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We t r e a t  the geometry o f  spacetime as a s tochast ic  var iab  

t i ons  induce a dev ia t i on  from E ins te in ' s  system o f  equa 

average geometry. A model i s  presented t o  deal w i  t h  the 

l e .  F luctua- 

t i o n s  f o r  the 

f l uc tuat ions  

by expandi ng the per turbat ions  on a ser ies  i n the average geometry. As 

a consequence, some qual i t a t i v e l  y new features appear. The i n f  luences 

on galaxy format ion and on the propagation o f  g r a v i t a t i o n a l  waves are  

anal yzed. 

Tratamos a geometria do espaço-tempo como uma var iáve l  estocást ica.  As 

f lutuações induzem um desvio em relação ao s i  stema de equações de 

E ins te in  para a geometria média. E apresentado um modelo para t r a t a r  as 

f lutuações,  expandindo as perturbações em uma s é r i e  na geometria média. 

Em consequência, alguns aspectos qual i tativamente novos aparecem. As i n -  

f luências sobre a formação de galãxias e sobre a propagação de ondas 

g rav i t ac iona i s  são analisadas. 
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1. INTRODUCTION 

Recently there has been an increase o f  i n te res t  i n  modifications o f  

Einstein 's equations o f  General Re la t i v i  t y  (GR) due t o  vacuum f luctua- 

t ions o f  the gravi  ta t ional  f i e l d .  There are many reasons f o r  th i s .  One 

i s related t o  the moderate success o f  the covariant regular i  zation pro- 

cedure t o  t rea t  the divergences that  appear i n  quantum theory. Indeed, 

i t has been shownlS2 that by modifying Einstein 's equations through an 

e f fec t i ve  Lagrangian, which contains nonlinear terms i n  the! curvature 

tensor, one obtains a covariant way t o  e1 iminate the divergences. 

These vacuum corrections t o  c lass ica l  GR have been considered by many 

a ~ t h o r s . ~ ' ~  I t i s  our purpose here t o  discuss the ef fects  o f  these mo- 

di f . icat ions on some spec i f i c  configurations o f  the grav i ta t ional  f i e l d .  

I n  Sec. 2 we introduce some de f in i t i ons  and our notation, and we recal 1 

the quasi-Maxwellian approach t o  g rav i t y  which w i l l  be used throughout 

the paper. Section 3 presents the mai n idea o f  t r e a t i  ng vacuum correc- 

t ions i n  the quasi-Maxwellian scherne. The ext ra  terms i n  Einstein 's mo- 

d i f i e d  equations are decomposed as a ser ies i n  the e l e c t r i c  and magne- 

t i c  parts o f  the Weyl conforma1 tensor. Section 4 discusses the e f fec ts  

o f  these corrections on a gravi ta t ional  wave propagati ng i n  a M i  nkowski i 

background. We use the analogy w i th  Maxwell's electrodynamics i n  order 

to  in te rp re t  the new terms i nduced by vacuum corrections o f  the gravi-  

ta t ional  f i e l d .  I n  Sec. 5 we analyze the propagation o f  perturbations 

i n  a Friedmann-type Universe i n  our modified version o f  GR. 'de end w i th  

Sec. 6 i n  which an ou t l  ine o f  how t o  t r ea t  inhomogeneous cori-ections due 

t o  vacuum f luctuat ions i s  presented. 

2. DEFINITIONS AND NOTATIONS 

Our metr ic has signature (+ - - -1. 
Greek indices run 0, 1, 2, 3. 

La t in  indices run 1, 2, 3. 

A s ing le  ve r t i ca l  bar means par t ia1 der ivat ive. 

A double ve r t i ca l  bar means covariant der ivat ive. 



A square bracket  C ]  means a n t i s y m t r i z a t i o n  and a round bracket  ( ) , 
symnetr izat ion.  

W e  denote 

where eaBFrV i s  the complete1 y antisymmetric Lev i- Civ i  t a  symbol . 

