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A c lass  o f  so lu t i ons  o f  Einstein-Maxwell equations i s  presented, which 

corresponds t o  an i so t rop i c  Bianchi I I  s p a t i a l l y  homogeneous cosmologi- 

ca l  m o d e l s  w i t h  per fec t  f l u i d  and electromagnet ic f i e l d .  A  p a r t i c u l a r  

model i s  examined and shown t o  be unstable f o r  per turbat ions  o f  the 

electromagnetic f i e l d  s t rength  parameter about a  p a r t i c u l a r  value. This 

value def ines a  l i m i a r  unstable case i n  which the r a t i o  E, o f  the f l u i d  

dens i ty  t o  the e.m. energy densi t y  i s  monotonical ly  increasing wi t h  a  

minimum f i n i t e  value a t  the s i n g u l a r i t y .  Beyond t h i s  l i m i a r ,  the model 

has a  matter  dominated s i n g u l a r i t y ,  and a  c h a r a c t e r i s t i c  stage appears 

where E has a  minimum, a t  a  f i n i t e  time from the s i n g u l a r i t y .  For la rge 

times, the models tend t o  an exact s o l u t i o n  f o r  zero e l e c t r o m a g n e t i  c  

f i e l d  and f l u i d  w i t h  p = (1/5)p. Some cosmological features o f  the mo- 

dels are calculated,  as the e f f e c t  o f  anisotropy on matter  dens i ty  and 

expansion t ime scale f ac to rs ,  as compared t o  the corresponding Friedmann 

model . 

Uma classe de soluções das equações de Einstein-Maxwel l é apresentada, 

que corresponde a  modelos cosmológicos Bianchi I I anisotrõpicos espaci-  

almente homogêneos com f l u i d o  p e r f e i t o  e  campo eletromagnético. Um mo- 

delo p a r t i c u l a r  é  exami nado e  se mostra que é i ns táve l  por perturbações 

do parâmetro de intensidade do campo eletromagnético em torno de um va- 

l o r  p a r t i c u l a r .  Este v a l o r  de f ine  um caso ins táve l  l i m i a r  no qual a  ra-  

zão E, da densidade do f l u i d o  á densidade de energia e.m., é monotoni-

camente crescente com um v a l o r  f i n i  t o  mínimo na s ingular idade, Além des- 

se l i m i a r ,  o  modelo tem uma singular idade dominada pela matéria, e  um 
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estág io  c a r a c t e r í s t i c o  aparece onde E tem um mínimo, a um tempo f i n i t o  

a p a r t i  r da s ingular idade. Para tempos grandes os modelos tendem a uma 

solução exata para campo eletromagnét ico nu lo  e f l u i d o  com p = ( l / S ) p .  

Alguns aspectos cosmo lógicos dos modelos são calculados, como o e f e i t o  

da an i so t rop ia  sobre a densidade da matér ia e os fa tores  de escala do 

tempo de expansáo, em comparação aos correspondentes no modelo de 

Friedmann. 

1. INTRODUCTION AND MODELS 

Anisot rop ic  s p a t i a l l y  homogeneous cosmological models are o f  g reat  i n -  

t e r e s t  f o r  t heo re t i  ca l  cosmology. Besi des ' t he i  r great  general i t y  among 

s p a t i a l l y  homogeneous models, they are  be l ieved t o  prov ide  a more appro- 

p r i a t e  desc r i p t i on  o f  e a r l y  stages o f  our  Universe than Friedmann mo- 

dels.  I n  f a c t  the existence o f  hor izons i n  Friedmann models makes d i f -  

f i c u l  t t o  understand ( i n  these models) the h igh  degree o f  i so t ropy  o f  

the Universe as observed present ly ,  unless very specia l  i n i  t i a 1  condi- 

t i o n s  a re  assumed'. The Universe could have been p r i m a r i l y  an i so t rop i c  

and some processes i n  i t s  e a r l y  stages o f  evo lu t i on  have r a p i d l y  i s o t r o -  

p ized it. Arnong these processes, the mechanism o f  p a r t i c l e  c rea t i on  has 

been ex tens ive ly  inves t iga ted,  and i t  proves t o  be s i g n i f i c a n t  o n l y  f o r  

