
Revista Brasileira de Física, Vol. 8, N? 2 ,  1978 

Connections and Spinor Connections Associated with Finite Groups 
of Transformations 

LEOPOLD HALPERN 

Dept. of Physics, Florida State University, Tallahassee*, and Instituut v. Theoret. Physika, 
Universiteit v. Amsterdam 

Recebido em 21 de Novembro de 1977 

M o d i f i e d  and g e n e r a l i z e d  Sp inor  Connect ions a r e  ob ta ined  f rom the  non- 

symmetri c connect ions o f  Groups o f  T rans fo rmat ion  on the Riemannian 

spaces which a r e  i n v a r i a n t  v a r i e t i e s  o f  these groups. The cases o f  t h e  

R o t a t i o n  Groups and Lorentz-De S i t t e r  Groups i n  n dimensions a r e  worked 

o u t  as an example. 

conexões espinor i a i s  modificadas e genera l izadas são obtidas das cone- 

xões não- s imét r icas de grupos de t ransformação sobre  os espaços rieman- 

n ianos que são var iedades i n v a r i a n t e s  desses grupos. Os casos dos g ru-  

pos de ro tação  e de Lorentz-De S i t t e r  em n dimensões são r e s o l v i d o s  co- 

mo exemplos. 

1. INTRODUCTION 

D i r a c l s  equa t ion  i n  genera l  c o v a r i a n t  forml e x h i b i t s  a s p i n o r  connec t i -  

on t h e  t r a c e l e s s  p a r t  o f  which i s  t h e  e lec t romagnet i c  p o t e n t i a l . T h e  re-  

main ing p a r t  i s  r e l a t e d  t o  the  g r a v i t a t i o n a l  f i e l d  and K l e i n  suggested 

t o  o b t a i n  E i n s t e i n l s  equat ions f rom i t 2.  ~ a u r e n t ~  who developed t h e f o r -  

mal ism o f  the  s p i  no r  connec t ion  f u r t h e r  considered a1 ready niore genera l  

connect ions than  t h a t  o b t a i n e d  f rom the  requi rement  t h a t  t h e  c o v a r i a n t  

d e r i v a t i v e  o f  the  Gamma mat r i ces :  
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shou ld  vanish.  He o b t a i n e d  t h i s  way a somewhat m o d i f i e d  g r a v i t a t i o n a l  

theory,  Any such connec t ion  l' can e a s i l y  be seen t o  keep the  c o v a r i a n t  
1-i 

d e r i v a t i v e  o f  the  m e t r i c  tensor  

van ish ing :  

gpvl Ia  
= O 

N o v e l l o  cons idered  such g e n e r a l i z e d  s p i n o r  connect ions a l s o  i n  r e l a t i o n  

w i t h  t h e  v e c t o r  meson o f  weak i n t e r a c t i o n s 4 .  

The i n t r o d u c t i o n  o f  the  modi f i e d  s p i  n o r  connect i o n  rema 

t h e r  a r b i  t r a r y  and a l s o  t h e  r e l a t i o n  o f  the  convent iona 

the  g r a v i t a t i o n a l  law appears n o t  s t r a i g h t  forward.  

i n e d  however r a -  

1 connect ion wi t h  

~ a l ~ e r n ~  showed t h a t  t h e  conven t iona l  s p i  n o r  connec t ion  can serve as po- 

t e n t i a l  f o r  the  g r a v i t a t i o n a l  as w e l l  as t h e  e lec t romagnet i c  f i e l d  i n  a 

u n i f i e d  way w i t h  a Lagrangian o f  the  form: 

~ I T G  
(C1, C, cons tan ts ,  K = 4- E i n s t e i n ' s  c o n s t a n t ) .  

C 

The theory  can be d e r i v e d  by genera l  i z i n g  the e1  e c t  r o m a g n e t  i c gauge 

t rans fo rmat ions  t o  s p i n  t r a n s f o r m a t i o n s .  A subsequent work6 showed t h a t  

i f  Poincaré covar iance i s  m o d i f i e d  t o  De S i t t e r  covar iance the cons tan t  

C, can be r e l a t e d  t o  t h a t  o f  the  De S i  t t e r  group. 