A dot  rneans d e r i v a t i v e  i n  the d i r e c t i o n  o f  the 4 -ve loc i t y  v". 

The Weyl tensor C w i l l  be decomposed i n t o  i t s  e l e c t r i c  and magnetic 
a6uv 

par t s  as seen by an observer w i t h  v e l o c i t y  va 
= oa : 

o 

Thus, we can w r i  t e  

E ins te in ' s  equations o f  g rav i t y ,  w i t h  s u i t a b l e  boundary cond i t ions  are 

equ iva lent  t o  the  f o l  lowing ~ e t , ~ ' ~  

we w i l l  ca l1  the r ight- hand s ide  the cur rent  J ~ * ' .  From now on we w i l l  

se t  k = 8 1 r ~  = 1 and C 3 (ve loc i  t y  o f  l i g h t )  = 1 . Using the pro jec tor  o- 

perator  on the  3-dimensional rest-space o f  the observer v
a 

def ined by 
- hPv - g P v - v v  we can separate Eq. (4) i n t o  a se t  which has a s t r i -  

Fr v' 
k i n g  resemblance t o  Maxwel l ' s  equat ions o f  e ~ e c t r o d ~ n a m i c s  .7 This i s  a- 



chieved by mul t i  p l y  ing the cur rent  J ~ ~ '  respect ive ly  by 

We then ob ta in  the fo l l ow ing  set  o f  equations f o r  a per fec t  f l u i d  w i t h  

densi ty p and pressure p: 

i n whi ch waB i s  the ve loc i  ty ,  uuv the  shear, 8 the  expansion, aa the ac- 

ce le ra t  i on  o f  t he  congruence generated by v
a . 

3. VACUUM QUANTUM FLUCTUATIONS 

We wi 11 f o l  low here a procedure o u t l  ined b e f ~ r e ~ ' ~ ' ~ ~  by means o f  which. 

E ins te in 's  equations o f  GR are t o  be considered a model f o r  microscopic 

f i e l d s  represented by the me t r i c  t e n s o r q  ~ ;macroscop ic  f i e l d s  conta in  
,,v 



f 1 uctuat ions,  represented by <6 guv>, around some mean m e t r i c < g  7.We 
'V 

wr i  t e  

Due t o  f l uc tua t i ons  the mean met r ic  s a t i s f i e s  a modi f ied se t  o f  equat i -  

ons which we can w r i  t e 3  

The le f t- hand r ide  i s  constructed from < g y v r  ; the bVv term on the r ight-  

-hand s ide  depends on the f l uc tua t i ons .  Ginzburg e t  a l S 3  argue tha t  a 

good model f o r  the per turb ing  terrn r$' can be obtained by developing i t 
V 

as a ser ies  i n  the unperturbed mean geometry. This i s S c e r t a i n l y  thesim- 

p l e s t  usefu l  hypothesis one can assume about t h i s  term. As Ginzburg et 

aZ.3 show, t h i s  hypothesis leads t o  nonl inear  terms i n  the Lagrangian 

f o r  < g  >. This i s  a known f a c t  i n  electrodynamics where vacuum f l u c -  
'V 

tuat ions o f ,  the quantum theory can be described roughly by nonl i nea r i -  

t i e s  i n  the c lass i ca l  system. 

Rewri t i n g  Eq, (8) i n  terms o f  the Weyl tensor we obta in :  

where depends on the per turb ing  terms &E", 6 ~ ~ '  and the lef t- hand 

s ide  depends o n l y  on the mean tensors <EaB> E E and < H  7 r HaB. 
aB a B 

Then, the hypothesis i s  made tha t  we can w r i t e  

i n  which PaBli a re  polynomials i n  the unperturbed Weyl tensor. The ac tua l  
( k )  

values o f  the constants ck depend on quantum physics.  The i r  c a l c u l a t i o n  

i s  ou ts ide  the purpose o f  the present paper. For a pre l im inary  rough cal- 

c u l a t i o n  see Ref. 3.  

