
Revista Brasileira de Física, Vol. 8, Nº 2, 1978 

Neutron Stars with Equation of State Given by Nuclear Thomas-Fermi 
Mode l  

K.C. CHUNG and T. KODAMA 

Centro Brasileiro de Pesquisas Físicas*, Rio de Janeiro, RJ 

Recebido em 21 de Novembro de 1977 

A equation o f  s ta te  f o r  neutron gas, based on Thomas-Fermi model , i s  used 

t o  reca lcu la te  the maximum mass o f  neutron s ta rs .  The complete equation 

o f  s t a t e  i s  found t o  present a f i r s t  o rder  phase t r a n s i t i o n  between the  

subnuclear regime wi thout  f r e e  neutron and the nuclear regime. This sug-, 

gests t ha t  the sudden d i s i  n teg ra t i on  o f  the neutron - r i c h  - nuc le i  may 

be very compet i t ive w i t h  r e l a t i o n  t o  the  continuous neutron d r i p  p r o -

cess. The mass l i m i t  f o r  neutron s ta rs  was found t o  be 3.26 M o .  

Usa-se uma equação de estado para um gás de neutrons, baseada no modelo 

de Thomas-Fermi, para se c a l c u l a r a  máxima massa de es t re las  de neutrons. 

Ve r i f i ca- se  que a equação de estado completa apresenta uma t rans ição de 

fase de pr imei ra  ordem en t re  o regime sub-nuclear sem neutrons l i v r e s  e 

o regime nuclear.  I s t o  sugere que a des integração subi t a  dos nucleos r i -  

cos em neutrons, possa ser mui to compet i t iva em relação ao processo de 

gotejamento continuo de neutrons. O l i m i t e  de massa para es t re las  de 

neutrons encontrado é de 3,26 MO. 

INTRODUCTION 

I t  i s  f i rmly bel  ieved today tha t  the pulsars are r o t a t i n g  neutron stars l .  

This f a c t  encourages the study o f  neutron s t a r  s t ruc tures ,  not on ly  t o  

i nves t i ga te  the pulsars themselves but  a lso  t o  understand o ther  re la ted  

astrophysical phenomena, such as supernova explosions, b lack holes andr- 

-process nucleosynthesis. 

* Postal address: Centro Bras i l e i  ro  de Pesquisas ~ í s i c a s ,  Av. Wences lau  

Braz, 71 (fundos), Rio de Janeiro, RJ. 



Neutron s t a r  ca lcu la t ions are very sens i t i ve  t o  the equation o f  s t a t e i n  

nuclear regime. Recently, a  equation o f  s ta te ,  based on nuclear Thomas- 

-Fermi model, was developped i n  connection w i t h  the study o f  heavy- ion 

physics, g i v i n g  reasonable resu l ts2.  As a  v a l i d  a l t e r n a t i v e  t o  the en- 

volved nuclear manybody ca l cu la t i ons  and i n  order t o  examine the  plau- 

s i b i l i t y  o f  t h i s  equation o f  state,  we apply the Thomas-Fermi method t o  

a  new ca l cu la t i on  o f  neutron s t a r  conf igura t ion .  

I n  t h i s  paper, we invest iga te  catalyzed neutron s t a r  conf igura t ions i n  

s t a t i c  and spher i ca l l y  symmetric case (non-rotat ing s tar )  w i t h  zero tem- 

perature. At  dens i t ies  o f  our i n t e r e s t  (about 10' '  g cme3), metr ics o f  

the spacetime deviate from the f l a t  Eucl idean met r ic3 .  Hence we u t i l  i- 

zed the hyd ros ta t i c  equ i l ib r iu rn  equations obtained from the General Re- 

l a t i v i  ty .  

The hyd ros ta t i c  equ i l i b r i um equations are presented i n  Chap. 1  and the 

equation o f  s t a t e  i n  Chap. 2. The resu l t s  and discussions are presented 

i n  Chap. 3. 

1. HYDROSTATIC EQUILIBRIUM EOUATIONS 

Assuming a  spher i ca l l y  symmetric d i s t r i b u t i o n  o f  matter, we can w r i t e  

the l i n e  element as 

The diagonalyzed energy-momentum tensor, i n  the case o f  pe r fec t  gas,as- 

sumes the fo l lowing form, obtained from Pascal's'law, 

where p ,  E and d denote, respect ive ly ,  pressure, energy densityandmat- 

t e r  densi t y  ( i nc lud ing  the r e s t  mass o f  the p a r t i c l e s )  ; c i s  the velo- 

c i t y  o f  l i g h t .  