The p resen t  work seeks t o  make the  i n t r o d u c t i o n  o f  m o d i f i e d  s p i n o r  con- 

nec t ions  more c o n s i s t e n t  by r e l a t i n g  them t o  non-Riemannian connect ions 

o f  i n v a r i a n c e  groups. 



2. GENERAL RELATIONS BETWEEN SPINOR CONNECTIONS AND LINEAR 
CONNECTIONS I N  SPACE 

.A 1 inear connection A i  o f  an n-dimensional space may sirnply be def ined 
j k  

by i t s  t ransformat ion law w.r . t .  coordinate transformations7:: 

1 t determines a covar ian t  de r i va t i ve  o f  vectors which are denoted i n  ca- 

se o f  the connection o f  Riemannian space: k Z  = (Z l by a serriicolon and j k  j k  
i n  the general case by a bar. A p a r a l l e l i s m  among vectors a t  d i f f e r e n t  

po in t s  i s  thus defined; 

A spinor connection I' may be def ined by i t s  law of t ransformat ion w.r: i 
t . sp in  t ransformat ions 41's 5'9: 

i t defines a covar iant  de r i va t i ve  o f  spinors denoted by a double bar 

En t i  t i e s  w h i u  transforrn w.r . t .  coordinate t ransformat ions ar; w e l l  as 

w. r . t .  sp in  t ransformat ions as the yk have thus a covar ian t  de r i va t i ve  

(a l so  denoted by a double bar) i n  which the space connection as we l l  as 

the sp inor  connection occurs: 

C lea r l y  because o f  (1 .I) qmlk  = gmll k .  We s h a l l  deal here c h i e f l y w i t h  

connections f o r  which g = O so tha t  there e x i s t  sp inor  connections . m ) k  
r f o r  which a lço  yZ k.  JJk = 

O .  The i n t e g r a b i l i t y  condi t ions f o r  yi 
) I k = O  

are : 



ar, a rk 
= [.i , (7 - - + P ~ ~ ~ J ) ]  

ax ax R 

The l e f t - h a n d  s i d e  equa ls  Y n ~ ~ U w h e r e  h' i s  t h e  Curuature tensor  o f  
i nRk 

t h e c o n n e c t i o n h  Onesees  t h a t e q .  (4 )  i s o n l y  c o n s i s t e n t  i f :  nk ' 

Then 

ar, ark aak aa, - - 1 r s  T+ &.rJ = y Y Y  A _ , , + - - -  a 2  ax axR a~ k 

w i t h  an A r b i t r a r y  v e c t o r  f i e l i  a (r). Because o f  yk = [~ , ,~9  one can 
k 1, 

c a l c u l a t e  the  commutator o f  r wi t h  a1 1 p o s s i b l e  express ions y (A=].--16) R A 
formed o u t  o f  yk and o b t a i n s  f i n a l l y  the  genera l  fo rm o f  r expressed i n  

k 
terms o f  the  t r a c e  o f  the  {yB,yA/,) and t h e  y 

A' 

3. GEOMETRICAL PROPERTIES OF THE GROUP OF TRANSFORMATIONS 

We contemplate a c o n t i  nuous group o f  t r a n s f o r m a t i o n s  o f  n24 v a r i a b l e s  xz 

C1 w i t h  r group pararneters a . We deal i n  genera l  w i t h  t h e  case where f o u r  
i 

arnong the x o r  f u n c t i o n a l  combinat ion t h e r e  o f  desc r ibe  the  space and 

t ime v a r i a b l e s .  

C1 
The parameter n must be e s s e n t i a l ,  t h i s  rneans t h e i r  r o l e  cannot be re-  

p 1 a c e d . b ~  a s m a l l e r  number o f  parameters. 

i '  CI A t r a n s f o r m a t i o n  x + x f Z  wi t h  parameters a i s  thus o f  the  form: 



and because o f  t h e  group p r o p e r t y  two consecut i ve t r a n s f o r m a t i o n s  wi  t h  
a 

parameters a' and a  can be combined t o  a s i n g l e  t r a n s f o r m a t i o n  w i t h  pa- 
c1 

1 2 

rameters a s  by a law: 