We wi I 1  be in teres ted here i n  two main types o f  expans ion: i) Local se- 

r i es : - 



i i )  Nonlocal ser ies :  

[I. ;a!-' + d v k  $4' + &aBv = a n 
11 €10 

These a re  the most general 1 i near ser ies  i n  the unperturbed Weyl tensor.  

00th terms &@'r and , may be regarded as consequences o f  nonl i near 
11 

Lagrangians due t o  vacuum per turbat ion .  

4. QUANTUM CORRECTIONS TO THE PROPAGATION OF GRAVITATIONAL 
WAVES IN  MINKOWSKII SPACETIME 

I n  order t o  ob ta in  i ns igh t  i n t o  the  m d i f i c a t i o n s  induced by vacuum cor-  

rec t ions  l e t  us analyze some s p e c i f i c  conf igura t ions  f o r  the g r a v i t a t i o -  

na1 f i e l d .  I n  t h i s  sec t i on  we discuss the case o f  a g r a v i t a t i o n a l  wave 

propagating i n  a f l a t  spacetime; and i n  the next  sec t i on  we consider the  

evolut , ion o f  per turbat  ions i n  a Friedmann-1 i k e  background. 

Four possib le cor rec t ions  f o r  the cu r ren t  QaBP w i l l  be analyzed: 

Case i: 

Equations (9) give:  



Let  us consider the case i n  which n i s  zero. Then by m u l t i p l y i n g  equa- 

t i o n s  (15a,b) by the f a c t o r  1/2 $"(i 2) k kR ( 3 / 2 z  ) and us ing  equat ions 

(15a.b) we o b t a i n  

i n  which v2 represents the 3-dimensional Laplacian operator .  A t yp i ca l  

s o l u t i o n  o f  the wave equation (16) i s  g iven by 

The case i n  which rn i s  p o s i t i v e  w i l l  g i ve  r i s e  t o  an a t tenua t i on  o f  the 

wave. The energy o f  the wave wi 1 1  decrease by a f a c t o r  e-mt. This case 

has been presented i n  Ref. 10.  The f a c t o r  m can be i n te rp re ted  i n  terms 

: o f  a conduc t i v i t y  o f  the vacuum, by analogy w i t h  electrodynamics. 

When n i s  not  nu1 I, but  m = O equations (14a,b) do not  change; bu t  equa- 

t i ons  ( l 6 ) ,  (17) go i n t o  the  se t :  

kn. n c k L  = n ( c u r i  E)  , 

i n  which we have used the d e f i n i t i o n  



Case i i: 

Equat 

Us i ng 

aBXu ~i v u + q ' l  H A  v u .  

ions (9) pro jec ted w i l l  g i ve  r i s e  t o  

k 
E Illk = O ? 

the same procedure as above we o b t a i n  

kn. 0 ~ ~ '  = p c u r i  ckL + q c u r l  H , (23) 

kn. nffk' = p c u r i  ffkn. - q c u r i  E (24) 

i n  which we have neglected terms o f  second order  on the constants p ,  q. 

There i s  a s imple analogy between these cases and electrodynamics ( see 

Table I) which c e r t a i n l y  can be used as a guide f o r  f u tu re  studies o f  the  

proper t ies  o f  these equations. 

Case iii: 

This w i l l  g i v e  r i s e  t o  the se t  



(Gravi t a t  iona l  t h  ( ~ l e c t r i c  (Magnetic 
Ord ~ r o j e c t i o n )  ( 4  Pro jec t ion)  Current) Current) 

TABLE I. Correçpondence between the grav i  t a t  ional  cur rent  due t o  

loca l  vacuum cor rec t ions i n  E ins te in ' s  theory, and electrodynarnics. 

