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The proper t ies  o f  the groups ~0(r,s) i n  the l oca l  embeddíng formalism 

appl i e d  t o  general r e l a t i v i  t y  a re  inves t iga ted.  I t i s  shown tha t  these 

groups are the common o n      gnerators o f  the Poincaré group i n  general r e l a -

t i v i t y .  Furthermore i t a s u f f i c i e n t l y  small neighborhood o f  the embed-

d ing p o i n t  i s  chosen those groups can a l so  generate isometr ies o f  space 

- time i n  t h a t  neighborhood. 

As propriedades dos grupos ~0(r,s) no formal ismo de imersão l oca l  ap l  i ca- 

do 5 Rela t iv idade Geral são inves t igadas. Mostra-se que esses grupos são 

os geradores comuns do grupo de Poincaré na Re la t iv idade Geral . Se, além 

disso, escolhe-se uma vizinhança suf ic ientemente pequena do ponto de imer-

são, aqueles grupos podem gerar também i sometri  as do espaço-tempo nessa 

vizinhança. 

1. INTRODUCTION 

The l oca l  i somet r ic  embedding o f  the  de S i t t e r  space-time i n  a f i v e  d i -  

mensional pseudo Eucl idean mani fo ld  has proven t o  be a useful  too forde- 

al i n g  w i  t h  t he  representat ions o f  the  10 parameters group o f  isometr i  es 

o f  t h a t  space-time. The i d e n t i f i c a t i o n  between the  group o f  i somet r iesof  

the de S i t t e r  space-time and the  group o f  isometr ies o f  the embedding 

space i s  a consequence o f  the constant curvature o f  t h a t  space-time¹. 

It would be des i rab le  t o  o b t a i n  s i m i l a r  r e s u l t s  f o r  an a r b i t r a r y  space- 

- t ime o f  general r e l a t i v i t y .  However i t  i s  almost an i n t u i t i v e  f a c t  t h a t  
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the isometr ies o f  an a r b i t r a r y  space-time, i f  they e x i s t ,  can not  be ob- 

ta ined f rom the homogeneous groups o f  isometr ies o f  the enbeddi ng spaces, 

unless add i t i ona l  cond i t ions  on these groups are  imposed. The purpose o f  

t h i s  note i s  t o  determine these condi t ions .  Two resu l  t s  emerge: One o f  

them says tha t  the Poincaré-group o f  the tangent spaces i s  a comnon li- 

m i t  o f  a11 homogeneous groups o f  i s o m e t ~ i e s  o f  the embedding spaces. The 

second resu l  t says t h a t  i n  a s u f f  i c i e n t l y  small neighborhood o f  the em- 

bedding p o i n t  i t  i s  possib le t o  der ive  loca l  i s o m t r i e s  from the homoge- 

neous groups o f  isometr ies o f  the embedding space. 

These two resu l  t s  seem t o  i nd i ca te  t ha t  the var ious groups o f  isometr ies 

o f  the minimal embedding spaces are endowed w i t h  a c e r t a i n  physical  mea- 

n i  ng whi ch has not  been exp lo i  ted except i n the p a r t i c u l a r  cases o f  cons- 

t an t  curvature space- t ims.  

2. LOCAL ISOMETRIC EMBEDDINGS 

Let  V be any space-time o f  general r e l a t i v i t y  embedded minimal ly ,  isome- 

t r i c a l l y  and l o c a l l y  i n  a f l a t  p-dimensional pseudo Euclidean space w i t h  

m e t r i c  s ignature  r(+), s ( - ) ,  denoted by M(r,s). There are 22 such spaces 

s u f f i c i e n t  t o  embedd a11 poss ib le  space-times o f  general r e l a t i v i t y Z S 3 .  

Since M(r,s) a re  f l a t  spaces, use o f  Cartesían coordinates denoted by x', 
u = 1 . . . p  i s  possib le throughout ( i n  the fo l l ow ing  a11 Greek indices run 

from 1 t o  p .  The me t r i c  o f  M(r,s) i n  a Cartesian frame i s  denoted by nUS, 

Space-time func t ions  and tensor f i e l d s  i n  M(r,s) are m r e  convenient ly  

w r i t t e n  i n  a Gadssian coordinate system based on V, formed by spaceytime 
i coordi nates: x , i = 1.. .4 and coordi nates zA, A = 5.. .p measured along 

s t r a i g h t  1 ines orthogonal t o  V and t o  themselves (smal 1 case L a t i n  i n d i -  

ces run from 1 t o  4 wh i l e  c a p i t a l  L a t i n  ind ices  run from 5 t o  p)3 .  The 

