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Tensor ( c a r t e s  ian)  o p e r a t o r s  P cd 
QVp a r e  i n t r o d u -  

ced which a r e  u s e f u l  f o r  expansion o f  v e c t o r ,  symmetr ic tensor  and a n t i -  

symmetr ic tensor  q u a n t i t i e s  i n  a curved s p h e r i c a l l y  syrnmetric space, i n  

terms o f  r o t a t i o n a l l y  i n v a r i a n t  q u a n t i t i e s .  The a l g e b r a  o f  these opera to rs  

i s s tud ied ,  developped and used t o  separate Maxwell equa t ions  i n  a t ime  

dependent s p h e r i c a l l y  s immet r i c  curved space, w i t h o u t  p rev ious  expansion 

i n  s p h e r i c a l  harmonics. Expansion i n  s p h e r i c a l  harmonics and comparison 

w i t h  p rev ious  ( l e s s  genera l )  r e s u l t s  i s  a l s o  made. 

cd = I ntroduzem-se operadores t e n s o r i a i s  (Car tes ianos)  pC, ped = P:: e QUv 
U UV 

-4:: , os qua is  são Ú t e i s  para a expansão de quant idades v e t o r i a i s ,  ten-  

s o r i a i s  s i m é t r i c a s  e a n t i - s i m é t r i c a s  em um espaço curvo  es fe r i camente  s i -  

mét r i co ,  em termos de quant idades ro tac iona lmente  i n v a r i a n t e s .  A á lgebra  

destes operadores é estudada, desenvo lv i  da e u t  i l i zada na separação das 

equações de Maxwell em um espaço es fe r i camente  s i m é t r i c o  e va r iando  no 

tempo, sem uma p r é v i a  expansão em harmõnicos e s f é r i  cos Faz-se, também, 

expansão em harmônicos e s f é r i c o s  e compara-se com resu l tados  a n t e r i o r e s  

(menos g e r a i s )  . 

1. INTRODUCTION 

The space- time d e s c r i p t i o n  o f  t h e  e lec t romagnet i c  p o t e n t i a l  A ( o r  f i e l d  
o 

F ) ,  and o f  t h e  g r a v i t a t i o n a l  p e r t u r b a t i o n  f i e l d  hpv(  = guv - g,, ) ,  i n  
!Jv 

t h e p r e s e n c e o f  a s p h e r i c a l l y s y m m e t r i c s t a t i c b a c k g r o u n d t n e t r i c  $ i s  w 7  
usual  l y  done by expanding them i n  terms o f  v e c t o r  o r  tensor  spher i  c a l  h a r -  
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rnonics. A f t e r  subs t  

l y  a l s o  w i t h  a Four 

t h e  f i e l d  equa t ions  

i t u t i o n  i n  t h e  d i f f e r e n t i a l  f i e l d  equa t ions  (even tua l -  

i 8 e r  t i m e- i  n t e g r a l  expans ion )  , one proceeds t o  separate 

thus ob ta ined .  

Separa t ion  o f  Maxwel 1  equat ions and o f  E i n s t e i n  equat ions w i t h o u t  sources 

were made by ~ h e e l e r '  and by Regge and wheeler2,  r e s p e c t i v e l y .  The sepa- 

r a t i o n  o f  E i n s t e i n  equa t ions  w i t h  sources was ob ta ined  i n  a paper by Ze- 

r i 1  1 i 3 ,  f o l l o w e d  by o t h e r s  on  the  s e p a r a t i o n  o f  Maxwel l 's  equat ions.4 - 
These r e s u l t s  have been e x t e n s i v e l y  used i n  the  a n a l y s i s  o f  electromagne- 

t i c  and g r a v i t a t i o n a l  r a d i a t i o n  o f  p a r t i c l e s  moving i n  a Schwarzschi ld  

background. 6-7 F i n a l  1 y,  t h e  s e p a r a t i o n  o f  the  coupled Maxwel 1  - E i  n s t e i n  

equa t ions  i n  a Reissner-Nordstrom geometry was done by  Z e r i  11 i' ( i n  the  

presence o f  sources) , by Chi t r e ,  P r i c e  and sandberg9 and by ~ o n c r i e f "  

( i  n  t h e  absence o f  sources) . 