I n  t h i s  case, the E ins te in 's  equations reduce t o  



where the prime denotes de r i va t i ve  w i t h  respect t o  r ;  K Z ~ A G / C ~  and G 

the grav i  t a t i o n a l  constant. 

I n  the externa1 region o f  the s t a r  (T = O),  
uv 

where M i s  the mass o f  the s t a r .  

The mass i s  g iven by" 

where R i s  the radius o f  the s t a r .  I n  eq. ( 5 )  the gravi  t a t i ona l  energies 

are included. The t o t a l  energy E o f  the  s t a r  i s  given by 

and the t o t a l  neutron (proton) number by5 

where p i s  the neutron (proton) number densi t y .  
n(p) 

The s t e l  l a r  s t r u c t u r e  can be inmediately determined by eqs. (3 )  and (51,  
since the equation o f  s t a t e  

i s  e x p l i c i t l y  given. I n  eq. (8), p i s  the  t o t a l  number densi ty o f  ba- 

ryons. Note that ,  i n the degenerate case, the  equat ion o f  s t a t e  has on l y  

one degree o f  freedom since the energy densi ty does not depend on tem- 



perature, and the chemical composition depends only on matter density. 

We are rnainly interested i n  the conf igurat ion o f  the star,  which i s  usu- 

a l l y  speci f ied by the funct ion 

so that  we use the fol lowing equation obtained from eq. (3)6 

where we u t i l i z e d  the f o l l o w i ~ g  r e l a t i on  between pressure and energy 

density, 

The conf igurat ion o f  a neutron s ta r  i s  obtained from eq. (10) w i th  boun- 

dary condi tions: 

P = P , ,  E = O  f o r p = O  

P ' o  for  r = R 

where pc i s  the central  value o f  number density. 

2. EQUATION OF STATE 

Due t o  changes i n  the chemical composition o f  matter and possible phase 

t rans i t ions,  we have t o  consider the neutron s t a r  matter i n  the fol low- 

ing phases: 

a) electron-nucleus, corresponding t o  a densi t y  between 500 g cmm3 and 

dnd (and i s  the neutron d r i p  density % 10" g ~ m ' ~ ) ,  w i th  the pressure 

gradient given mainly by the electron k i n e t i c  energy. This phase is also 

ca l led  as subnuclear regime without f ree neutrons. 



b) electron-nucleus-neutron, correspondi ng t o  a dens i t y  between dd and 

dn (dn i s  the densi t y  i n  which a1 1 the nuc le i  d i sso l ve  o u t  $1  ~ m - ~ ) ,  

w i t h  the f r e e  gas beginning t o  con t r i bu te  t o  the pressure, b u t  y e t  the 

dominant term i s  due t o  the r e l a t i v i s t i c  e l e c t r o n  gas. This phase  i s  

c a l l e d  subnuclear regime w i t h  f r e e  neutrons. 

c) neutron-proton-electron, correspondi ng t o  a densi t y  between dn and 

approximately 10" g ~ m ' ~ ,  which i s  r e f e r r e d  t o  as the nuclear regime. 

I n  t h i s  phase, alrnost the  e n t i r e  pressure i s  provided by the non- re la -  

t i v i s t i c  neutron gas. 

d) neutron-proton-electron-muon-hyperon, correspondi ng t o  a dens i t y  

greater  than 1015 g ~ m - ~ ,  which i s  ca l  l e d  the  supernuclear o r  hypero- 

n i c  regime. Here var ious elementary p a r t i c l e s  come i n t o  p lay,  according 

t o  t h e i  r threshol  d energies . 

Le t  us discuss the above phases separately.  

a) Subnuclear Regime W i  thout  Free Neutrons 

We assume tha t ,  f o r  a g iven densi ty,  there  i s  on l y  one type o f  nuc l ide  

and tha t  such nuc le i  form a c r y s t a l  s t ruc tu re ,  i m e r s e d  i n  a degenerate 

e l e c t r o n  gas. For dens i t i es  'l 500 g ~ r n - ~  the e lec t rons  may be conside- 

red as f r e e  p a r t i c l e s ,  and when the densi t y  r i ses  up t o  about 106 g 

they should be t rea ted  as r e l a t i v i s t i c  p a r t i c l e s .  I f  the d e n s i  t y  i s  

around 10' g ~ m ' ~ ,  where the e lec t ron  Fermi energy gas t o  % 1 MeV, the 

e lec t ron  capture 

ca" take place and i t causes a gradual neut ron iza t ion  o f  the nuc le i ,  so 

tha t  they dev ia te  more and more from the beta s t a b i l i t y  l i n e  (N >> 2 ) .  

