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Halbwachs Lagrangean formal ism f o r  the theory o f  charged po in t ,  p a r t i -  

c les  w i t h  sp in  ( g  = 2) i s  general i zed and formulated i n  General Rela- 

t i v i  t y  f o r  p a r t i c l e s  o f  a rb i  t r a r y  charge and magnetic moment. Equations 
v are obtained, both corresponding t o  Frenkel 's  cond i t i on  S 5 =O and t o  

V Ilv 
Nakano's cond i t i on  S P = O. With the l a t e r  cond i t i on  the exact equa- w 
t i o n s  are h i g h l y  coupled and non l i near .  When l i near ized i n  the e lec t ro-  

magnetic and g r a v i t a t i o n a l  f i e l d s  they coincide w i t h  de G r o o t - S u t t o r p  

equations f o r  vanishing g r a v i t a t i o n a l  f i e l d  and w i t h  Dixon-Wald equat i -  

ons i n  the absence o f  electromagnetic f i e l d .  The equations correspon- 

d ing  t o  Frenke l ' s  cond i t i on ,when  l i nea r i zed  i n  S coincide w i t h  Pa- 
!Jv' 

papetrou's and Frenkel 's  equations i n  the corresponding l i m i t s .  

O formalismo Lagrangeano de Halbwachs para pa r t í cu las  puntiformes car-  

regadas e com spi n (g  = 2) é general izado e estendido para Relat iv idade 

Geral, para pa r t í cu las  com carga e momento magnético a r b i t r ã r i o s .  Obtêm 
.V 

-se equações de movimento correspondentes ás condições de Frenkel SuVz = 

O e de Nakano S pV = O .  Com a u l  t ima condição, as equações de movimen- 
Ilv 

t o  exatas são fortemente acopladas e não l ineares .  Quando estas são li- 

near i  zadas nos campos eletromagnético e grav i  tac iona l coincidem com as 

equações de Sut to rp  e de Groot para campos grav i  tac iona is  nulos, e com 

as equações de D i  xon-Wal d na ausênci a de i nteração el e t  romagnét i ca . As 
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equações correspondentes à condição de Frenkel coincidem com as equa- 

ções de Papapetrou e Frenkel nos 1 imi tes  correspondentes. 

1. INTRODUCTION 

I n  1926 ~homas' successful l y  made a k inemat ic ana lys is  o f  the precession 

o f  the e lec t ron  sp in  using approximate r e l a t i v i s t i c  equations, t o  ex- 

p l a i n  the gyromagnetic f a c t o r  g = 2 o f  the e lec t ron  as evidenced b y t h e  

Hidrogen atom spectroscopy. Since then many cons i s t e n t  equations fo r  

c l a s s i c a l  p a r t i c l e s  w i t h  sp in  were produced, using severa1 procedures, 

such as: 

a) Use a v a r i a t i o n a l  methods f o r  p o i n t  pa r t i c l es2 -5 .  

b) Obtention o f  cons is ten t  equations f o r  a f l u i d  o f  p a r t i c l e s  w i t h  sp in  

and passage t o  p o i n t  p a r t i c l e s  by analogy wi t h  the usual correspondence 

between f l u i d  equations and those f o r  p o i n t  p a r t i c l e s 6 ' 7 .  

c) Use o f  the conservat ion equations f o r  obtainrnent o f  the equations o f  

rnotion f o r  a smal 1 spinning body: 

f o r  e lectromagnet ic (E.M.) o r  (and) g r a v i t a t i o n a l  interact ion."13 

d) Use o f  quantum r e l a t i v i s t i c  equations, such as D i rac ' s  one, to obtain,  

by correspondence, the c lass i ca l  theory.  12' l 4  

~homas' and ~ r e n k e l ~  rea l  i zed al ready t h a t  a supplementary c o n d i  t i  o n  

such as 

should be s a t i s f  i ed  by the sp in  tensor (SUV = - SVU) . Frenkells condi- 

t i o n  (2) has been wide ly  used. However ~ o l l e r ' ~  showed tha t  i t  leads 

t o  unsa t i s fac to ry  h e l i c o i d a l  motions. 



This i s  the case o f  Frenke l 's  equations: 

t h a t  leads t o  h e l i c o i d a l  mot:ions even i n  the absence o f  E.M.f ields.This 

i s  due t o  the f a c t  t ha t  they are second order  e uat ions i n  U" . I n  eqs. 

(3 )  a comma means pa r t i a ,  de r i va t i ve  and: 2 P b i 3  = p'iV - Pv;' . 