Let  us i nves t i ga te  the case i n  which a = O.  A d i r e c t  c a l c u l a t i o n  gives 

The weight b o f  the expansion gives r i s e  to  a rnodi f icaf ion o f  the velo- 

c i t y  o f  propagation o f  the  waves. We can def ine  an i n d e x- o f - r e f r a c t i o n  

f o r  the vacuum by 

For the case i n  which b i s  nu11 and a f O Eqs. (27) change t o  
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eka k a .ka 
ff + c u r l e  = a €  , (31a) 

k a ika - ( c u r i  H)" = a c u r i  E . (31b) 

The analogy w i t h  electrodynamics i s  st ra ighforward,  bu t  no i l l u m i n a t i n g .  

Case i v :  

The case i n  which r = O gives r i s e  t o  the  equations: 

The wave equat ion now has the form: 

We ob ta in  a  r e s u l t  s i m i l a r  t o  the previous one. We can de f i ne  an index 

o f  r e f r a c t i o n  n given by 
S 



Case v: 

Equations (9) give: 

( ~ r a v i  t a t i o n a l  r d  t h  . ( 3  Pro jec t ion)  (4  ~ r o j e c t i o n )  ( E l e c t r i c  ( ~ a ~ n e t i c  Current) Current) ~ u r r e n t )  

TABLE I I, Correspondence between the g rav i  t a t  ional  cur rent  &OLB' due t o  

nonlocal vacuurn cor rec t ions  t o  E ins te in ' s  equatiorns, and electrodynamics. 



I n  the case where d i s  zero the  wave equations obtained by using Eqs.(40) 

are:  

Once again, we can i n t e r p r e t  the weight c as a  s o r t  o f  index o f  re f rac -  

t i o n  given by 

(see Table I I ) .  

5. PERTURBATIONS OF FRIEDMANN UNIVERSES: THE ROLE OF VACUUM 
FLUCTUATIONS 

Let  us t u r n  now t o  a  d iscussion o f  the e f f e c t s  o f  the vacuurn cor rec t ions  

i n  a  strong g r a v i t a t i o n a l  background. We w i l  l concentrate o i i r  ana lys is  

on the study o f  s t a b i l  i t y  proper t ies  o f  cosrnological models. For the sake 

o f  cornpleteness we wi l l review b r i e f  1 y  the p e r t  inent  per turbat ions  equa- 

t ions. 

The geornetry o f  the background i s  assurned t o  be o f  Friedmann type, i.e., 

i n  whi ch do2 i s the 1 i ne element o f  a  3-dimensional homogeneous space. We 

use a  comoving systern o f  coordinates i n  which the v e l o c i t y  f i e l d  o f  the 

rnatter f l u i d  i s  g iven by v a = 8 .  The f l u i d  has no shear and no ro ta t i on ,  
o 

bu t  has a  nonzero expansion 0 = 3 &/a. For a  pressure- free f l u i d  a ( t )  = 

a t2I3 where a i s  a  constant .  I n  t h i s  background we consider an a r -  
( 0 )  o 

b i  t r a r y  change o f  the conf i gu ra t  ion  desqri bed by srnal 1 per turbat ions o f  

the rnetr ic  and o f  the f l u i d  paramaters: 



I n  terms o f  these per turbat ions  the parameters o f  the congruence genera- 

ted  by the  f l u i d  mot ion are: 

i )  Rotat ion:  

i i) Shear: - 
1 

60.. = y 6 v(;1lj) 
1 - 69 g, - 6r? .  

7 4  23 

where m?. i s  the perturbed C h r i s t o f f e l  symbol . 
'L3 

. . . 
I I I )  Expansion: 

i v )  Accelerat  ion: 

I n  these formulas we have spec ia l i zed the  gauge o f  our per turbat ions  by 

using a coordinate t ransformat i on  t o  se t  

= 0 and so 6v0 = O . 

The equation fo r  the pe r tu rba t i on  reads 

C a B u ~  - 61aBu + QaBu 

IIv - 
(50) 

i n  which &raBu represents the c o n t r i b u t i o n  o f  the perturbed f l u i d  and Q~~~ 
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depends on vacuum cor rec t ions .  Since the background geometry i s  confor-  

mal ly  f l a t ,  we w i l l  denote the per turbat ions  by C a6Fiv, E", #" instead 

o f  6~~' '",  &E~* ,  6 8 * .  The complete system o f  equations o f  the perturba-  

t i o n  i s  g iven by (compare w i t h  ~ a w k i n ~ l l )  

The right-hand s ide  o f  Eqs. (56)-(57) come from the c o n t r i b u t i o n  o f  l oca l  

l i n e a r  terms t o  the  expansion o f  the vacuum f l u c t u a t i o n s  terms. 