The f u n c t i o n s  fi, @' must f u l f  i 11 a1 1 t h e  requ i  rements imposed by t h e i  r 

r o l e  i n  a group o f  t r a n s f ~ r m a t i o n s . ~  

i 
Each s e t  o f  x  may be considered as a p o i n t  o f  a  m a n i f o l d  5 and each 

a i 
s e t  o f  a  as a p o i n t  o f  a  m a n i f o l d  Mr. The f u n c t i o n s  f ( x ,a )  o f  Eq.  (1) 

determine thus p o i n t  t rans fo rmat ions  m' i n  M . The x  and t h e  a ' s  can n 
b o t h  be s u b j e c t  t o  c o o r d i n a t e  t r a n s f o r m a t i o n s .  I n  a s u i t a b l e  canonica l  

c o o r d i n a t e  system o f  Mp t h e  symbols o f  t h e  group: <:(x) a r e  r e l a t e d  t o  

the  genera to rs :7  

a 
a  a r e  those va lues o f  t h e  s e t  o f  parameters which e f f e c t  the  i d e n t i  t y  

o 
t r a n s f o r m a t i o n :  xz = f z ( x , a a ) .  <:(x) t ransforms as a c o n t r a v a r i a n t  vec- 

i 
t o r  w . r . t .  c o o r d i n a t e  t r a n s f o r m a t i o n s  o f  t h e  x  and as a c o v a r i a n t  vec- 

a 
t o r  w . r . t .  c o o r d i n a t e  t r a n s f o r m a t i o n s  o f  t h e  a .The a r e  l i n e a r  inde-  a a 
pendent f o r  c o e f f  i c i e n t s  which depend o n l y  on t h e  a  b u t  they a r e  i n  ge- 

n e r a l  n o t  l i n e a r  independent f o r  c o e f f i c i e n t s  which dependonthe  x .  L e t  
i 

t h e  rank o f  the  m a t r i x  (Ea) f o r  nons ingu la r  p o i n t s  be q. I  f q<r, choose 

the  coord ina tes  such t h a t  1.. .c: a r e  1 i n e a r  i ndependent; then there e x i s t  

r e l a t i o n s :  

The group i s  t r a n s i  t i v e  i f q5n (any r e g u l a r  p o i n t  can then be t r a n s f o r -  

ma-d i n t o  any other  p o i n t  x r ) .  We s h a l l  deal here wi t h  i n t r a n s i  t i  ve groups 

f o r  which r>n>q. Then a w e l l  known theorem7 by G.Fubini  s t a t e s  t h a t  the re  



e x i s t  q-dimensional minimal i n v a r i a n t  v a r i e t i e s  such t h a t  the  group i n -  

duced on  any such v a r i e t y  has r parameters. The coord ina tes  zi can be 

chosen such t h a t  the re  a r e  q v a r i a b l e s  i n  the  v a r i e t y ,  so t h a t  one has 

t o  deal t h e r e  wi  t h  the  equa t ions  o f  a t r a n s i  t i v e  group. 

The group o f  r o t a t i o n s  i n  a f l a t  space o f  n dimensions has f o r  example 

r = n(n-1) /2  e s s e n t i a l  parameters. The symbols i n  C a r t e s i  an coord ina tes  

are:  

I n i  
5i,, = 7 " (SannB - 

The rank q=n-1 and the minimal i n v a r i a n t  v a r i e t i e q  a re  the (n-7)-dimen- 

s i o n a l  spheres around t h e  o r i g i n .  Th is  example can be extended t o  the  

case o f  n-d imensional  Lo ren tz  groups by choosi ng an i ndef i n i  t e  rnet r i  c o r  

by making coord ina tes  imaginary.  n=5 then deals  w i t h  the De S i t t e r g r o u p .  

A f u r t h e r  theorem7 says t h a t  i f  s u i t a b l e  c o n d i t i o n s  ( t o  be s t a t e d  l a -  

t e r )  a r e  f u l f i l l e d ,  t h e r e  e x i s t  Riemannian spaces f o r  which the  r -para -  
i meter group i s  a group o f  mot ions f o r  which the  5 a r e  the  K i  11 ing vec- 
C1 

t o r s  and the  components o f  the  m e t r i c  tensor  g o f  such spaces i n v o l v e  i j 
a t  l e a s t  1 / 2 ( ~ 2 - ~ )  ( w q + l )  a r b i  t r a r y  cons tan ts .  