.ani so t rop i  c me t r i  cs2. Furthermore i t has been suggested t h a t  the presen- 

ce o f  e lectromagnet ic f i e l d s  could a l t e r  the r a t e  o f  c rea t i on  o f  p a r t i -  

c les  i n  an i so t rop i c  models3. F ina l l y ,  an iso t ropy  can a l ço  have a s i g n i -  

f i c a n t  influente i n  the expansion t ime scales o f  the e a r l y  o f  the evo- 

l u t i o n  o f  the Universe, and thus c r i t i c a l l y  a f f e c t  physical  parameters 

o f  these e a r l y  stages ( c f .  references (1) and (4) f o r  the  problem o f  he- 

l ium abundance i n the un i  verse) . 

I n  t h i s  context  we present a c lass  o f  s p a t i a l l y  homogeneous cosmlog i -  

ca l  so lu t ions  o f  Einstein-Maxwell equations f o r  a perfect: f l u i d  and 

electromagnet ic f i e l d ,  w i t h  a Bianchi type I I  group
5 

a c t i n g  t r a n s i t i v e -  

l y  on the sect ions o f  homogeneity o f  the m d e l .  The sect ions are then 

endowed w i t h  the s t r u c t u r e  o f  the o r b i t s  of the L i e  group generated by 

the Bianchi II L i e  algebra 



Taking ( r , 0 , + )  a s  l oca l  coordinates on these three dimensional mani- 

fo lds,  an i n v a r i a n t  bas is  - dual t o  ( 1 )  - can be given by the  1-forms 

where m ( 8 )  s a t i s f i e s  the equat ion 

cbn 4 s i n  e m - =  de , 

A a constant. The 1 ine element i s  assuned t o  have the form 
1 

ds2 = d t 2  - A2 ( t )  ( o 1 )  - ~ ~ ( t )  ( ( w 2 )  + (u3) (4) 

We a l so  express (4)  i n  the form (*I 

whe r e  

( A )  &a.  
and we use (6) and (2) t o  de f ine  the t e t r a d  m a t r i x  e:) by & = e a  

Ricc i  r o t a t i o n  c o e f f i c i e n t s  are def ined 

(*) Cap i ta l  L a t i n  ind ices  are  t e t r a d  indices and run form O t o  3; they 
AB 

are ra ised and lowered w i t h  Minkowski matr ices , qAB= diag(+l,-1,-1, 

- 1).  Greek indices are coordinates indices and run from O t o  3; they are 
a P ra ised and lowered w i t h  the me t r i c  g , golB . 



and f o r  (6) and (2) they have the non-nu1 1 components 

where a dot  means t- der iva t  i ve. 

I n  our models we have the presence o f  an electromagnet ic f i e l d .  Since 

we assume t h a t  i t  i s  no t  a pure t e s t  f i e l d  bu t  a l so  ac ts  as source o f  

the  curvature, i t  must then be cornpatible w i t h  the  symnetries o f  t h e  

space-time. Frorn (4) i t  i s  seen t h a t  we have a p re fe r red  d i r e c t i o n  i n  

our Uni verse, deterrnined by wl. We are then l e d  t o  take both $ and  8 
+ + 

along t h i s  d i r e c t i o n .  Spat ia l  homogeneity imp l ies  t h a t  E and H must be 

func t ions  o f  t  on ly .  With these r e s t r i c t i o n s ,  the electromagnet ic ten- 

sor FAB has the on l y  components 

Fo 1 = - = ~ ( t )  

F 2  3 
= -  F = ~ ( t )  

3 2  

i n e r t i  a1 f rarne determi ned by (6) and (2) . I n  t h i s f rame, 

ions are  wr i  t t e n  (*I 
i n  the l o c a l  

Maxwe I 1  eq ua t 

(*) Square brackets denote ant i- symmetr izat ion and a bar denotes p a r t i -  

a l  de r i va t i ve .  