We w i l l  analyze here the  s i t u a t i o n  i n  which the pe r tu rba t i on  o- the mat- 

t e r  dens i ty  i s  no t  accompanied by a  pe r tu rba t i on  o f  the f l u i d  ve loc i t y ;  

thus, we se t  

This impl ies immediately: 

60 = &ra 
oa ' 



I n  the absence o f  per turbat ions  o f  the f l u i d  v e l o c i t y  the per turbat ionof  

the dens i ty  6p depends c r u c i a l l y  on the pressure i n  the background. In-  

deed, i f  there i s  an equat ion o f  s t a t e  r e l a t i n g  pressure t o  dens i ty  l i k e  

p = EP,  then conservat ion o f  matter  w i l l  g i ve  r i s e  t o  the r e l a t i o n  

k I f  both E f, O and 6v = O,  Eq. (59) t e l l s  us t ha t  the perturbat ion Gpmust 

be s p a t i a l l y  homgeneous. However, s ince we choose the pressure to  beze- 

ro  we can have both inhomogeneity i n  the  dens i ty  and zero pe r tu rba t i ono f  

the v e l o c i t y .  Le t  us i nves t i ga te  t h i s  s i t u a t i o n  here. 

The most i n t e r e s t i n g  case ar ises  when p = q = u = O .  For t h i s  case i t  i s  

easy t o  see tha t  the on l y  e f f e c t  o f  m i n  Eq .  (57) i s  t o  int roduce an ad- 

d i t i o n a l  exponent ia l  dependence on time f o r  the Weyl tensor. Indeed, we 

have f rom Eqs . (57) and (54) : 

The case i n  which m i s  negat ive i s  o f  great  i n t e r e s t  f o r  the problem o f  

galaxy f ~ r m a t i o n . ~  Indeed, f o r ' nega t i ve  values o f  m the cont ras t  f a c t o r  

6p/p increases exponent ia l l y .  As has been remarked prev ious ly  many t i -  

mes12-l- t h i s  e f f e c t  coud be o f  c r u c i a l  importance t o  permit  t hec rea t i on  

o f  inhomogeneous regions i n  our Universe. 

6. INHOMOGENEOUS CORRECTIONS 

I n  the preceding sect ions we have discussed the  e f f e c t s  on the average 
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geometry due t o  per turbat ions  o f  E ins te in ' s  equations induced by vacuum 

quantum f l u c t u a t i o n s  o f  the  g r a v i t a t i o n a l  f i e l d .  Our ana lys is  was l i m i -  

ted t o  a model g iven by the l i n e a r  expansion, Eqs. (11) and (121, o f  the 

f l u c t u a t i n g  geometry i n  terms o f  the average curvature.  The fac to rs  ck 

were assumed t o  be constant. For more general s i  tua t ions ,  ck f a i l s  t o  

be constant and can depend on spacetime p o s i t i o n  i n  a complicated manner. 

For instance, the  conduct iv i  t y  coef f  i c i e n t  rn o f  Eq. (13) could be inho- 

mogeneous throughout spacetime - a s i  t u a t i o n  which has an analogy i n  

electrodynamics. I n  order  t o  deal w i t h  such cases we have t o  enlarge our 

model . I n t h i s  sec t i on  we present two examples o f  the i nhomogeneous case. 

We w i l l  1 imi t once again our expansion t o  terms l inear  i n  the Weyl ten- 

sor . 