The equat ion o f  s t a t e  f o r  t h i s  regime can be w r i t t e n  as 



The f i  r s t  term a t  r i g h t  s ide o f  the equation represents the energy o f  

nuc le i  ( 2 , ~ )  wi t h  mass M(Z,A) and number densi t y  pc = p/A; E* i s  the 

average Fermi anergy o f  the gas ( i nc lud ing  the r e s t  energy) , which i n  

the completely degenerate case i s  given by 

and the r e l a t i v i t y  parameter x i s  re la ted  t o  the e lec t ron  number densi- 

t Y  P, by 

The l a s t  term i n  eq. ( l h ) ,  cc, resu l t s  from the electron-nucleus i n t e -  

rac t ion ,  and i s  ca lcu la ted by the Wigner - Sei t z  sphere approx.imation, 

where the c r y s t a l  s t ruc tu re  i s  chosen as being a bcc s t ruc ture ,  and g i -  

ven by7 

where a i s  the f i ne  s t ruc tu re  constant. The small deviat ions o f  the ne- 

ga t i ve  charges from a uni form d i s t r i b u t i o n ,  due t o  the e lec t ron  screen- 

ing, cause another co r rec t i on  term which i s  propor t iona l  t o  z4l3 per e- 

lec t ron.  Nevertheless, as t h i s  term i s  o f  same order o f  magnitude than , 

the b ind ing energy o f  atomic e lec t rons bu t  opposi te i n  s ign,  so they 

cancel each other.  
i ' Z  

I n  order to  w r i  t e  down M(z,A), we chose the mass formula o f  Garyey e t  

aZ.'. The v a l i d i t y  o f  the ex t rapo la t i on  o f  t h i s  mass formula, l i k e  any 

o the r  known, t o  the region f a r  f rom the beta s tab i  1 i t y  val  l ey  i s  not cer-  

t a i  n. However, t h i  s serves t o  est imate the mass o f  neutron- r i  ch-nuclei , 
w i t h i n  the uncer ta in ty  inherent t o  t h i s  type o f  ca l cu la t i on .  
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The species o f  nuc le i  e x i s t i n g  f o r  each value o f  p i s  determined by the 

cond i t ion  tha t  the nuc le i  are i n  equ i l i b r i um w i t h  the e lec t ron  gaP , so 

tha t  Z and A a re  func t i on  o f  p. The neutron d r i p  densi t y  may be deter-  

mined by the condi t i o n  

M@P) , A ( P ) - ~  -  ME(^) ,A(P)] + rnn c 0 (18) 

where rn i s  the neutron r e s t  mass. 
n 

b) Subnuclear Regime W i  t h  Free Neutrons 

Neglecting i n te rac t i ons  between the nuc le i  and f ree  neutrons, aswe l l  as 

the 'possi b l e  existence o f  protons o u t s i  de o f  nuclei  , we w r i  t e  the equa- 

t i o n  o f  s t a t e  as 

The f i r s t  th ree terms i n  above equation are the same as i n  eq .(14). The 

fou r th  term, w i t h  pR equal the  number dens i ty  o f  f ree  neutrons, gives 

the con t r i  bu t i on  f rom the r e s t  energy o f  the f ree neutrons. The las t  term 

represents the k i  n e t i c  and i n t e r a c t i o n  energies o f  f ree neutrons. For 

cint, we u t i  1 ized the expression given by KÜpper e t  aZ. * (eq. ( 2 4 )  o f  re- 

ference 2 ) ,  whi ch i s based on the Thomas-Fermi model , extended t o  the 

pure neutron gas w i t h  T =  0. 

c) Nuclear Regime 

As the dens i ty  increases, the Fermi leve1 o f  the degenerate neutron gas 

become higher and higher.  This i n h i b i t s  the neutron e j e c t i o n  from the 

neutron- rich-nuclei, because i t  reduces the phase space acessible t o  e- 

m i t ted  neutrons. ~ h e n  the densi ty i s  % 1013 g ~ r n - ~ ,  the neutron-r ich- 