Gaussian coordinate system thus formed has coordinates denoted by xa = 

(x
k

, x
A

), a = 1 . . . p  . In  t h i s  system the space-time hypersurface i s  d e f i -  

ned simply -by the  equation 



Let f(xa) be any func t i on  o r  tensor f i e l d  def ined i n  M(r,s). The r e s t r i c -  

t i o n  o f  f(xa) t o  space-time i s  a space'tirne func t i on  o r  tensor f i e l d  de- 

f i ned by 

A space-time def ined func t i on  i s  denoted by f(v). 

The embedding o f  V i n  M(r,s) i s  r ea l i zed  when a coordinate transformation 

l i k e  

i s  given, so t h a t  

where g. .(V) denotes the space-time met r i  c  components i n  the coordi nates 
i z3 
x . Not ice t h a t  ( 2 )  i s  a coordinate t ransformat ion f o r  space-time po in t s  

only. I f  po in t s  ou ts ide  space-time are considered the t ransformat ion should 

a l so  include the coordinates xA: 

wi t h  inverse t ransformat ion given by 

a 
2 ,  = xa(xu). 

The components o f  the Jacobian matr ices o f  the above t ransformat ion are 

denoted by 

so tha t  

xB = 6: and xPa xav = 6: 
a P 



The Gaussian componentsof the me t r i c  tensor o f  ~ ( r , s )  are given by 

I t  i s  i n te res t i ng  t o  no t i ce  tha t  the  embedding formalism canbe regarded 

as completion of the t e t r a d  formalism i n  the sense tha t  i n  the embedding 

formalism, besides the tangent plane To t o  V a t  a po in t  0, an orthogonal 

space No i s  a l so  considered, the dimension o f  N o  depending on the curva- 

tu re  o f  V. 

The components o f  the me t r i c  tensor o f  M(r,s) which are  tangent t o  space . . i j 
- time are gzd(xa), g .  .(xa) and these are  not  necessari l y  equal t o  g (V), 

1-9 
g..(V). From simple geodesic ca lcu la t ions i n  M(P,s), i t  i s  found t h a t 3  

'L3 

where 

I t f o l  lows tha t  

The C h r i s t o f f e l  symbols o f  the  me t r i c  a f f  ine  connection VM o f  M ( P , S )  i n  

the Gaussian f rame are given by 

On the other hand the me t r i c  a f f i n e  connection o f  V has C h r i s t o f f e l  sym- 

bo ls  given by 

I t  i s  not  d i f f i c u l t  t o  see tha t  (tangent compments) 
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The remaining components o f  VM are not  necessari 1 y nu1 1 . Thei r space-t ime 

pro jec t ions are: 

Therefore the fo l lowing i d e n t i t y  holds: 

On the o ther  hand 

which imply i n  the i .dent i ty :  

The Gauss-Codazzi equations which def ine  the embedding are obtained from 

the vanishing o f  the Gaussian components o f  the Riemannian tensorof ~ ( r ,  

s )  r e s t r i c t e d  t o  V: 

The f i r s t  o f  these equations gives the met r i  c s ignature o f  ~ ( r , s )  : 



Theorem 1 .  

I n  a  minimal embedding the s ignature  numbers E are uniquely def ined.  
A  

Syppose there are  two sets o f  s ignature numbers E; s a t i s f y i n g  (9). I f  

E # E; f o r  a11 values o f  A  then (9)  gives 
A 

P irn L (cA - ';)g (V ) '&~K  <K~jlg' 
A=5 

Since the values o f  E 
A> €r; are  1 and they are d i s t i n c t  i t  fo l lows tha t  

1  €2 = T  (cA - E ' )  can be s e t  (numerical ly)  equal ~ O E A ( O ~ E A ' ) .  However A 
i n  t h i s  case equation (10) would imply t ha t  the  curvature o f  space-time 

i s  zero. Now suppose tha t  E = e'  f o r  A  = 5.  ..r but E # E; 
f o r  A  = r  + 

A A  A 
l...p then equation (10) holds f o r  A  = r+l ...p , g i v i n g  

1 irn P-1 1 ' irn 
p )  ( v ) K ~ ~ ~ K ~ ~ ~ ~ ~  = - I 7 ( c n - ~ i ) g  ( v ) ~ ~ ~ ~ ~ ~ ~ ~ ~ .  

