu re ,  posessing ~ ~ ( 2 1  symmetry. The pre- 

487 



sent formalism has some s i m i l a r i t i e s  w i t h  the  theory o f  two - component 

spinors i n  curved spacetime, taking,  however, i n  cons idera t ion  the  two 

d i f f e r e n t  i n t e r n a l  symnetries. A t  the same t ime we have d i f f e r e n t  proper- 

t i e s  f o r  our present formalism, as f o r  instance the f a c t  t ha t  the me t r i c  

tensor ( o r  i t s  nonsymmetric extension) becomes a 2 x 2 ma t r i x .  Along w i t h  

the  s i m i l a r i t i e s  w i t h  the conventional spacetime formula t ion  o f  theor ies 

w i t h  i n t e r n a l  symmetry s t r u c t u r e  ( i n  curved o r  i n  f l a t  spaces), i t  should 

be mentioned tha t  ou r  present formal ism o f  covar ian t  d i f f e r e n t i a t i o n  i s  

d i  r e c t l y  re la ted  t o  a w e l l  known process used i n  r e l a t i v i  ty6, here appl i e d  

t o  S U ( ~ )  t ransformat ions. 

Given the  ob jec t  S the  same index s t ruc tu re  as G we have f o r  the se- 
vv U'J 

cond order  f u l l  covar ian t  d e r i v a t i v e  o f  t h i s  quan t i t y  

(4.4) 

where 

from (3.9)  we get  

The e x p l i c i t  value f o r  the curvature C 
X 

v a B  
(1.2), we f i n d  

i s  obtained from the equat ion 

where R A i s  the Riemann tensor and F - - a A i s  the e lec t ro-  
v a B  a 6  - aa B a 

magnetic f i e l d  tensor. Therefore the curvature C i s  independent o f  
u a B  - 

the choice o f  the Abel i a n  gauge. I t should be noted tha t  the  equation (4 .  



4) contains a term propor t iona l  t o  the  t o r s i o n  nX -nX Thi s terrn de- 
Ba aB' 

pends on the choice o f  the Abel ian gauge. However, t h i s  f a c t  does not  

represent a ser ious unphys i c a l  consequence o f  the  theory, s inc:e f rom the 

f i e l d  t heo re t i c  p o i n t  o f  view the fundamental quan t i t y  i s  the  Lagrangian 

densi ty.  Th is  f unc t i on  depends o n l y  on the curvatures , and the forma- 

l ism developed from the Ac t i on  p r i n c i p l e  i s  f r e e  o f  problems o f  t h i s  sort. 

6orchsenius4 i n  h i s  approach uses the Act ion  p r i n c i p l e  i n  the  P a l a t i n i  

form and der ives the  expression f o r  the a f f i n i t i e s  by var iat ioms, and by 

a convenient decomposition i n  the  c a n o ~ i c a l  bas is  i n  such fomi  t ha t  the  

equations resu l  t i n g  f rom the v a r i a t i o n a l  p r i  n c i p l e  (by v a r i a t i o n s  i n  t he  

a f f  i n i  t i e s )  assume the form o f  the Maxwel l and Yang-Mi 11s equations. We 

have shown tha t  the a f f i n i t i e s  may be f i x e d  by f i r s t  o rder  c o v a r i a n t d i f -  

f e r e n t i a l  cond i t ions  on G (s imi  l a r l y  t o  the  geometric approach t o  ge- 
U'J 

nera l  r e l a t  i v i  t y  based on the Riemannian geometry) , and by su i  t a b l e  choi-  

ce o f  the r i g h t  hand s ide  o f  such cond i t ions  i t  i s  poss ib le  t o d e r i v e t h e  

Maxwell and Yang-Mil ls f i e l d  equations. I n  t h i s  method the v a r i a t i o n a l  

p r i n c i p l e  has t o  be taken i n  the usual form by consider ing on l  y v a r i a t i -  

ons w i t h  respect t o  G and the a f f  i n i t i e s  assume the  expression d e r i -  
11v' 

ved i n  the previous sect ions.  

APPENDIX 

Coordlnate t ransformat ions under m a t r i x  form 

The expression (2.4) f o r  the t ransformat ion law o f  G under c:oordinate 
aB 

t ransformat ions may be general ized i n  order  t o  take i n t o  f u l l  account the  

f a c t  t ha t  GaB i s  a mat r ix .  We begin by consider ing four funct ions o f t h e  

new coordinates xr, denoted by ~.(x ' )  = xa and form the rnatriceshf=1.;~%.. 
z i' 2 2 

The general ized t ransforrnat ion law i s  then taken as 

* here there  i s  no reference t o  methods i nvo l v ing  the t o r s i o n  as a phy- 

s i c a l  quan t i t y .  



I n  t h i s  formula the  expression'of G has t o  be subs t i t u ted  by (i.l).Now, 
aB 

we r e c a l l  t ha t  Tr GaB = gaB i s  the  E ins te in ' s  met r ic ,  o r  i n  the more ge- 

nera l  case i s  equal t o  the nonsymnetric tensor h I n  any o f  these two 
a$' 

cases a usual tensor t ransformat ion law has t o  be obtained by t a k i n g t r a -  

ce i n  both sides o f  ( ~ . 1 ) .  Using the formula 

we ob ta in  

t h i s  formula shows tha t  t r u e  coordinate t ransformat ions are  o f  the form 
+a 5 = 0 ,  o r  i n  o ther  terms, on ly  the  f i r s t  f a c t o r  on the r i g h t  hand s ide  

o f  t h i s  equation has s ign i f i cance.  S im i l a r  r e s u l t  holds f o r  o ther  geo- 

rnetr ical objects,  f o r  instance f o r  a vectór  

Thus 

Therefore the expression (2.4) i s  the co r rec t  form o f  consider ing the 

t ransformat ion law o f  geometrical ob jec ts  (wi th, o r  wi thout ,  i n t e r n a l  

indices) ~ n d e r  coordinate t ransformat ions.  The present type o f  genera- 

l i z a t i o n  ( E ~ .  (A . ] ) )  may be o f  i n t e r e s t  i f  we t r y  t o  formulate a u n i f  i ed  

law o f  t ransformat ion i nvo l v ing  simul taneously the coordinate t rans for-  

mations and the i s o t o p i c  gauge t ransformat ions.  However t h i s  i s  not the 

i n t e n t i o n  i n  t h i s  paper, s ince we considered the i s o t o p i c  gauge t rans fo r-  

mation as a i n te rna l  t ransformat ion.  
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