The use o f  F o u r i e r  and tensor  harmonics expan; ions  i n  a1 1 those t rea tments  

makes t h e  computat ions somewhat cumbersome. The purpose o f  t h e  p r e s e n t  

work i s  t o  i n t r o d u c e  an a l t e r n a t i v e  method i n  which t h e  v e c t o r  and tensor  
+ 

f i e l d s  depending on (x,t) a r e  expressed by o p e r a t o r s  a c t i  ng on q u a n t i  t i e s  

which a r e  s c a l a r  under r o t a t i o n s  ("scalars") . The d i f f e r e n t i a l  opera to rs  

appear ing i n  t h e  f i e l d  equa t ions  (Maxwell o r  E i n s t e i n  equat ions)  a r e  a l ç o  

expressed i n  terms o f  those new o p e r a t o r s .  

The advantage o f  u s i n g  such apera to rs ,  which a r e  de f ined  i n  euclidean 

fou r- d imens iona l  space, i s  t h a t  t h e i r  ( c a r t e s i a n )  a lgebra  i s  r a t h e r  sim- 

p l e ,  avo id ing ,  thus,  many o f  the  sources o f  mis takes which a r i s e  when de- 

a l i n g  w i t h  more combersome c u r v i l i n e a r  ccord ina tes  and w i t h  tensor  harmo- 

n i c s .  

The method, b e i n g  p u r e l y  a l g e b r a i c ,  i s  a l s o  s u i t a b l e  f o r  t h e  o b t e n t i o n  o f  

the  f i e l d  equa t ions  by computer programming". 

I n  t h e  p r e s e n t  paper, t h i s  method, bes ides be ing  descr ibed,  i s  a l s o  com- 

pared t o  t h e  above mentioned ones, and a p p l i e d  t o  t h e  s e p a r a t i o n  o f  Max- 

w e l l  equa t ions  i n  a s p h e r i c a l l y  s y m e t r i c  background, which may be t i m e  

dependent and w i t h o u t  the  r e s t r i c t i o n  g = g,g, = -1 o f  the  Schwarzschi ld-  

-Reissner-Nordstrom ex te rna1  s o l u t i o n s .  



I n  sec t i on  2, the vec tor  and tensor operators P 8 - 2  and Pcd are Qpv' l-iv 
i ntroduced, t he i  r (cartesian) a lgebra p rope r t i es  studied,  and they are em- 

ployed fo r  the expansion o f  vec tor  and tensor q u a n t i t i e s  i n  terms o f  "sca- 

1 a r" ones . 

I n  sec t i on  3, expressing these operators i n  spher ical  coordinates and ex- 

panding the "scalars" i n  spher ical  harmonics, we ob ta in  the usual tensor 

h a r m o n i ~ s ~ ~ ' * - ' ~  , and compare our no ta t i on  w i t h  previous ones. 

I n  sec t i on  4, completing the expansions o f  covar ian t  tensors made i n  sec- 

t i o n  1, we develop the corresponding expansions o f  cont ravar ian t  tensors 

( i n  a curved background) . 

I n  sec t i on  5, as an a p p l i c a t i o n  o f  the method, we separate Maxwell equa- 

t i o n s  wi t h  sources i n  the  presence o f  the rnoçt general t ime dependent sphe- 

r i c a b l y  symmetric geometry. 

F i n a l l y ,  i n  sec t i on  6, comments on the r e s u l t s  and the advantages o f  the 

method are presented .. 

2.1. Vector Operators 

The electromagnet ic potent  ia1 AU i s represented as 

3 
A = p O a  + p l a  + p2a + p3a = C pCa (z,t) 

U v 0  1 v 2  U 3  '=o U C  

where P O  i s  the t ime un i t- vector  T = (1,0,0,0): 
1i U 

and P '  x i s  the rad ia l  un i t - vec to r  
U 1-i 



i x 
p : = x 0 = o  , P ? = Q = ~  Z , v 1 2 1  

i = 1,2,3 (car tes ian  coordinates) . 