A= r+ 1 

1 Again E" = 7 can be s e t  numerical l y  equal t o  E Replacing i n (9) A  A' 
i t f o l  lows tha t  

r 

However t h i s  equat ion impl ies  a  r- dimensional embedding which i s  impos- 

s i b l e  i f  r ' <  p .  

3. ISOMETRIES OF M(r,s) AS SYMMETRY GROUPS 

The minimal loca l  embedding i s  i nva r i an t  under isomet r ic  t ransformat ion 

i n  ~ ( r , s )  w i t h  f i x e d  o r i g i n .  I n  t h i s  and the next sec t i on  the r e l a t i o n -  

ships between S ~ ( r , s )  and physi ca l  1 y  i n t e r e s t i  ng groups such as ' space- 

- t ime isometr ies and the Poincaré group are studied.  

An i n f i n i  tesimal t ransformat ion o f  ~ 0 ( r , s )  r e l a t i n g  two a r b i  t r a r y  Gaus- 

siam systems may by w r i t t e n  as 



xla = xa + g a ( ~ B ) ,  E ( a ; 6 ) ( v ~ )  = O,  ( f i x e d  o r i g i n ) ,  (11) 

where the covar iant  de r i va t i ve ,  as indicated,  i s  ca lcu la ted w i t h  respect 

t o  the a f f i n e  connection o f  M(r,s). I n  p a r t i c u l a r  i f  the two Gaussian 

systems a re  based on the same hypersurface V and the d e f i n i t i o n  of V i n  

these systerns i s  t o  be i nva r i an t ,  then i t i s  requi red the  addi t i o n a l  con- 

d i  t i o n  
A 

5 I v  = o .  (1 2) 

Since K i l l i n g ' s  equation i n  (11) are  def ined f o r  any po in t  i n  M(r,s) i t  

would be des i rab le  t o  evaluate t h i s  equat ion i n  V: 

Assuming ( l l ) ,  the se t  o f  equations (12) and (13) together w i t h  the ho- 

mogenei t y  condi t i o n  ( f i xed o r  i gi n) def i ne a subgroup o f  S O ( ~  ,s) denoted 

SO(~,S)  lV and re fered t o  as the space-time subgroup o f  s ~ ( r , s )  . 

Theorem 2. 

i f  V admits isometr ies then (i = EilV i s  a k i l l i n g  vec tor  f i e l d  inVwhere  
B ~ ~ ( x  ) s a t i s f y  (12) and (13). 

I n  f ac t ,  from (5) ,  (61, (12) and (13) i t  fo l lows tha t  

I t  i s  c l e a r  t h a t  if ca i s  a desc r i p to r  o f  SO(~,S) then EZ generate on l y  

l o c a l  ro ta t i ons  i n  V. 

Theorem 3.  

Given a K i l l i n g  vec tor  f i e l d  i n  V, there  i s  a vector  f i e l d  ga(xB) inM(r ,  

5) such tha f  E('; (VM) Iv  = O .  
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Let  $" be the given K i l l i n g  vector f i e l d  i n  V: 

$ ( iG i )  (v) = 0 + 

B Now define the vector f i e l d  ~ " ( x  ) i n  M(r,ç) by 

This vector f 

o r  equivalent  

Ei=&xk), ? = o .  

e l d  i s  tangent t o  V and i s  such tha t  

The f a c t  t ha t  +' i s  a K i l  l ing vector f i e l d  i n  V has not  ye t  been used. 
i A  For tha t  purpose the above equat ions are evaluated a t  V. Using g = O 

i t  fo i lows from (14) tha t  

Furthermore f rom the i d e n t i  t i e s  ( 7 ) ,  (81, the  equations (15) , (16) i n  V 

are i d e n t i c a l l y  n u l l .  , 



Not ice tha t  i f  V does not  admi t K i  11 i ng  vec tor  f i e l d s  then (i= E ~ I ~ =  0, but  

cZ # O so tha t  even i n  t h i s  case SO(P,S) l v  i s  no t  the  i d e n t i t y  group i n  

V. 

Theorem 4. 

The group SO(P,S) 1 has as many parameters as the  group o f  ro ta t i ons  i n  v 
V p l  us a number n c (P-4) (p-3) /2. 