Us ing  (8) , (9) and (6) , equat ions (1 0) reduce respec t i ve l y t o  

A 
In t roduc ing the new var iab les  E = E B 2 ,  H = HB' a i , ,  ,z; = - dt equations 

(1 1 )  can be rewr i  t t e n  
B2 

w i t h  so lu t ions  

E = C cos 2 3  t 

H = C s i n  21 

where C i s  a constant which we ca l1  electromagnetic f i e l d  s t rength  pa- 

rameter. For (9) and (13), the energy-momentum tensor o f  the e l e c t r o -  

magnetic f i e l d  

has non-nu11 components 

The matter  content o f  the models i s  a pe r fec t  f l u i d .  I n  the l oca l  i ne r -  

t i a 1  frame considered, an observer comoviny w i  t h  the f l u i d  i s  assumed 

t o  have the fou r- ve loc i t y  

It corresponds t o  a mat ter  ve loc i  t y  f i e l d  e ' and determines a congru- 
(0 

ence o f  t ime- l i ke  geodesics along which rnatter propagates.Denoting res- 



p e c t i v e l y  by p and p the dens i ty  o f  matter-energy and the  pressure o f  

the f l u i d  as measured l oca l  l y  by the comoving observer (161, the ener- 

gy-mmentum tensor o f  the f l u i d  can be expressed 

The t o t a l  energy-momentum tensor f o r  the model i s  the sum o f  the energy 

-momentum tensors o f  the f l u i d  (17) and o f  the electromagnetic f i e l d  

(14). 

The non-nu11 components o f  the R icc i  tensor f o r  the me t r i c  (4) are ca l -  

cu la ted 

Using (141, (17) and (18), E ins te in  f i e l d  equations 

1 
R m - 7  qABRi:  K TAB ( t o t a l )  

reduce t o  the se t  o f  th ree independent equations 

We take equations (20a,b) as determining the func t iona l  form o f  p andp. 

Equation (20c) i s  then one d i f f e r e n t i a l  equation f o r  the  twometr ic  func- 

t i o n s  A and B.  As usual, t h i s  a r b i t r a r i n e s s  can be e l im inated by assu- 

ming an equation of s t a t e  p = p(p) f o r  the cosmic f l u i d .  We here have 



instead assumed a r e l a t i o n  between A and B ,  and from p and p given by 

(2Oa,b) we have immediately the equat ion o f  s ta te  p =p(p)  (*I .  We take 

A = A B1/2 (21 
o 

Equation (20c) reduces then t o  

I n  terms o f  a new coordinate def ined by 

= B-3/2 dt 

equation (22) assumes the form 

where a prime denotes d e r i v a t i v e  w 

l u t i o n s  o f  (24) are given by 

- 2icz2 = 0 (24) 

i t h  respect t o  E. Two independent so- 

i n  terms o f  t ( t ) .  I n  t h i s  parametr izat ion,  we must have B(E)> O so tha t  

the coordinate t assumes on ly  rea l  values ( c f  .(23)) and the s igna tu reo f  

the met r i  c  remains una1 te red ( c f  . (21 ) )  . The densi t y  p and pressure p 
have the fo l l ow ing  expressions 

(*) fo r  the s p a t i a l  l y  homogeneous models we are consider ing,  
A descr i  bed by ( ~ , ~ , u  ) has constant entropy.  

(26) 

(27) 

the f l u i d  



Let  us consider f i r s t  the s o l u t i o n  

From (26) and (27) we note tha t  f o r  C = O t h i s  s o l u t i o n  i s  non-singular 

bu t  the mat ter  dens i ty  p i s  negat ive f o r  an i n t e r v a l  o f  5 around t = 0. 