The n- I -d imensional  spheres o r  hyperbo lo ids  o f  o u r  example are such Rie-  

mannian spaces-wi t h  one a r b i  t r a r y  cons tan t .  One can always, under the  

genera l  c o n d i t i o n  s t a t e d ,  i n t r o d u c e  a new x- c o o r d i n a t e  system such t h a t  

t h e  symbols have the  p r o p e r t y :  

v 5, = O f o r  ( a  = 1 , . . . , r ;  v = q+ l ,  ... n )  (5)  

v v 
i n  t h i s  case the  equa t ions  x = a = cons t .  d e f i n e  an i n v a r i a n t  v a r i e t y  

v f o r  each n-q s e t  o f  cons tan ts  a , because X xv = O .  The new coord ina tes  
a 

i n  o u r  example a r e  p o l a r  coord ina tes  and t h e  i n v a r i a n t  v a r i e t i e s  are t h e  

c o n c e n t r i  c spheres ( o r  h y p e r b o l o i  ds) . The symbols whi ch we denoted by 

E:, fJ i n  o u r  example ( w i t h  two ant isynunetr ic  i n d i c e s  runn ing  each f rom 

one t o  n i n s t e a d  o f  one index runn ing  f rom one t o  r = (n/2))  assume t h e  

form 



Wri ca l  

s iimma t 

n n k  1 the new coordinates xrrn=ym(rn = I.. .n) wi t h  y =R=( C ( x  ) * )  (no 
K= 1 

i on  over the elevated index n)  , We have 

x 2  = R s i n  yn-' s i n  yn-2 ,.. c05 y 1  

n- 1 n-2 x' = R s i n  y s i n  y ... s i n  y 3  cos y 2  

........................................... 
xk = R cos yn-' 

x 
k+ 1 

yk = arc  cos(-) f o r  k = I.. . n-1 wi t h  F~ = ( !! (3')') l" 
r k+ 1 R=1 

We introduce now i n  the new coordinate systern, where the cZ f u l f i l l  eq. 
B a 

(5), new func t ions  5 .  f o r  B,a = 1 ...q, j,i = 1 ...q such tha t :  
3 

here we have assumed t h a t  the 5" w i t h  a 
independent. l n  the case o f  ou r  exarnp 

t i f y  the double ind ices  each o f  which 

i ndex f rom 1 t o  q = n- I .  We rnay i dent 

double index b,nJ and obtain:  

a ranging from 1 t o  q are l i n e a r  

!e, we must be ca re fu l  not t o  iden- 

runs from 1 t o  n w i t h  orie s i ng le  

i f y  t h i s  s i ng le  index a w i t h  the 

(no surnmation over index n )  

With these funst ions <:,$ i n  the new coordinate system w i t h  the proper- 
B 

t y  o f  eq. (7) we form now: 



t h i s  e n t i t y  has the  t r a n s f o r m a t i o n  c h a r a c t e r  o f  a connec t ion  (see eq. 

2-1); i t  i s  i n  genera l  n o t  symmetr ic i n  t h e  two lower  ind ices .  

i i a = l  
U 

' " q  ) by which a11 the  <i can Using the  r e l a t i o n s  F = $;(x) <a(U = qtl .r P 
be expressed by q o f  them and the  d e f i n i t i o n  o f  t h e  s t r u c t u r e  constants: 

xJ 

where a 

The e n t  

= c' X one f i n d s .  For  the  an t i symmet r i c  p a r t :  
PO -c 

11 i n d i c e s  run  f rom 1 .. .q except  1i = q  +1 ... r . 

i s  equal t o  

I n  case o f  o u r  example 

(no summation over  n) 

The s t r u c t u r e  constants  a re :  



f o r  c = f = n  t h i s  becomes: 

eepressed i n  the o r i g i n a l  x-coordinates: 

wi th which one can v e r i f y  eq.(9) and f inds  from (10a) : 