These operators P' and P' are odd (under space-time r e f  l ec t i ons )  . 
Fi Fi 

The tangent ia l  Òperators P2 E N (odd) and P3 L (even) have nei ther t i -  
Fi Fi Fi lJ 

me nor r a d i a l  components, being def ined by: 

Thus : 

We n o t i c e  tha t  i n  eq. ( l ) ,  a2 and a do not  contain a  sphe r i ca l l y  symnetric 

term ( R  = O), which would be k i l l e d  by N o r  L . 
lJ lJ 

Next we def ine an euc2idem sca lar  product f o r  these vec tor  operators:  

where t o  i nd i ca te  summation we ra ised an index, unde r l i n i ng  i t  i n  order  

t o  avo id  confusion w i t h  cont ravar ian t  vectors i n  curved space. Thus: 

The pure ly  time o p e r a t o r ~  the pure ly  space o p e r a t o r s ~  
lJ' 

Nu, Lu and the 

pure ly  tangent ia l  operator  e def ined by 
?Jv9 

s a t i s f y  the con t rac t i on  p rope r t i es  g iven i n  Table I .  



Table I. Contract ion proper t ies  o f  Pc and 8 
IJ Fiv 

The operators P%ndpl  are hermi t iãn  a r?dp3  i s  an t i he rm i t i an  (ac tua l l y ,  
+ P Fi Fi 

( H / ~ ) . L  i s the quantum-mechani ca i  angular momeritum operator)  : 

However, f o r  P2 we f i n d  
1-i 

kle have the fo l l ow ing  o r thoyona l i t y  re la t i ons  ( c f .  Table I ) :  



We observe tha t  

For any two operators A and B ,  we have 

from which severa1 r e l a t i o n s  i n  Table I resul  t from others.  

We can now w r i t e  the "scalar" components a o f  the vec tor  po ten t i a l  
Fi 

given by eq. (i), as: 

This equat ion has a  meaning even f o r  c = 2 o r  3 because, as already s ta-  

ted, a and a do not  conta in  an R = O term. 
2 3 

Table I I .  Algebraic proper t ies  o f  a 
U 

lJ The operator  a - a/ax s a t i s f i e s  the r e l a t i o n s  given i n  Table I I, which 
Fi C 

are useful  t o  ob ta in  the algebra o f  commutators o f  P,,, eyV and L',  given 

i n  Table l l I .  The q u a n t i t y  E appearing i n  Tables I I and I 1  I i s  the 
AFivp 

t o t a l l y  antisymmetric Lev i - C iv i t a  symbol E = +l. 
0 1 2 3  



From Table I I I we observe that a1 1 the operators and PCt comnute w i  t h  
Fi Fi 

a o  , ar and r. 

Obviously, we may also expand a as: 
Fi 

1 
aFi 

= t i p C = T a  + ~ y a ~ + - ~  
c ~ i  ~ i o  r ~i 

c=o 

Table 1 1 1 .  Comnutator algebra 

or ,  .by rearrangement: 



whe re  

2.2. Antisymmetric Tensor Operators 

The expansion o f  antisymmetric tensors, f o r  instance, the electromagnetic 

i s  obtained from the d e f i n i t i o n  Fpv = a,Av - aVAp , w i t h  

Q;{=pCpd - p C P d  ( c < d )  C (2,3) 
I - i V  V U  

Q;; = N L - N L - %Lv + %LU Fiv V1.i 

and 

where time and r a d i a l  de r i va t i ves  are ind ica ted by commas (,O and ,r).He- 

re  we have used eqs. (9) and the f o l  lowing a lgebra ic  p'ropert ies o f  the PC 
U 

operators, obtained from Table I I I :  



A t e m  xVLU - %Lv was added t o  the operator  N L - N L i n  eq. ( IOc) t o  
v v  V l J  cd 

t u r n  i t  into~;:, which i s  orthogonal t o  a11 o ther  operators Q . 

The s i x  QCdls are  s u i t a b l e  f o r  expansion o f  =my antisymmetric tensor.  I n -  

deed, they are  a complete s e t  o f  orthogonal unnormalised "p ro jec t i on  ope- 

ra tors"  as i t  i s  e a s i l y  shown using Tables 1 - 1 1 1 :  

We have: 

C 
As the QCdts are  essen t i a l y  commutators o f  the P 's ,  expressions o f  the 

tYPe 

given i n  Table I V ,  a re  e a s i l y  ca lcu la ted,  using Tables I and III. Many o f  

the r e l a t i o n s  contained i n  Table 1V r e s u l t  from o thers  by tak ing  the ad- 

j o i n t  o f  both sides. 