I n  order  t o  have a physical  matter  densi ty ,  we must consider f o r  t h i s  

s o l u t i o n  the presence o f  the electromagnetic f i e l d ,  the s t renght  para- 

meter o f  the f i e l d  being such tha t  

i n  order  t o  e l im ina te  the p o s s i b i l i t y  o f  negat ive energy densi t ies.  The 

present parametr izat ion o f  so lu t i ons  w i t h  t ( t )  ( c f  . (23))  w i l l  be va l  i d  

on l  y f o r  

1 151 2 - K z 2  
arc  cosh - 

J B A  X 
O 1 

4A2X2 
o 1 

I n  t h i s  reg ion p i s  always pos i t i ve ,  w i t h  a s i n g u l a r i t y  a t  

1 K c 2  
a r c  cosh - . 

~ A ~ x ~  
O 1 

I n  what fo l lows we r e s t r i c t  the rangeof t" t o  posi t i v e  values on ly ,  s t a r -  

t i n g  from the s i n g u l a r i t y  i? . 
o 

The behaviour o f  the models d i f f e r s  g r e a t l y  whether the e q u a l i t y  o r  ine- 

qual i t y  i n  (29) holds. To see t h i s  we consider the r a t i o  o f  the energy 

dens i ty  p o f  the f l u i d  t o  the electromagnet ic energy dens i ty  (pem = T Fiv 
(em)  e 1-i v 



where E i s  a number whose value depends on 5. Usi ng (26) and (15) we can 

express (31) as 

For K z2 / ~ A ~ x ~  = 1 and using (281, we obta i  n from (32) 
O 1 

where a = cosh (J8  A A t"), a 2 1 .  From (33) we can see tha t  themaximum 
o 1 

c o n t r i b u t i o n  o f  the electromagnet ic energy dens i ty  t o  the t o t a l  energy 

dens i ty  (matter  and e.m. f i e l d )  o f  the model occurs a t  the s i n g u l a r i t y  

(a = 1) and i t  represents about 6 per cent o f  the t o t a l  energy dens i ty  

a t  t h a t  stage. For l a r g e r  times, the c o n t r i b u t i o n  o f  the em. energyden- 

s i t y  becomes more and more n e g l i g i b l e .  

For the inequa l i  t y  i n  (29), we consider the t yp i ca l  value K C ~ /  4 ~ ~ ~ 1 :  =2, 

which y i e l d s  from (321, 

where a = cosh(S8A A t" ) ,  a 2 2. From (34) we can d i s t i n g u i s h  threecha- 
o 1 

r a c t e r i s t i c  stages i n  the evo lu t i on  o f  t h i s  model. S u f f i c i e n t l y  near the 

s i n g u l a r i t y  (a  = 2) the c o n t r i b u t i o n  o f  the electromagnetic energy den- 

s i t y  t o  the t o t a l  energy send i ty  i s  n e g l i g i b l e  (E + m) and the s ingu la-  

r i t y  i s  mat ter  dominated. The second c h a r a c t e r i s t i c  stage occurs f o r  l a -  

t e r  values o f  t" and i t  corresponds t o  a conf iguara t ion  where the e lec-  

tromagnetic energy densi t y  has i t s  maximum r e l a t i v e  t o  the t o t a l  energy 

dens i ty  (matter and e.m. f i e l d )  o f  the model. E(%) has a minimum a t  t h i s  

stage. For (34), €(a)  i s  ca lcu la ted t o  have a minimum a t  a - 3 .8  w i t h  

a(3.8) = 28.5. Although a t  a - 3.8 the r a t i o  pe,/p has a maximum the 

electromagnet ic energy dens i ty  corresponds t o  on ly  3 percent o f  the to-  

t a l  (matter  and e.m.) energy dens i ty  o f  the model a t  t h a t  i ns tan t .  The 

graph f o r  both cases i s  i 1 l u s t r a t i v e .  