- n u d e i  become unstable and begin t o  d is in tegra te .  i t  i s  known tha t  i n  

t h i s  region the e f f e c t  o f  protons i s  neg l i g ib le ,  so tha t  the t o t a l  ener- 

gy i s  p r a c t i c a l l y  g iven by the same expression as eq. (19) w i thout  the 

f i r s t  three terms. We again use the Thomas-Fermi model . 



d) Supernuclear Regime 

At  supernuclear densi ty (greater than the densi ty o f  o rd inary  nuclei  Q 

2.4 x 1014 g cm - 3 ) ,  o ther  p a r t i c l e s  appear, the  muons f i r s t  and then the 

hyperons. Since there are many uncer ta in t ies  i n  t h i s  regime, we simply 

extend eq. (24) o f  reference 2 t o  the hyperonic regime, a t  l eas t  u n t i l  

1016 g c ~ n ' ~ ,  which i s  the upper l i m i t  o f  i n t e r e s t  t o  t h i s  work. 

3. RESULTS AND DISCUSSION 

a) Phase Transi t i o n  

The equation o f  s ta te  o f  neutron s t a r  matter  i n  equ i l ib r ium,  E = ~ ( p ) ,  

has the behavior shown schematical l y  i n  f i g .  I ,  where the curve I re- 

presents the behavior i n phases 5 and i, and the curve l I i n phases 5 
and 2. The d i scon t inu i t y  o f  de r i va t i ve  ds/dp i s  unphysical. Thus we i m -  

pose the cond i t i on  o f  con t i nu i t y  on the pressure and the chemical poten- 

t i a l ,  which leads t o  a k ind  o f  phase t r a n s i t i o n  o f  matter .  

Regardi ng the various regimes as homogeneous phases, we have, i n the 

surface o f  contact, 

I n  eq. 

t e n t i a  

wh i ch 

po in ts  

2.6 x 

(20), the f igures denote the phases and vi denotes 

o f  the p a r t i  c l e  i. Hence we can make Maxwell 

s equivalent  t o  f i n d  a tangent t o  curves I and I I  

o f  contact, by our equation o f  s t a t e  (eqs. (141, ( 

0" g c ~ n ' ~  and d = 3.3 x 1013 g cmm3. 
2 

chemical po- 

cons t ruc t i on ,  

i n  f i g .  1 .  The 

19)) are: d = 
1 

The f a c t  t ha t  d # d impl ies  the existence o f  a f i r s t  order phase tran- 
1 2  

s i t i o n  between phase I and II, w i t h  common pressure and temperature,but 

w i t h  d i f f e r e n t  f i r s t  der iva t ives  o f  chemical po ten t i a l  . The value o f  d2 

may be considered as the i n i t i a l  p o i n t  o f  nuclear regime. 



Fig.1  - The points  o f  the phase t rans i  t i o n  a re  g iven by p and p . 

The neutron d r i  p poi  n t  was found t o  occur a t  dnd = 6 .O x 1 0 " ~  c K 3 ,  whi ch 

i s  a 1 i t t l e  more than the values ca lcu la ted by Langer e t  a2.l' ( 3  x 10" 

g ~ m - ~ )  and by Baym e t  ai!." (4.3 x 10" g ~ m - ~ ) .  As the f i r s t  po in t  o f  

phase t r a n s i  t i ons  i s  s l  i g t h l y  below the neutron d r i p  po in t ,  t h i s  suggests 

t h a t  the sudden nuclear d i s i n t e g r a t i o n  process i s  very compet i t ive w i t h  

r e l a t  ion  t o  the cont  inuous neutron d r i p  process. 

A s i m i l a r  phase t r a n s i t i o n  had been a l so  observed f o r  a d i f f e r e n t  equa- 

t i o n  o f  s t a t e  o f  neutron gas12, bu t  i n  t h i s  case the f i r s t  po in t  o f  t ran- 

s i t i o n  i s  found t o  be s l i g h t l y  above the neutron d r i p  po in t .  