We a l l ow  the conduc t i v i t y  m t o  depend on the cosmical t ime ttirough the 

expansion f a c t o r  0.  This dependence could be a very general one bu t  we 

take the s implest  case i n  which rn i s  d i r e c t l y  p ropor t iona l  t o  t he  expan- 

sion. F ina l  l y ,  &OLBV can depend a l s o  on the v o r t i c i t y  o f  the  congruence. 

These cond i t ions  are f u l f i l l e d  by the cu r ren t  

i n  which wh i s  the  v o r t i c i t y  vector  def ined i n  terms o f  the  v o r t i c i t y  

t e n m r  w by wT = f qaBpr w v . Equation (9)  pro jec ted on the va-ba- 
vv ai3 P 

s i s  gives, f o r  the above cur rent ,  the fo l l ow ing  se t  o f  equations: 



a 
i n  which we used w 2  r waw . The presence o f  the v o r t i c i  t y  t e r m  í n  the 

cur rent  introduces qual i t a t  i v e l y  new proper t ies  t o  the system o f  equat i -  

ons f o r  the average geometry. For ínstance, as we show next, the se t  o f  

equat ions (63) , (64) admi t s  an expandi ng shear- f ree r o t a t  i ng' cosmologi - 
ca l  s o l u t i o n  w i thou t  mat ter .  As i s  well-known, such proper t ies  are imcom- 

p a t i b l e  w i t h  E ins te in ' s  equations o f  GR. 

The absence o f  shear impl ies  t h a t  the v o r t i c i  t y  w X  i s  an eigenvector o f  

the e l e c t r i c  tensor E Indeed, we have 
a6' 

When the magnetic p a r t  H i s  s e t  equal t o  zero Eqs 
a 6 

ce t o  

(65) 

(63) and (64) redu- 

(66) 

(67) 

(68) 

i n  which we have made q = 1 and used the f a c t  t ha t  w w
a 

= 0 .  
a 6 

Bes ides Eqs. (66), (67), and (68) there are two more equat ions tha t  g i  ve 

the t ime evo lu t i on  o f  the expansion and o f  the r o t a t i o n :  



Equation (67) i s  a consequence o f  Eqs. (65) and (69) . Thus, rre are l e f  t 

wi t h  Eqs. (66), (68), (69), and (70) which are mani fes t ly  compatible. 

7. CONCLUSION 

We have examined.the modi f ica t ions o f  E ins te in ' s  equations oiF GR due t o  

f l uc tua t i ons  o f  the geometry. I n  Sec. 3 we presented a model by means o f  

which the ex t ra  terms - due t o  f l uc tua t i ons  - can be expanded i n  ase r ies  

i n  the average geometry. We have anal yzed here on l y  the 1 ineiar terms o f  

the ser ies .  This i s  s u f f i c i e n t  t o  produce new features i n  the theory, 

some o f  which we have examined. 

A weak grav i  t a t i ona l  f i e l d  propagates i n  the form of  a wave wi  t l 7  a ve loc i -  

t y  t ha t  depends on the proper t ies  o f  the  f ruc tuat ion .  The an,alogy wi  t h  

electrodynamics permit ted us t o  de f i ne  an index of refraction f o r  the  

perturbed medium. 

Then, i n  Sec. 5 ,  we showed tha t  an inhomogeneous per turbat ion  o f  the 

matter  densi ty grows fas te r  than i n  E ins te in 's  theory. This behavior i s  

a very new feature  which could prove t o  be o f  importante i n  ,our unders- 

tanding o f  galaxy forrnation. 

F ina l  l y ,  i n  Sec. 6, we study the e f f e c t s  o f  an inhomogeneoiis r o t a t i o n  

-dependent cur rent  Q'", on cosmological models. As a consequence o f  the  

presence of ro ta t i on ,  the perturbed system admits a shear- free r o t a t i n g  

and expanding Universe, w i thout  matter .  

The above proper t ies  seem appealing enough t o  suggeçt f u r t h e r  invest iga-  

t i ons  o f  our model. 
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Caltech f o r  t h e i r  h o s p i t a l i t y ,  espec ia l l y  D r .  K ip  Thorne. 
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