The same problem appears i n  some group-c theor ies,  1 i k e  ~ e ~ s s e n h o f f  ' s e  

and Papapetrou-Schi l d ' s 1 3  which lead t o  eqs. (3)  f o r  the f ree  f i e l d  case. 

~ a k a n o ' ~  proposed a d i  f f e r e n t  supplementary condi t i o n :  

where P' i s  the gauge- invariant moment. I t can be shown t h a t  wi t h  con- 

d i t i o n  (4) the equations o f  motion do not  allow the h e l i c o i d a l  solut ions.  

Another k i n d  o f  problem which appears i n  group-c theor ies i s  re la ted  

w i t h  the passage t o  the 1 i m f  t o f  p o i n t  p a r t i c l e s .  Indeed Mo1 l e r"  pro- 

ved t h a t  i f  the  energy-density i s  d e f i n i t e  pos i t i ve ,  there i s  a minimum 

s i ze  o f  a spinning p a r t i c l e  (r  = S/M, S being the sp in  and M the mass). 
o 

We might  argue, however, t h a t  even f o r  a spin less e lec t ron  consideredas 

the l i m i t  o f  a d i s t r i b u t i o n  o f  charge and matter ,  a minimum s i z e  occurs. 

To take the l i m i t  o f  p o i n t  p a r t i c l e ,  we have t o  int roduce negative ener- 

g ies .  Thus we should a l so  permi t t h i s  procedure f o r  obtainment o f  spin-  

n ing p o i n t  p a r t i c l e s .  Th is  problem does not  appear, however, i n  va r i a -  

t i o n a l  formalism which assumes from the beginning p o i n t  p a r t i c l e s .  



Using method (c) Sut torp  and de ~ r o o t ' ~  obtained, wi t h  condi t i o n  ( 4 1, 
ri v equations o f  motion of  spinning p a r t i c l e s  which they l i nea r i zed  i n  F . 

They a lso  assumed, as usual, the magnetic moment t o  be propor t iona l  t o  

the spin: 
#v = ris'V (5a) 

where ri i s  a r b i t r a r y ,  being 

f o r  charged p a r t i c l e s .  Actualy p can be d i f f e r e n t  from zero even fo r  neu- 

t r a l  p a r t i c l e s ,  i .e., when p = 0. 
O 

They obta i  n 

whe r e  

They a l so  showed t h a t  these equations coincide w i t h  those obtained, i n  

the same approximation and as a c lass i ca l  l i m i t ,  from Dirac 's equation 

w i t h  anomalous magnetic moment (g # 2) ,  a f t e r  they were submitted t o  a 

general ized Foldy-Wouthuysen transformation. 

I n  General R e l a t i v i t y  (G.R.) ~ a ~ a ~ e t r o t ?  was the f i r s t  t o  ob ta in  the , 

equations o f  p o i n t  spinning pa r t i c l es ,  by rnethod (c ) ,  f o r  pure g rav i ta-  

t i o n a l  i n te rac t i on :  



These equations are not  complete i n  the sense tha t  he d i d  not  assume a 

supplementary condi t i o n  1 i k e  (2) o r  (4) .  I n  a l a t t e r  paper17, he uses 

the cond i t i on  soZ = O i n  a p r i v i l edged  coordinate system, although t h i s  

i s  no t  necessary. Indeed Schi ldi3 obtained Papapetrou's equations ( 7 ) 

using cond i t i on  (2 ) .  

I n  the present paper weob ta in the  equations o f  motion o f  a charged par-  

t i c l e  w i t h  a r b i t r a r y  magnetic mornent i n  General R e l a t i v i t y .  

I n  sec t ion  2 we 

extend h i s  equa 

I n  sec t i on  3 t h  

l oca l  v a r i a t i o n  

reformulate Hal bwachs Lagrangean formal i sm us i  ng i t t o  

t i o n  t o  a rb i  t r a r y  g- fac to r .  

i s  Lagrangean formal ism i s  extended t o  G.R. f i r s t  using 

i n  Riemannian coordinates and then extending i t  t o  co- 

va r i an t  form. This i s  used t o  der ive  the equations o f  motion inpresen-  

ce o f  E.M. and grav i  t a t i o n a l  f i e l d  wi t h  condi t i o n  ( h ) ,  which general i- 

zes de Groot-Suttorp equations when l i nea r i zed  i n  the f i e l d s .  

For the case o f  homogeneous E.M. f i e l d s ,  equations wi t h  condi t i o n  (2) o r  

(4) coincide and lead t o  Bargmann, Michel and Teledgi '' (BMT) equat ion 

f o r  the sp i  n precession. 