We are searching now f o r  a me t r i c  f o r  which our group i s  a group o f  mo- 

t i ons  so t h a t  the me t r i c  p roper t ies  remain unchanged f o r  an i r i f i n i t e s i -  

mal p o i n t  t ransformat ion.  Thus: 

We can consider e i t h e r  the n-dimensional space where the grocip i s  i n -  
: 

trarusi t i v e  o r  the q-dimensional space o f  the i nva r i an t  var iety where the 

induced group i s  t r ans i  t i v e .  We have i n  any case r>qa. Mul t i p l y i n g  eq. 
a (12) w i t h  5 and summing over (a gives: R 



There remain however, a d d i t i o n a l  equa t ions  f o r  a>q i n  eq.(12): 

Eqs. (12) have as condi t i o n s  o f  i n t e g r a b i  1 i t y :  

which, accord ing  t o  eq. ( lO) ,  i s  s a t i s f i e d  i f  eq.(12b) i s  s a t i s f i e d .  Eqs. 

(12a,b) a r e  a system o f  d i f f e r e n t i a l  equat ions w i t h  t h e  independent va- 

r i a b l e s  yl...yq. I t  i s  shown i n  r e f .  7 t h a t  i f  eqs. (12b) can b e  f u l -  

f i l l e d  f o r  c e r t a i n  va lues  o f  t h e  independent v a r i a b l e s  by a s e t  o f  g ij 
w i t h  d e t  g . .  # O t h e  s o l u t i o n  w i t h  such va lues determines a Riemannian 

'w 
space wi  t h  m e t r i c  g ( x ) .  One f i n d s  by i n s p e c t i o n  t h a t  i j 

i s  a s o l u t i o n  t o  eqs. (12) o r  (12a,b). The n- dimensional  space i s  thus 

f l a t  and t h e  q=n-1-dimensional spaces have t h e  m e t r i c  o f a n  imbedded hy- 

persur face .  

4. RELATION TO THE SPINOR CONNECTIONS 

We have seen t h a t  a non t rans i  t i v e  group o f  t rans fo rmat ions  can de f ine  a 

Riemannian space on which the  induced group i s  t r a n s i  t i v e ,  and a connec- 

t i o n  (3.8) on t h i s  space which has a skew symmetr ic p a r t  (3.91.This con- 

n e c t i o n  f u l f i l l s  r e l a t i o n s  (3.12, 2.4a) and t h e r e f o r e  accord ing  t o  the  

r e s u l t s  o f  S e c t i o n  2, one can c o n s t r u c t  a s p i n o r  connec t ion  on  t h e  Rie-  

mannian space f rom i t .  



WI- are mainly i n te res ted  i n  physical  space t ime where q=4 and themet r i c  

hes the appropr iate s ignature.  The group i n  our  example i s  then the De 

S i t t e r  o r  anti-De S i t t e r  group.q We have the four-dimensiona'l yl" which 

f u l f i l l  r e l a t i o n  (1.2) and want t o  f i n d  the sp inor  connection f o r  which 

Yl"llv = Yl"Iv 
hl",iJ = O .  One can thus express I. i n  terms o f  the y 

V l" 1v: 

wi t h  the tensor-spi nor operator :  

y" transforrn here as the component o f  a vector  w. r . t .  coordinate t rans- 

formations. 

We have s t i  1 1  t o  ca l cu la te  the tensor Ai = $ 1  - A i n  tha case o f  Rk 
our example. The physical  case i s  q=n-1  = 4  where the i nva r i an t  va r i e -  

t i e s  are De S i t t e r  o r  anti-De S i t t e r  spaces. We s t a r t  ou t  w i t h a  se t  o f  

bas ic  C l i f f o r d  numbers +',...,q4 and remaining i n  a f o u r - d i m e n s i o n a l  
O 0 0 0 0  k 

representat ion we choose. y5=y1y2y3y4 f o r  the Cartesian x -cooi-dinates. A 

well-known formulat ion,  v a l i d  i n  any coordinate system, i s :  

One can now form the tensor A i k  = - .Aik from the two coonections. 

I f one consi ders these connections and ~i~ as four-dirnensional en t i  t i e s ,  

one obtains 

(rio summation o v e r n )  ( j , k , R =  1...4) 



n ggk i s  the me t r i c  tensor on the i n v a r i a n t  v a r i e t y  y =R=const. i n  y-coor- 

d inates.  

