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It is demonstrated that cylindrically symmetric stationary electrovac 

fields are always reducible to static electrovac fields when the rnetric 

elements CJ 
tt' gt4 

andg are linearly connected. 44 

Demonstra-se que campos eletrovac estacionários com simetria cilindricaca 

são redutiveis a campos eletrovac estáticos sempre que os elementos da 

métrica g tt, gt4 e g4@ forem relacionados linearmente. 

1. INTRODUCTION 

In an earlier work, ~ewis' first examined the stationary cylindrically 

symnetric vacuum field and obtained a special class of solutions of 

Einstein's equations, which are linear combinations of the static cylin- 

drical ly symmetric solutions2 wi th constants coeff icients. Later Som e t  

aZ.3 extended his work to a stationary axially symmetric case and pre- 

sented a class of solutions which are linear combinations of the static 

axial ly symnetric curzon4 f ields. Recentl y ~rehland', Som et.aZ. stu- 

died the general solution of Einstein's equations for stationary cylin- 

drically syrnmetric vacuum field and found that these solutionsarealways 

reducible to the static f ield by a sui table coordinate transformation. In 

fact they obtained the coordinate transformations which diagonalize the 

stationary cylindrically symmetric line element. 

It seerns worthwhile to the present author to study whether this property 
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i s  a general fea ture  o f  the c y l i n d r i c a l  symmetry w i t h  respect t o  o ther  

s ta t i ona ry  f i e l d s .  I n  the present work some special  so lu t ions correspon- 

ding t o  the source- free s ta t ionary  c y l i n d r i c a l l y  symmetric electromagne- 

t i c  f i e l d s  are invest igated.  I t  i s  found tha t  i f  g tt> g4$ and glat are 1 i- 

near ly re lated,  the  s ta t i ona ry  so lu t ions can be reduced t o  the known so- 

l u t i o n s  corresponding t o  the s t a t i c  e lectrovacs.  

2. FIELD EQUATIONS 

For a s ta t i ona ry  c y l i n d r i c a l l y  symmetric metr ic,  the most general l i n e  

elernent may be w r i t t e n  as: 

where f, J i ,  R and m are  funct ions o f  r alone. We number the co-ordinates 

t, r, z, @ as 0,1,2,3, and take the u n i t s  i n  which G = c = 1 .  The Eins- 

tein-Maxwell f i e l d  equations i n  an otherwise empty space are 

where 

f bei ng the electromagnetic f i e l  d tensor whose onl  y non-vanishi ng con- 

t rava r ian t  components f o r  a s ta t i ona ry  cy l  i n d r i c a l  l y  symmetric f i e l d  are 

~ 1 3  = - ~ 3 1  and F1Q -p'O1. 

For such a f i e l d  one has 



so tha t  from Eq. (2)  one obtains 

I n  view o f  ( 7 ) ,  one can introduce Weyl- l ike canonical co-ordinates such 

tha t 3  

f~ + rn2 = r2 . ( 8) 

From Eq. (4) one has 

and 

W i  t h  the help of Eqs. ( I ) ,  ( 3 ) ,  (8) , (9)  and (10) the f i e l d  equations can 

be w r i t t e n  from Eq. (2 )  as 



I f  one wri  tes f / R  = u and m/R = v ,  then Eq. (8) reduces t o  

and Eqs. (13)- (16)  take the simple forms 

i f  one now assumes t h a t  there  i s  a  l i n e a r  r e l a t i o n  between u and v 

v = a u + b ,  (2 1 )  

then for  non-nu1 l rea l  f i e l d s  one must have 1 + 4ab = u2 > O .  One class 

of  solut ions o f  Eqs. (11 )- (12)  and (18)-(20) i s o b t a i n e d 7  as 



where k ,  c and r are constants and o 

Another. c lass  o f  so lu t ions  i s 8  

f = Y 2  [ R ~  - u 2 r 2 R - 7 ,  ( 2 8 )  

R = y 2  E 2 r 2  - w ~ R ~ ,  ( 2 9 )  

rn = y2w E 2 r 2  - R' 1, ( 3 0 )  

where c i s  a  constant o f  i n t e g r a t i o n  and O < w  < ' 1 ,  Y = (1-u2)  - 1 / 2  

2 - c  R  = rc + br , b = constant  o f  i n t e g r a t i o n  . (31) 

Eqs. (28)-(30) g ive  

3. DIAGONALIZATION OF THE METRIC 

Le t  us now cons 

these two cases 

t o  a  fundamenta 

i d e r  the d iagona l i za t i on  o f  the rnetr ic  corresponding t o  

o f  so lu t i ons .  The l i n e  element (1) can e a s i l y  be reduced 

1 quadra t ic  form by the fo l l ow ing  t ransformat ion:  



where + signs before correspond t o  p o s i t i v e  and negat ive values o f  v.  

For p o s i t i v e  o f  we have 

and 

The s o l u t i o n  thus corresponds t o  the a x i a l  magnetic f i e l d .  With negat ive 

we have 

and 

Th ise .o lu t ion  corresponds to  the r a d i a l  e l e c t r i c  f i e l d .  Both these solu-  

t i ons  are equivalent  t o  those a1 ready given i n  the 1 i te ra tu reg - ' I .  

The t ransformat ions fo r  the second case may be obtained simply by subs- 

t i t u t i n g  i n  Eq. (32) the values o f  a and ri from Eq.  ( 21 ' ) .  For p o s i t i v e  

11 we then have 



The transforrned so lu t ion corresponds t o  a purely s t a t i c  rad ia l  fie1d6-'. 

For negati ve we have 

The transformed so lu t ion i s  equivalent t o  those given by ~onnor "  and 

Chosh and sengupta12 f o r  ax ia l  magnetic f ie lds.  

4. CONCLUSIONS 

I t  can be shown that  the l i near  r e l a t i on  among f ,  !I and m always induces 

a coordinate transformation which reduces the 1 ine element (1) t o  a qua- 

d ra t i c  fundamental form. Let us assume that  there ex is ts  a l i nea r  re la-  

t i o n  among f, R and m o f  the form: 

Then 'the l ine-element (1) takes the forrn 

as2 = fdt2 - ezJl(dr2 + dz2)  - ~4~ - 2(af + b~.)d$dt 

If one now makes the coordinate transformation 

t =  a t + B @  

4  = y 5 + 6 t  

one gets imnediately 

ds2 = F % ~  - e2'(dr2 + d z 2 )  - L&' 

where 



The 1 ine  'element (1 I )  i s  the  we l l  known form o f  the cy l  i n d r i c a l  l y  sym- 

met r ic  met r ic .  
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