2. VARIATIONAL METHODS I N  SPECIAL RELATIVITY (S.R.) 

Soon a f t e r  discovery o f  the e lec t ron  spin,  ~ r e n k e l ~  obtained c lass i ca l  

equations o f  motion o f  a p a r t i c l e  and i t s  sp in  by a v a r i a t i o n a l  Lorentz 

i nva r i an t  formalism. However, i.t was not  defined i n  holonomic form, 

what i s  unsat is fac tory  f o r  many reasons; no t  on ly  consistency o f  t h i s  

equations i s  not  obvious, bu t  even a Hamiltonian formalism i s  not  obta- 

ined from i t .  



Lattes,  Schonberg and schÜtzer3 reformulated Frenkel 's  treatment i n  an 

holonomic form but, although the resu l  t s  are Lorentz i n v a r i a n t  (L. I .) , 
the sp in  var iab les  are def ined i n  no t  an obvious L. I .  way. We have not  

found useful  t o  t r y  an extension o f  t h i s  method t o  curved spaces. 

~ a l b w a c h s ~  formulated an obviously L. I . holonomic v a r i a t i o n a l  method t o  

ob ta in  the equations o f  motion f o r  a charged p a r t i c l e  i n  the case when 

the gyromagnetic f a c t o r  i s  2. I n  a11 these papers the Frenkel supplemen- 

t a r y  cond i t ion  (2) was used. 

I n  t h i s  sec t ion  we sha l l  extend Halbwachs formalism t o  a r b i t r a r y  q and 

u. Condi t i o n  (4) can a l so  be used, as w i l l  be done i n  next  sec t ion  i n  

G.R.. 

The po in t  p a r t i c l e  i s  character ized by i t s  p o s i t i o n  xu = xU(T), where T 

i s  a parameter, i t s  f ou r- ve loc i t y  U' = cikFi/d~ = iFi and i t s  sp in  s F i v ( ~ )  

which i s  determined by two Einstein-Kramers (E.K.) var iab les"  

the sp in  tensor being def ined by 

I f  cond i t ion  (2) i s  imposed we complete the E.K. t e t r a d i c  se t  t ha t  i n -  

cludes, b( ') '  and b(2)Fi, w i th :  

w i t h  ( f o r  a,B = 0,1,2,3): 

E ins te in  summation convention i s  used both f o r  tensor as f o r  t e t r a d i c  
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indices.  nFiV i s  the Minkowski m e t r i c  (-+++) and 0 (a)(B) i s  formal the 

same quant i  t y  i n  the indices (a), (6) o f  enumeration o f  the vectors 

h(ci)Fi =' (a) (8) 
,(B)ri 

The passage t o  the case sPVpV = O corresponds t o  take 

b(0)Fi = pV(-pvpv)-l/2 (10) 

Thus genera l iz ing  and modifying Halbwachs formulatíon, we take f o r  the 

Lagrangean 

Here ( i , j  = 1,2) i s  def ined by: 

and 1~ 

I n  ( 1  

t i ons  

E = - E  E ]  ; E = E  = O ,  
12 2 1 11 2 2  

i s  a rb i  t r a r y  (equal 2~ f o r  Halbwachs) . 

1 )  hFi, X.. and A are Lagrangean mul t i p l  i e r s  used t o  impose condi- 
23 

(21, (8a) and (12): 

The term 

represents the energy o f  proper r o t a t i o n 4  no t  expl i c i  t l  y def ined by 

Frenkel . The remai n ing are obvious terms o f  i nterac t ion .  

The equations o f  motion are obtained by a v a r í a t i o n  



when the  a r b i t r a r y  extrerne p o i n t s  A, B a r e  f i x e d .  The ac tua l  t r a j e c t o r y  

i s  the  one f o r  which I i s  extreme i n  r e l a t i o n  t o  o t h e r  parametr ized 

-(i)u(~), k( ' ) ' (~),  wi t h  paths Zu(T), i u ( T ) ,  b 

6xFi and 8b")' v a n i ~ h i n g  a t  po i n t s  A, B.  

Here a11 q u a n t i t i e s  a r e  f unc t i ons  o f  T a lone  and a re  i ndependent: 

= o  14d) 

The w e l l  known de ta i  1s g iven  a f t e r  eq. (14a) a re  n o t  super f  luous s i  nce 

they rnust be extended t o  G.R.. 

Thus we o b t a i n  the  supplernentary cond i t i ons  ( 2 ) ,  (8a) and (12) p l us  the  

equat ions 



and, f o r  the E.K. var iab les :  

I n  (15c) we used ( l sb ) ,  (2)  and (12) . 