The model i s  s tab le  f o r  per turbat ions o f  the s t reng th  parameter C,which 

main ta in  the i nequa l i t y  i n  (231, bu t  i t  i s  h i g h l y  unstable f o r  pe r tu r -  

bat ions o f  C  around the value K C ~ / ~ A ' A *  =. 1. 
o 1 

We remark tha t  f o r  K C 2 /  ~ A ~ x ~  s u f f i c i e n t l y  near the s i n g u l a r i t y  theequa- 
o 1 

t i o n  o f  s t a t e  o f  the f l u i d  can be approximated by p = p. For la rge 5, 3 
the con t r i bu t i on  o f  the electromagnetic f i e l d  can be neglected and the 

present so lu t ions tend t o  the exact s o l u t i o n  f o r  zero electromagnetic 

f i e l d ,  and f l u i d  wi t h  equation o f  s t a t e  p = p, which we discuss i n  the 

fo l lowing:  
5 

For zero electromagnetic f i e l d  C  =0 , .we  consider the s o l u t i o n  (25) 

which gives f o r  (26) and (271, 



We now discuss o the r  cosmological features o f  these an i so t rop i c  models. 

The fundamental observers are  determined by the f l u i d  v e l o c i t y  f i e l d  (6. 

(16)) 

and the k inemat ica l  quan t i t i es6d i scussed  here are associated t o  t h i s  

v e l o c i t y  f i e l d .  (37) i s  geodet ic and i r r o t a t i o n a l  s ince y = O and OAO 
'yOpBj = O ( A ~ B  = 1,2,3) respect ive ly .  The m d e l s  expand an i so t rop i -  

c a l l y .  I n  fac t ,  from (4) we see t h a t  there i s  a p re fe r red  d i r e c t i o n  o f  

expansion determined by w' and the expansion o f  (37) along t h i  s  d i  rec- 

t i o n  i s  measured by 

The t o t a l  averaged (over angles of  the observat i onal sphere) expans i on  

o f  the congriience i s  g iven by 

We than see t h a t  a long w' the expansion 

s i o n  (38), con t ra ry  t o  an i s o t r o p i c  mode 

any d i r e c t i o n  i s  1/3 o f  the t o t a l  expans 

i s  on ly  1/5 o f  the t o t a l  expan- 

1 i n  which the expansion along 

ion.  

The anisotropy o f  the model can be measured through the d i s t o r t i o n  o f  

the congruence o f  comovi ng observers (37) , 

1 a 
O A B  = r B diag (O, 2, - 1 ,  -1) (39) 

From (39) we ca l cu la te  u 2  = 
1 

OAB oAB = 7; ($1 and we have the r e r u l  t 



As we l l  known from Raychaudhuri's equation7, the presence o f  anisotropy 

can have an important e f f e c t  on the matter  densi ty,  and i n  changing the 

expansion t ime scales o f  the m d e l s ,  as compared t o  the corresponding 

i s o t r o p i c  model. For i 1 l u s t r a t i o n  we compare s o l u t i o n  (35), (36) t o  the 

F r i  edmann model 

1 
f o r  f l u i d  w i t h  p = - p. I n  what f o l l ows  a subscr ip t  a  o r  f  denotes res- 

5 
p e c t i v e l y  q u a n t i t i e s  re la ted  t o  the an i so t rop i c  o r  i s o t r o p i c  m d e l  con- 

sidered. By a convenient choice o f  i n t e g r a t i o n  constants, we can ex- 

press (35) i n  terms o f  the coordinate t ( c f .  (23)) as 

E ins te in  f i e l d  equations f o r  (41) y i e l d  

where to i s  a constant o f  i n t e g r a t i o n  which we use t o  normalize the vo- 

lume o f  the m d e l  t o  u n i t y  a t  a g iven time. Express ingu = €8, we have 
1 f o r  p = p and the above t ime-coordinates 

where E = J 3 /  15, 0, respect ive ly  f o r  the an i so t rop i c  o r  i s o t r o p i c  ca- 

ses. Concerning t ime scales, we de f i ne  the speed up f a c t o r  s = ta / t f  
(which can be ca lcu la ted by equat ing the volume o f  both models, and has 

the constant value r = 0 / 6  (h l~08/5  t o ) " )  and frm (44) we have 



2. CONCLUSIONS 

From the an i so t rop i c  cosmological so lu t i ons  o f  Einstein-Maxwell equat i -  

ons presented here, we have examined a p a r t i c u l a r  model which shows so- 

