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The r o l e  o f  a short- range repu ls ive  sca lar  f i e l d  i n  prevent ing the grá-

v i t a t i o n a l  o f  a c y l  

E estudado o papel 

lapso grav i  tac iona l  

i n d r i c a l  d i s t r i b u t i o n  o f  incoherent dust  i s  studied.  

de um campo escalar  repu ls ivo  no impedimento do co-

de uma d i s t r i b u i ç ã o  c i l í n d r i c a  de poeira incoerente. 

1. INTRODUCTION 

The study o f  r e l a t i v i s t i c  f i e l d  equations i n  the presence o f  a sca la r  

f i e l d  i n i t i a t e d  by Bramhachary i n  the case o f  s t a t i c  spher ical  l y  symme-

t r i c  f i e l d s ,  has a t t r a c t e d  considerable a t t e n t i o n  o f  many workers. Howe- 

ver the s tud ies  were conf ined mainly t o  l ong- range f i e ld .  Duan-I-Shi f i r s t  

obtained a c lass  o f  so lu t i ons  t o  equations i n  which a rea ls  sca la r  f i e l d  

o f  short- range i s  coupled w i t h  g r a v i t a t i o n a l  f i e l d ,  conta in ing  some func- 

t i o n s  whose e x p l i c i t  forms are  not  known. La ter  Stephenson presented an 

approximate s o l u t i o n  t o  s t a t i c  sphe r i ca l l y  symmetric E ins te in  - Maxwel l -

-Yukawa f i e i d  equat ions . 

Recently Te ixe i ra ,  Wolk and Som extended the idea o f  the rea l  sca la r  f i -  

e l d  o f  short- range t o  i nves t i ga te  elementary s t ruc tures .  They considered 

a s t a t i c  s p h e r i c a l l y  symnetric d i s t r i b u t i o n  o f  incoherent dust. The gra- 

v i t a t i o n a l  co l lapse o f  the dust d i s t r i b u t i o n  i s  supposed t o  be prevented

by a stronger short- range repuls ion.  They obtained some i n t e r e s t i n g  re-  
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s u l t s  which are  s t r u c t u r a l l y  important  i n  srnall as we l l  as i n  la rge d i -

mensions. As c y l i n d r i c a l  systems played an important r o l e  i n  n v e s t i g a -  

t i n g  h igh l  y  non-spherical col lapse, i t seems worthwhi l e  t o  d i  r e c t  a t t e n -

t i o n  t o  the e f f e c t  o f  a  rea l  short- range sca lar  f i e l d  i n  the case o f  cy-

l i n d r i c a l  systems. 

I n t h i s  paper we propose t o  extend the idea o f  repu ls ive  Yukawa type 

f i e l d  int roduced by Te i xe i ra  e t  aZ., t o  the case o f  c y l i n d r i c a l l y  symme-

t r i c  system. We consider here a  s t a t i c  c y l i n d r i c a l  d i s t r i b u t i o n  o f  mat-

t e r  i n  the form o f  incoherent dust .  The const i  tuents o f  the dust are sup-

posed t o  be simultaneously sources o f  g r a v i t a t i o n a l  as we l l  as repu ls ive  

short- range sca la r  f i e l d s .  A c lass  o f  approximate so lu t i ons  a re  presen -

ted. The i n t e r e s t i n g  fea tu re  o f  the so lu t i ons  i s  t h a t  w i t h i n  the v a l i d i -

t y  o f  our  approximation, the radius o f  the cy l  i n d r i c a l  d i s t r i b u t i o n  l ies 

w i t h i n  a  d e f i n i t e  range. Moreover, a t  la rge distances from the source, 

the on l y  i n t e r a c t i o n  t h a t  can e x i s t ,  i s  a  g r a v i t a t i o n a l  one and o f  Lev i-  

-C iv i  t a  type. 

2. BASIC EQUATIONS 

I n  a  region conta in ing  matter  and source o f  short- range sca lar  f i e l d ,  the 

E ins te in  f i e l d  equations a re  

where 

p i s  the matter  densi ty,  s i s  a  short- range ( 1 / ~ )  repu ls ive  sca la r  f i e l d ,  
i o i s  the dens i ty  o f  the source o f  s ,  and u i s  the 4 -ve loc i t y  f i e l d  o f  p 

and a. 