To agree wi t h  the usual nomenclaturel-3, f i e l d  quant i  t i e s  a, and f s h a l l  
c3 

be c a l l e d  odd (o r  magnetic), wh i l e  ac and fcd, w i t h  c ,d  f 3, s h a l l  be c a l -  

led  even (or  e l e c t r i c ) .  

We s h a l l  f i n i s h  t h i s  sec t i on  on antisymmetric tensor operators w i t h  the 

computation o f  the expansion o f  the dual tensor 

m Ç J u  = E where E---- 
lJVÇJu9 

so t h a t  = 4-1. For t h i s ,  therefore,  we must 

compute fcd i n  terms o f  fab. From (16) we can w r i  t e  



Tables I V. Cont racted Products o f  Three Vector Operatòrs 

where 

Hence : 

i 
Since P = 0, for  i = 1,2 ,3 ,  the above quant i t ies  vanish unless p o r  v=O. 

o 
Thus we compute: 



Therefore: 

d Also, s ince r = + (euclídean me t r i c ) ,  we f i n d  

Taking these l a s t  re la t i ons  i n t o  (17) we f i n a l l y  get: 

As the operator 1 / ~ ~  i s  s ingu lar ,  these re la t i ons  can be appl ied  on l y  i f  

f does not  inctude a spher i ca l l y  symmetric term (9, = O) .  Thus, i n  ( 2 1  ) 
0 1  A 

* 

above, fol and ?;oI stand f o r  

2.3. Symmetric Tensor Operators 

ln order t o  ob ta in  a complete set  o f  symmetric tensor operators we pro- 

ceed i n  a h e u r i s t i c  way, s i m i l a r  t o  t h a t  used f o r  the antisymmetric ope- 

ra tors .  Thus, we expand the symmetri c  quanti t y  A + A as 
P,V V , P  

We f i nd :  

314 



where the orthogonal se t  o f  operators p cd c L d i s :  
I.iv ' 

p a b = p a p b + p a p b  a = 0 , 1 < b = 1 , 2 , 3  
Iiv i i v  V U  ' 

w i t h  P~~ and p2j ye t  t o  be defined. 

The operator  0 appeared i n  the expansion (24) from reorder ing  p2p1=N x 
WJ 1iv Iiv 

as 

NuX,, = h N p  + Opv í 26) 

In  the expansion (24) the two f o l  lowi  ng operators a l  so appeared: 

and 

As we had t o  do i n  the case o f  Q~~ we have t o  add terms t o  these operators 

so t h a t  they become orthogonal t o  each o the r  and t o  a l l  the remaining 

PCd's. We f i n d  



l n  t h i  s manner, we have a1 1 the ten PCdls (c  i d) orthogonal t o  each other: 

Indeed, using Tables I and IV, and equations (5) and (6) we ob ta in  

ce df cd pcdt.pef =pcd~~t .pe f  = g  6 K 
VV 

wi th:  

Obviously, from symmetry proper t ies ,  the pCd1s are a l l  orthogonal t o  the 

~ ~ f ~ s :  

This se t  o f  ten symmetric, orthogonal operators i s  complete. Thus, we may 
3 

expand any simmetric covar ian t  tensor f unc t i on  o f  (z,t), as, f o r  instan- 

ce, the me t r i c  f i e l d  g o r  the per turbat ions  o f  the background f i e IdhVv=  
o ?Jv 

gvv- 9 as 

= i P a d ( t )  (car tes ian  coordinates) (30) 
c<d 

where acd i s given by 

Analogously t o  the antisymmetric case, the symmetric q u a n t i t i e s  a  w i t h  c d  
d f 3, and a,3 are even ( o r  e l e c t r i c ) ;  the remaining ones w i t h  d =  3 are 

odd (o r  magnetic) . 

I t i s  obvious t h a t  pCd f o r  c = O , l ,  d = 2,) k i11s  zny P, = O p a r t  of ac,, 
and i t  can be shown tha t  P~~ and P * ~  k i l l  both any R = O o r  R = 1 pa r t s  

o f  a,, and a,,, respect ive ly .  