me i n t e r e s t i  ng proper t ies ,  concerning i t s  s tab i  l i t y  r e l a t i v e  t o  the ra- 

t i o  K C ' / ~ A ~ X ~  , where C i s  the s t rength  parameter o f  the electromagne- 
O I 

t i c  f i e l d  (A A has sometimes been regarded as the grav i  t a t i o n a l  magne- 
o 1 

t i c  charge o f  the space-time8). For K C ~ / ~ A ~ X ~  < I, we have a non-singu- 
o 1 

l a r  s o l u t i o n  bu t  negat ive energy dens i t i es  appear. For K C ~ / ~ A ~ X ~  2 1 , 
O 1 

the so lu t ions  present a s i n g u l a r i t y  a t  

1 t" = - arc cosh K C 2  / 4 A2A2 
O J ~ A X  O 1 

O 1 

and the energy dens i t i e s  are always posi t i v e .  Nevertheless the behavi - 
our o f  the s o l u t i o n  i s  ra the r  d i f f e r e n t ,  whether the e q u a l i t y  o r  the 

inequal i t y  hol  ds. I n the f i r s t  case the maximum c o n t r i b u t i o n  o f  the elec-  

tromagnetic energy dens i ty  t o  the t o t a l  energy dens i ty  (matter and e.mS 

o f  the model occurs a t  the s i n g u l a r i  t y  and i t represents about 6 per- 

cent o f  the t o t a l  energy dens i ty  ( f l u i d  and e.m.1 a t  t h i s  stage. I t s  im- 

portance f o r  l a t e r  times becomes n e g l i g i b l e  s ince the r a t i o  E o f  the 

f l u i d  densi ty t o  the electromagnet ic energy dens i ty  i s  monoton ica l ly in -  

creasing, w i t h  a min imum' f in i te  value a t  the s i n g u l a r i t y .  But t h i s  ca- 

se i s  an unstab 

we have a dras t  

dominated s ince 

pears a t a  f i n i  

a minimum, tha t  

r e l a t i v e  t o  the 

e con f i gu ra t i on .  i n  f a c t ,  f o r  vaiues o f  K C ~ / ~ A ~ X ~  > 1 
O 1 

c change o f  the above p i c tu re .  The s i n g u l a r i t y  i s  matter 

the r a t i o  E goes t o  i n f i n i t y .  A cha rac te r i s t i cs tageap-  

e t ime from the s i n g u l a r i  t y  where the r a t i o  E presents 

i s ,  the electromagnetic energy dens i ty  has a maximum 

f l u i d  energy dens i ty .  I t i s  a t  t h i s  stage when some pro- 

cesses, depending on the presence o f  electromagnetic f i e l ds ,  should most 

probably occur. For la rge times a l l  models have as l i m i t  the exact an i -  

so t rop i c  Bianchi I I so lu t i on ,  f o r  zero electromagnetic f i e l d  and f l u i d  
1 

w i t h  equat ion o f  s t a t e  p = 5 P. I n  the an i so t rop i c  model w i t h  zero elec- 
1 

tromagnetic f i e l d  and f l u i d  w i t h  p = - p, the e f fec t  o f  a n i s o t r o p y  i s  5 
t o  reduce the value o f  the mat ter  densi t y  o f  the model , r e l a t i v e  t o  the 

corresponding Friedmann model. 



We f i n a l l y  remark t h a t  although matter  i s  e l e c t r i c a l l y  neu t ra l ,  our  mo- 

dels have the presence o f  a non-zero e l e c t r i c  f i e l d  which f o r  h igh  va- 

lues o f  the mat ter  dens i ty  ( a t  e a r l y  times, f o r  instance) could g i ve  

r i s e  t o  conduction currents i n  a magnetohydrodynamic regime
g . I n  t h i s  

context  our models are  a f i r s t  approximation o f  more general cosmolo- 

g ies i n  which a conduction cur rent  would appear i n  the RHS o f  Maxwel 1 

equat ion (10b). We wi 1 1  discuss t h i s  i n  a f u t u r e  paper. 
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