For a s t a t i c  c y l i n d r i c a l  d i s t r i b u t i o n  o f  incoherent dust, we consider 

the general l i n e  elernent w i t h  c y l i n d r i c a l  s y m e t r y  

where a1 1 the me t r i c  elements are funct ions o f  r on ly .  The coordinates 

(xO,r,$,z) a re  numbered as (0,1,2,3). The s t a t i c  condi t i o n  impl ies  t h a t  
ui = 6i e-n. 

o 

From the equations (2.1) - (2.4) we have 

The fou r  unknown func t ions  i n  the  l i n e  element (2.5) can be reduced a t  

most t o  th ree unknown func t ions  (Synge) . So we take the 1 ine  element i n  

the form considered by Te ixe i ra ,  Wolk and Som where 

The f i e l d  equãtions can now be expressed w i t h  the he lp  o f  the equations 

(2.1) - (2.3) and (2.5) - (2.7) as 

where the subscri p t  i denotes d i  f f e r e n t  i a t i o n  w i  t h  respect t o  coordi na- 

t e  r. The conse'rvation laws !Ti = O y i e l d :  j ; i  
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3. SOLUTIONS OF THE EOUATIONS 

The t o t a l  number o f  f i e l d  equations i s  f i v e .  The number o f  unknown func- 

t i ons  (q,~,y,p,a,~)  i s  s i x .  So we add one more equation by assuming t h a t  

the source densi t i e s  bear a constant  r a t i o  such as 

As w e  have f a i  l e d  t o  ob ta in  the exact  so lu t i ons  o f  the  f i e l d  equations , 
we proceed t o  ob ta in  the approximate so lu t i ons  fo l l ow ing  the method used 

by Te ixe i ra ,  Wolk and Som. We expand the  f o u r  po ten t i a l s  ( ~ , f 3 ,  y , ~ )  and 

the two dens i t ies  ( p , ~ )  i n  i n t e g r a l  powers o f  a small dimensionless cons- 

t an t  k t o  be i d e n t i f i e d  l a t e r .  I n  the lowest approximation, we take the 

dens i t ies  (p,a) independent o f  k and the  po ten t i a l s  (n,B,X,s) p ropo r t i o -  

na1 t o  k. Then the equations (2.8) - (2.13) reduce t o  

I n  t h i s  order  o f  approximation the f i e l d  equations are decoupled i n t o  

grav i  t a t i o n a l  and sca lar  equations. However i n  view of the equation (3.7) 

which comes from the conservation laws, the gravi  t a t i o n a l  and sca la r  f i -  

elds are, i n  f a c t  no t  independent. 

When p # O, we have from the equations (3.2), (3.6) and (3.7) 
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where the subscr ip t  i means interna1 . Now on plugging the equation (3.8) 

i n t o  the equation (3.61, one gets 

The equation (3.9) i s  the Bessel 's equation. Two possible cases arise: I )  

f
2 < 1 and ll)f%l. 

Case I) when f2 < 1, the equation (3.9) takes the form o f  Bessells modi- 

f i e d  d i f f e r e n t i a l  equation, The so lu t ions o f  t h i s  equation are modi f ied 

Bessel funct ions o f  order zero. However the so lu t ions diverge a t  the ax i s  

o f  symnetry which impl ies i n f i n i t e  densi ty o f  matter  a t  the ax is .  There- 

f o re  the case f2<1 i s  o f  less physical i n t e r e s t .  

Case I I) when f2>1, the general s o l u t i o n  o f  the  equation (3.9) i s  given by 

where J and y are Bessel 's funct ions o f  the f i r s t  and second k i n d o f  o r -  
o o 

der zero. a and B are constants o f  i n t e g r a t i o n  and A' = v2/f2-1. We put B= 

O t o  ensure f i n i  t e  densi ty a t  the  ax i s  o f  s y m t r y .  The densi t y  o f  matter  

i s  then given by 

From the equations (3.8) and (3.10) we have 

where E '  = EA a dimensioniess constant. When p + O we ob ta in  from (3.7) 

n i = - K - f S i  (3.12) 

where K i s  constant in tegra t ion .  Now on plugging (3.11) i n t o  (3.12) weget 
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On sub t rac t i ng  the equat ion r e s u l t i n g  frorn the surn o f  ( 3 . 2 ) ,  ( 3 . 4 )  and ( 3 .  
5) from the equat ion ( 3 . 3 )  one obta ins  

(ll+X) / r  = O 

the i n t e g r a t i o n  o f  ( 3 . 1 4 )  y i e l d s  

where b constants o f  i n teg ra t i on .  Since i n  t h i s  approxirnation R' + R ~  = 0, 
o 2 

we choose b = O so t h a t  0 .  + yi = 0. 

On i n t e g r a t i n g  ( 3 . 4 )  one gets 

where g  and h constants o f  i n teg ra t i on .  To avo id  s i n g u l a r i t i e s  a t  r =O,we 

choose g E O .  