Not ice t h a t  f o r  our Lagrangean, the canonical angular momentum" 

coincides wi t h  expression (8) .  

From (8a, (9) , (15b) and (16) we get  h = O and 

and from (21, (15b) and (15d), 

Equations (15) are  the  same as Frenkel ' s  eqs. (31 ,  now obtained by an 

holonomi c procedure. 

Also, using (12) and (15) we ob ta in  

where we took % = rn as t h i s  occurs, asymptotical l y ,  f o r  vanishing PV. 
O 

We no t i ce 4 t h a t  (13) i s  not  the most general expression f o r  the energy 

o f  proper r o t a t i o n  but  we use i t f o r  simpl i c i  t y .  Regge and ~anson '  have 



indeed formulated a very general r e l a t i v i s t i c  theory f o r  spher ical  top 

i n  i n t e r a c t i o n  w i t h  E.M. f i e l d ,  using a l so  a v a r i a t i o n a l  p r i n c i p l e .  

A f te r  t h i s  work was accomplished i t  came t o  our  a t t e n t i o n  a p r e p r i n t  o f  

R. Hojman and S. ~o jman"  which extends tha t  fo rmula t ion  t o  G.R., f o r  

charged p a r t i c l e s  w i thout  magnetic moment, w i t h  some unsat is fac tory  re-  

s u l t s  such as the 4-ve loc i ty  becoming a space vec tor  i n  reg ionsof  st rong 

f i e l d s .  The poss ib le  r e l a t i o n  o f  these papers t o  our treatment i s b e i n g  

exami ned . 

3. LAGRANGEAN FORMALISM I N  A RIEMANNIAN SPACE 

A cen t ra l  p o i n t  i n  the Lagrangean formal ism fo r  spinning p a r t i c l e s  i n  

S.R. was t h a t  the  E.K. var lab les  dependend o n l y  on the  proper time and 

no t  e x p l i c i t l y  i n  the coordinates x' o f  the p a r t i c l e s .  I f  t h i s  i s  cor-  

r e c t  i n  a p a r t i c u l a r  coordinate system, i t  would, however, not  be so 

a f t e r  a general coordinate t ransformat ion i s  performed. 

Thus we postu la te  t h a t  i n  G.R. the previ ledged coordinate system where 

the E.K. var iab les  are independent o f  the coordinates i s  p rec i se l y  the 

l a rges t  l o c a l l y  i n e r t i a l  coordinate system associated t o  an a r b i t r a r y  

p o i n t  O i n  p a r t i c l e s ' s  t r a j e c t o r y :  a normal Riemann coordinate system 

8 w i t h  o r i g i n  i n  O. 

I n  a small reg ion conta in ing  O we have 

However the existente o f  a curvature  impl i e s  t h a t  

I n  t h a t  reg ion we use a l oca l  v a r i a t i o n a l  p r i n c i p l e  w i t h  const ra in ts :  



F i g .  1 

w i t h  f i x e d  po in t s  A and B i n f i n i t e s i m a l y  near, and assume tha t  the path 

which makes I extreme ( t r a j e c t o r y )  contains O ( ~ i g . 1 ) .  

Thus we have: 

Thus, besides the supplementary condi t i o n s  which take the same form as i n  

S . R .  (eqs. (2 ) ,  (8d) and (12)) we obta in ,  a t  the p o i n t  0, the Euler-La- 

grangean equat ions : 

I n  spec ia l  we take 



i .e., the covar ian t  gene ra l i za t i on  o f  ( l l ) ,  w i t h  

~b(')' 
i(<)" +-C, l a ( i )  P ;a r 

m P 

(Not ice t h a t  {,O ) vanishes on l y  a t  O)  
o â 

. We ob ta in  

where 

i s - t h e  gauge- invariant moment, r e l a t i v e  both 

na1 t ransformat ions.  

m k  - s--lV 
1-i vv (23b) 

t o  E.M. and t o  g r a v i t a t i o -  

The equat ion f o r  a re  f o rma l l y  i den t i ca l  t o  (16) i n  R,so we a b t a i n  

i n  O :  

A- 

and the expression ( 1 5 ~ )  f o r  ~~~h~ ( i n  R) . As i n the Riemann frame we 

have i n  O 



eqs. (23) can be w r i t t e n  i n ' a  covar ian t  form i n  the a rb i  t r a r y  p o i n t  O i n  

R and thus take the sarne form i n  any coordinate system (R)  a t  any point: 

For vanishing g r a v i t a t i o n a l  f i e l d s  these equations reduce t o  Frenkel 's  

equations ( 3 ) ,  and f o r  vanishing E.M. f i e l ds  they reduce t o  Papapetrou's 

equations (7) wi t h  condi t i o n  (2 ) .  