Beside var ious unce r ta in t i es  from the equat ion o f  s ta te ,  the  small d i f -  

ference between dnd and d i s  no t  enough t o  te11 us what process i s  do- 
1 

minant. Some a ~ t h o r s ' ~ ' ~ ~ 1 a i m  t h a t  there i s  no d i s t i n c t  phase t r a n s i -  

t i o n  between phase 5 and phase 2. However, i n  any case, the pressure 

grad ient  becomes extremely small i n  the region, so tha t  we can conclude 

t h a t  the neutron s t a r  i s  formed by two d i s t i n c t  par ts :  1) a sharp core, 

from the center  o f  the s t a r  t o  the core surface where d = dl; 2) and a 

envelope o r  mantle, from the core surface, where d = d t o  the s t a r  
2 '  

surface. 

Even i f the phase ex is ts ,  i t s  region would be very narrow and probably 

gives no e f f e c t  t o  the neutron s t a r  s t ruc tu re .  



b) Maximum Mass and Other Resul t s  

It i s  be l ieved tha t  the black holes are  i n d e f i n i t e l y  co l laps ing objets,  

whose mass i s  beyond the upper l i m i t  o f  s tab le  neutron s t a r  conf igura- 

t i o n .  I n  order t o  determine the l i m i t ,  we p l o t t e d  the t o t a l  mass o f  the 

neutron s t a r  against  the cent ra l  number densi t y  ( f  i g .  2) .  The condi t i o n  

o f  s t a b i l i t y  f o r  neutron s ta r ,  &/dpc > O \ i s  used t o  p o i n t  ou t  the 

maximum mass of a neutron s t a r  as 3.26 Mg. This means that ,  beyond t h i s  

value, the pressure gradient  due t o  the neutron gas i s  i n s u f f i c i e n t  t o  

counterbalance the general r e l a t i v i s t i c  e f f e c t s  o f  g rav i ta t ion  whichthen 

become dominant.The maximum mass wefound i s  greater than the values ob- 

t a i  ned by Cohen e t  aZ. l 5  (1.92 Ma) and by Canuto and ~h i t re16 (1.39 MO). 

- I  o LOG P, 

Fig.2 - Tota l  mass of neutron s t a r  versus cen t ra l  number densi ty .  Stable 

neutron s t a r  con f igu ra t ions  are represented by the s o l i d  l i n e ,  w i t h  the 

mximum mass equal t o  3.26 Mg, corresponding t o  a c e n t r a l  densi ty  equal 

t o  10" g ~ r n - ~ .  Unstable con f igu ra t ions  a re  represented by the dashed 

l i n e .  



We a l so  p l o t t e d  the radius o f  the s t a r  versus the t o t a l  mass ( f i g .3 )  and 

versus the cen t ra l  number densi t y  ( f  i g .  4) .  We f ind  t h a t  the radius o f  

neutron s ta rs  i s  no t  monotonical ly  decreasing func t i on  o f  mass i n  con- 

t r a s t  t o  the most o f  neutron s t a r  models. I n  f i g .  5, we present thecon- 

f i g u r a t i o n  o f  the core o f  th ree neutron s ta rs  w i t h  cent ra l  dens i ty  cho- 

sen a r b i t r a r i l y  as 0.08, 0.1 and 0.3 fm-  . For these values o f  densi-  

ty,  the  t o t a l  neutron number and t o t a l  proton number, as we l l  as t h e t o -  

t a l  mass, a re  shown i n  Table 1. We can see t h a t  the neutron s t a r  mass 

1s l a r g e l y  concentrated i n  the core and the proton number i s  on ly  a few 

percents o f  the  neutron number. 

TABLE 1 

N = s o l a r  baryonic number = 1.2 x 1 o S 7  baryons. 
0 

As i s  shown i n  f i g .  6, the thickness o f  mantle decreases r a p i d l y  as the 

t o t a l  mass increases, which may g i ve  some in format ion  t o  determine the 

mass o f  pu lsars  through the observed sudden change o f  per iod  due t o  

starquake mechani sms17. 

- I  - 0.5 O 0.5 LOG ( M  / M e l  

Fig.3 - Radius o f  the s t a r  versus t o t a l  mass. 



- I  O LOG f', 

Fig.4  - Radius o f  the s t a r  against  the cen t ra l  number dens i ty .  

RADIUS OF CORE 

f K M )  

F ig .5  - Conf igurat ion o f  the core o f  three neutron s ta rs ,  w i t h  cen t ra l  

densi ty  equal t o  0 .08,  0 .1  and 0 . 3  f n ~ - ~ .  



Fig.6 - The th ickness o f  neutron s t a r  sur face versus t o t a l  mass. 
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