4. EXTERIOR SOLUTION 

The e x t e r i o r  s o l u t i o n  corresponds t o  the case p = o = O.  Then the equations 

( 3 . 2 )  - ( 3 . 6 )  can be e a s i l y  in tegra ted as 

and 

where K (ru) i s  rnodif i ed  Bessel f unc t i on  o f  second k i n d  and o f  o rder  zero. 
o 

The subscr ip t  e rneans externa1 and a, 6 and 9 are constants o f  i n teg ra t i on .  
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We now impose tha t  a t  the boundary o f  the c y l  inder  (r- R) the potent ia ls  (q, 

f3,y and S) be continuous as we l l  as the rad ia l  f i r s t  de r i va t i ves  o f  q and 

S. The cont inu i  t y  o f  11 and r7 f i x e s  the constants a and a, so t h a t  we have 
1 

qe = E ARJ ( AR )  1 n  r/r 
1 O 

(4.4) 

The c o n t i n u i t y  o f  y i s  i d e n t i c a l l y  s a t i s f i e d .  The c o n t i n u i t y  o f  6 gives 6 

i n  terms o f  h and Q . ( R ) .  
Z 

The c o n t i n u i t y  o f  S and S not  only 
1 

bes t o  the rad i  us R an upper bound: 

f i x e s  the constants 6 b u t  a l s o  prescr i-  

given by the r e l a t i o n  

and the p o s i t i v e  def in i teness o f  the dens i ty  o f  matter .  

From (3.1) and (4.2) we get  

E '  Si = f Jo (Ar) 

Now i n  the  Lev i- C iv i t a  type systems the mass parameter i s  def ined by 

Where M represents mass per u n i t  length  o f  the c y l i n d e r .  Comparing ( 4  .4) 
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and (4.8) we ge t  

Since i/J,(h~) > 1 f o r  hR > 2.8, o u r  appmximat ion i s  v a l i d  i f  - < I .  
C'X l n  R 

It i s  then na tu ra l  t o  i d e n t i f y  the  constant  E' w i t h  the  small c o n s t a n t K i n  

terms o f  which the se r i es  expansion o f  the func t ions  were made. 

5. DISCUSSION 

The approximate s o l u t i o n  represents a s t a t i c  d i s t r i b u t i o n  o f  incoherent 

dust whose g rav i  t a t i o n a l  c01 lapse í s  prevented by a stronger repulsion from 

Yukawa type source. An important  fea ture  o f  the s o l u t i o n  i s  t h a t  no singu- 

l a r i t y  occurs e i t h e r  i n  the source dens i ty  o r  i n  the p o t e n t i a l s  w i t h i n  the 

prescr ibed cond i t i on  (4.5). The mass dens i ty  p ( r )  has a maximum f i n i t e  va- 

lue  a t  the ax i s  o f  symmetry and decreases monotonical ly  t o  a f i n i t e  value 

a t  the boundary. The sca lar  f i e l d  f a l l s  o f f  r a p i d l y  a t  la rge distances.At 

la rge distances the o n l y  i n t e r a c t i o n  one has i s  a g rav i  t a t i o n a l  one and o f  

Lev i - C iv i t a  type. 

The case where AR<<2 i s  p a r t i c u l a r l y  i n t e r e s t i n g .  For f2>>1, R >> 1 / ~ ,  so 

t h a t  S + O. The p o t e n t i a l s  qi, Bi can be obtained expanding J, (h) i n  se- e 
r i e s  and neg lec t ing  terms h igher  than 12r2 

where A = EIXRJ, (XR) . 

For B, we may s i m i l a r l y  o b t a i n  a simple expression conta in ing  terms up t o  
l"r4. 



The s o l u t i o n  i s  then equivalent  t o  tha t  given by Raychaudhuri and Som f o r  

a s ta t i ona ry  cy l  i n d r i c a l  l y  symnetric c lus te rs  o f  p a r t i c l e s  m v i n g  i n  c i  r- 

eles perpendicular  t o  the ax i s  o f  symnetry i n  such a way tha t  t h e t o t a l  an- 

gu lar  rnomentum o f  the system vanishes. The e f f e c t  o f  the repu ls ive  sca lar  

f i e l d  i n  the source d i s t r i b u t i o n  resembles t o  tha t  produced by the c i r cu-  

l a r  motions o f  the p a r t i c l e s  around the ax i s  o f  symmetry i n  counter d i rec -  

t ions .  

The d i f f i c u l t y  w i t h  c y l i n d r i c a l  analyses i s  t ha t  space-time i s  not  asymp- 

t o t i c a l l y  Minkowskiian f a r  outs ide the system. I n  the next paper we pro- 

pose t o  analyse the bounded l o c a l l y  c y l i n d r i c a l  systems. 
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