Le t  E" be the p(p-1) /2 parameters o f  SO(P,S) i n  Cartesian coordinates . 
These parameters can be t rans la ted  t o  the Gaussian system by 

The parameter o f  SO(P,S) I are. Q v ~ n  by ~ ~ $ 1  The number o f  independent v 
parameters w i l  l depend on the values o f  xa and o f  the condi t ion (12). Le t  

Fi 
U' = E'~X' = e"xV and 

k k 
Assuming t h a t  X' = X'(X ) then X V X V  = f (x  ) i s  a space-time func t ion ,  

f = O  and (12) i s  equ iva lent  t o  
*A 

ft5>,j Ejlv = o . 

Zc 
Depending on the value o f  f ( x  ) t h i s  l a s t  equation may impose a r e l a t i o n -  

sh i p between the parameters The maximum number o f  parameters E& re-  

s u l t s  when t h i s  equations i s  i d e n t i c a l l y  s a t i s f i e d  and i n  th iscase there 

are 4(p-4) parameters E Ai On the o the r  hand there are a t  rnost (p-4) 
IV' 

( p 5 ) / 2  parameters E A B l v .  Fina l  l y  from theorems 2 and 3 the p ramete rs  . . 
E'; correspond t o  the group o f  l oca l  ro ta t i ons  i n  V. 

i'n the case of the de S i  t t e r  space-time the condi t i o n  (12) i s  i d e n t i c a l  l y  

s a t i  s f  i ed and SO(P,S) l v  has 10 parameters. I n the case o f  the Schwarzs- 
k ch i  l d  space-time the func t i on  f ( x  ) depends on ly  on the rad ia l  coordina- 



t e  r and the f i n a l  number o f  parameters i s  5, w i  t h  3 space-time ro ta t ions 

plus two ro ta t i ons  e46 ( V  which are associated t o  the time trans- v ' 
la t i on .  

The Poincaré group i n  general r e l a t i v i  t y  i s  not  we l l  def ined because i t s  

t rans la t i ona l  p a r t  would not  be a space-time transformat ion and i t  has 

t o  be postulated.4 However i n  an embedded space-time the t rans la t ions i n  

a tangent plane can be der ived from S O ( r , s )  1 r 

Theorem 5. 

The Poincaré-group i n  the tangent plane a t  a po in t  o f  a space- time i s  a 

f l a t  cont rac t ion  o f  SO(P,S)  ly. 

By a f l a t  cont rac t ion  o f  a group def i ned i n a curved space-time i t i s meant 

a group cont rac t ion5 where the cont rac t ing  fac to r  depenas on the surface 

curvature and i t  tends t o  zero i n  the f l a t  l i m i t  o f  the surface.Consider 

tha t  the surface i n  quest ion i s  the embedded space-time Vand that the group 

t o  be contracted i s  SO(P,S) Iv. Denoting by L the L i e  algebra generators 
a B 

o f  S O ( r , s )  i n  the Gaussian system based on V .  The commutators between 

such generators are  given by: 



Taking these equations i n  Vand using giAIV = O the  L i e  algebra of S O ~ ,  

s) l v  i s  obtained: 

A Consider now that  a (V) are P-4 space-time functions whi ch tend to  zero 

i n  the f l a t  l i m i t  o f  V. Defining the operators 

A 
='(V) = a <xiAlV . 

Then i n  terms o f  nZ(V) the L i e  algebra o f  S0(r,s) I v  i s  given by 



the minimal embedding space tends t o  

f o l l ow ing  L i e  a lgebra i s  obtained 

kj v .LkL VI Iflat = n$k'jL 

the  Minkowski space-time ~ ( 4 , 1 )  the  

- - 
+ 9LL3k - nJjk - njkLZp 9 

where E.. denotes the  operators o f  the  L i e  algebra o f  the  proper Lorentq  
23 

group. The r e s u l t i n g  L i e  a lgebra i s  isomorphic t o  the L i e  a lgebra o f  the 

Poi ncaré-group. 

This theorem has two mai n consequences; The f i r s  t consequence a1 ready 

mentioned, i s  t h a t  t he  Poincaré-group i n  general r e l a t i v i  t y  i s  now pro- 

p e r l y  def ined. The second consequence, perhaps w i  t h '  deeper phys i c a l  irn- 

p l i c a t i o n s  i s  t h a t  the  22 groups SO(~,S) rnay be regarded as the c o m n g e -  

nerators o f  the ~o inca ré -g roup .  Furthermore i s  a s u f f  i c i e n t l y  srna11 neig- 

borhood o f  the embeddi ng poi n t  i s  chosen then SO.(~,S) l v  can a l so  genera- 

t e  the isometr ies o f  space-time ( i f  they e x i s t )  i n  t h a t  neighborhood. 
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