C 
Aik  vanishes a t  the po in t :  X'=R x =O (~=1,2,3,4) and consequently a l so  

any con t r i bu t i on  o f  i t  t o  r k .  This i s  due t o  our  choice o f  the symbols 

%, 57 (a=l..  .4) as independent e n t i  t i e s .  A r k  depends on the choice o f  

the independent symbols and can thus be hard ly  i t s e l  f a physical  e n t i  ty. 

( ~ o n t r i b u t i o n s  o f  A r  t o  the curvature tensor may however be phys i ca l ) .  k 

One can a l so  consider {ik}, !tik as connections i n  f ive-dimensional spa- 

ce and form the f ive-dimensional ~i~ (wi t h  Aik=O). Such a f ive-dimensi-  

onal e n t i t y  can a l s o  be employed i n  a theory o f  f ou r  dimensions by as- 

suming su i  t ab le  homogenei t y  condi t i ons  6.  

One obta ins  then wi t h  the yR o f  the y-coordinates: 

This gives a c o n t r i b u t i o n  t o  r 
k :  

1 A r  = - T { ( y  
k 96 r j ;k 

One can introduce a natura 

the po in t  ( x ~ = R  , where R 
xa=o 

ob ta in  then: 

1 coordinate system i n  the neighbourhood of 

i s  the constant o f  the ~ e - s i  t t e r  space, and 

The physical  i n t e r p r e t a t i o n  o f  t h i s  add i t i ona l  term t o  the spinor con- 

nect ion,  which i s  re la ted  t o  the connection o f  the invar iance group, i s  

however not  s t r a i g h t  forward because i n  the D i  rac equations the C 1  i f f o r d  



numbers should be chosen as generators o f  the invar iance group. Oeta i ls  

about these features are found i n  re f .  6 . *  

The work o f  L. Halpern was supported D.0 .E. grant  no. EY-76-!;-O5 - 3509. 

He would l i k e  t o  thank P ro f .  P.A.M. Dirac and J.  Lannutt i  f o r  the pos- 

s i b i l i t y  t o  work i n  t h e i r  I n s t i t u t e .  

'This work was i n i  t i a t e d  dur ing a v i s i t  a t  the Centro B r a s i l e i r o  de Pes- 

quisas ~ i s i c a s .  Most o f  i t  was w r i t t e n  dur ing  a v i s i t  a t  the I n s t i t u u t  

van Theoretische Physika o f  the Un ive rs i t y  o f  Amsterdam when the author 

was conf ined t o  a hosp i ta l  i n  Amsterdam. He would l i k e  t o  thank p a r t i -  

c u l a r l y  Professor S .  Wouthuysen f o r  h i s  extremely k i n d  and everpresent 

assistance wi t h  discussions and s c i e n t i f i c  mater ia l  and t o  14. J. Hoek, 

A .  Perk f o r  t h e i r  help.  

REFERENCES 

1 .  E. Schrodinger, Pruss. Academy Session, March 16 (1932). 

2. 0. Kle in,  A r k i v  f .  Fysik, Vol. 16, 105, (19591, 0. K le in ,  Nucl.Phys. 

B21, 253 ( 1970) . 
3. B. Laurent, A r k i v  f .  Fysik, 16, Nr. 25, 263 (1959). 

4, M. Novel lo,  Phys. Rev. D8, 2398 (1971). 

5. L. Hal pern, Proceed. Symposizun on ZfferentiaZ Geometrica? &thods i n  

Physics, Bonn (1 975) ; Springer Zectwe notes i n  Mathematics, No. 570, 

p. 355 ( 1 9 7 7 ) ~  FSU Report Nos. 75-12-30 and 76-1 1-16. 

6. L. Halpern, J. Gen. R e l a t i v i t y  and Grav., 8, No. 8, 623 ('1977). 

7. L .P . E i  senhar t, Continuous Grozrps of Transformations, P r i  nce ton (19331, 

Repr int  by Dover. 

* (The d i f f e rence  o f  a f a c t o r  2 i s  due t o  the choice o f  the generators 

o f  the group). 