We are now prepared t o  formulate the va r i a t i ona l  p r i n c i p l e  i n  a covar i -  

ant  form. 

Thus. i f  i n  I? an a r b i t r a r y  4-vector B' ç a t i s f i e s  a ~ ' / a x ~  = O, i n  R, where 
A 

B' = BV ax' / axV, we have DB' /DZ~ = O .  

I n  p a r t i c u l a r  we f i n d  tha t  

bu t  we s t i l l  have: 



s i nce a ~/az' = & / h p.  

I n  the same way as we obtained (261, we can prove from eq. (20) t ha t ,  a t  

any po in t ,  

Now we can e l im ina te  the cond i t i on  tha t  the f i x e d  po in ts  A, B are very 

near each o ther .  

So the condi t i o n  o f  extreme a c t i o n  and r e l a t i o n s  ( 2 7 )  permi t us t o  ob ta in  

the general ized Euler-Lagrange equations 

val  i d  on p a r t i c l e ' s  t r a jec to ry .  We no t i ce  tha t  (14e) are  s t i  1 1  val  id,but 

not  (14 f ) ,  as: 

With the Lagrangean (22a) i n  an a r b i t r a r y  coordinate system, we thus ob- 

t a i n  d i  r e c t l y  equations (25) (besides the supplementary condi t ions)  . 

Now we wi I 1  ob ta in  the equations cons is tent  w i t h  cond i t i on  (4) .  Thus we 

36 3 



take again (22a) in R, wi th the substi tution -+ PviU, as ~ O W  6 ( 0 ) u  

is given by ( 1 0 ) .  

We assume that P" pPU (z',~~,s") i s  an unknown functional latter to 

be identified with the gauge-invariant moment. 

Proceeding sirnilarly to the previous case we obtain, besides the supple- 

mentary condi tions (4), (8a) and (121, the equations 

where (149) was used, and 

whe re 

Condi tion (4) and eq. (2%) imply that 

which is an implicite eguation for sPVhV. 
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I n (29a) we used t h e  r e l a t i o n  

Equations (29) c o n s t i t u t e  a coupled system much more complex than t h e  

system (25) f o r  c o n d i t i o n  (21, be ing  h i g h l y  non 1 i n e a r .  However i n  weak 

e lec t romagnet i c  and g r a v i  t a t i o n a l  f i e l d s ,  eqs. (29) can be much s imp l  i- 

f i e d  ( l i n e a r  f i e l d  approx imat ion) :  

Cond i t i ons  (4)  and (12) imply  w i t h  (30) :  

where we i d e n t i f i e d  the cons tan t  o f  mot ion  -P P' ( i n  t h e  l i n e a r  approx i -  
lJ 

mat ion)  w i t h  i t i s  asympto t i ca l  va lue  m2. I n  (301, 

i s  t h e  l i n e a r i z e d  Riemann tensor .  

For v a n i s h i n g  g r a v i  t a t i o n a l  f i e l d  eqs. (30) c o i n c i d e  w i t h  S u t t o r p  and de 

Groot equat ions (6) . For pure g r a v i  t a t  i o n a l  f i e l d  they lead  t o  Dixon-Wald 

equat ionsZ0 , which can be w r i  t t e n  i n  t h e  same form as eqs. (21) .  

I f  we d e f i n e  t h e  s p i n  b v e c t o r  



we f i n d  f rom (30): 

which g e n e r a l i z e s  t h e  B.M.T. p recess ion  equations2' , v a l  i d f o r  cons tan t  

E.M. f i e l d s  and no g r a v i t a t i o n a l  i n t e r a c t i o n .  

Con t ra ry  t o  eqs. (28) which were l i n e a r i z e d  i n  the  externa1 f i e l d s  wi t h  

PFi o f  t h e  form (30b), t h i s  cannot be done t o  eqs. (25) due t o  t h e  term 

S" E. However, if we l i n e a r i z e  i t  i n  t h e  s p i n  Ç we ob ta in  equat ions w' 
which c o i n c i d e  w i t h  eqs. (30) when they  a r e  a l s o  1 i n e a r í z e d  i n  the s p i n .  

For homogeneous f i e l d s  they become i d e n t i c a l  and lead  t o  B . M . T .  preces-  

s i o n  equat ions (as t h e  terms q u a d r a t i c  i n  S a l s o  d isappear  i n r q s .  (301 
Fiv 

and (31)) .  
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