3. VECTQR AND TENSQR SPHERICAL HARMONICS 

Vector and tensor operators can be w r i t t e n  i n  spher ica l  coordinates y" = 

(t,r,e,@) as 

and s i m i l a r l y  f o r  P We have the f o l  lowing useful  expressions ( i  = 
(a) (6) ' 

l , 2 , 3 ) :  

r a L  = L  = o ,  L  =-- -  a , L  = r sine - 
o r e s i n  13 a$ @ ae 

Hence, f o r  vector  A (a) = 1 P(,) ac, we f ind:  

s i n  e a 
3 ,e  I 

when the "scalars" a are  expanded i n  spher ical  harmonics, we ob ta in  the 
C 

we l l  known representat ion i n  vector  harmonics, given, f o r  instance, by 

R u f f i n i ,  T i o m n o a n d ~ i s h v e s h w a r a ~ ,  t o  be r e f e r e d a s  RTVhereaf te r ,  w i t h  

the correspondence i n  nota t ion :  



ao + f , a ,  + h  , r a ,  + k , r a 3  + -a 

S i m i l a r l y ,  f o r  an t isymnet r ic  terms, we have: 

where the  dots i nd i  cate antisymmetric terms. The f i r s t  group o f  terms abo- 

ve are e l e c t r i c  o r  even (no index 3), and the  second group are magnetic 

o r  odd (one i ndex 3) . 

The f q u a n t i t i e s  expanded i n  spher ical  harmonics coincide w i t h  the cor-  
cd 

respondi ng quant i t i e s  o f  Zer i  1 l i (Table I I o f  t ha t  work) . However, the 

present no ta t i on  i s  unafibiguous, s ince the magnetic terms f and f 1 3 ( r e -  
O 3 

presented by &,/r  and &,/r  i n  t ha t  paper) cannot be mistaken w i t h  the 

e l e c t r i c  terms f O 2  and fln (a lço  represented there as f O 2 / r  and f 1 2  / r ) .  

Thus, the correspondence between the present no ta t  ion  and Zer i  1 1  i ' s  i s  

I f  we take equation ( 1 1 )  i n t o  (37) and expand ac i n  spher ical  harmonics, 

we obta i  n expressions (7) and (9) o f  RTV' (except f o r  f ac to rs  g'V f o r  ra i  - 
s ing  components) w i  t h  the d i f fe rence i n  no ta t i on  expressed i n  ( 36 ) and 

the f o l  lowing cor rec t ions  f o r  m isp r i n t s  i n  RTV: 



F i n a l l y ,  we w r i t e  h i n  s p h e r i c a l  coord ina tes :  
iiv 

r O - -  
s i n  0 a03,+ r s i n  0 a 

r O - -  
s i n  0 a13,+ 

r s i n  0 a 

+ r 2  * - -  
s i n  8 Xa23 p2 s i n  8 W a p 3  

* * x r2 s i n  0 Xa 
2 3 

where the  o p e r a t o r s  X and W a r e  

and t h e  a s t e r i s k s  denote the  elernents o b t a i n e d  by s y m m e t r i z a t i o n . T h e f i r s t  

group o f  terms a r e  "e1 e c t r i  c" (even number o f  i ndices 3 )  and t h e  second 

group cons i s  t s  o f  l lmagnetic'l terms (odd number o f  i ndices 3 )  . The above 

express ion  f o r  t h e  f i e l d  h , E q .  ( 4 0 )  , i s  o b t a i n e d  frorn the  expansion o f  

the  symrnetric o p e r a t o r  P i n  r p h e r i c a l  coord ina tes :  
(a) (6) 



We have : 

Except f o r  the symmetry P cd cd 
(a) = 

P(@) (a) , the remai n i  ng operator  com- 

ponents not  l i s t e d  i n  (42) vanish. 

-i 
I f  the " scalar"  q u a n t i t i e s  a (x,t) are expanded i n  spher ical  harmonics cd 
a z ( r , t )  we ob ta in  Zer i  11 i ' s3 '14  expansions i n  tensor harmonics, except 

f o r  normal i za t i on  fac tors .  Regge and wheeler2 use a d i  f f e r e n t  expans ion, 
1 where the operator'-(N N + N N + x N + x N ) takes the place o f  
2 Fiv v v  Fiv v v  uv. 

The correspondence between our no ta t i on  and Regge-Wheeler's i s ,  f o r  a g i -  

ven (R,m): 

( e )  
a,, = -g,H, , a,, - H, , ra,, = h, 

- - h h )  
' m 0 3  0 

al = glH2 , r a  - - , ra = h(m) 
1 2  1 13 1 

(43) 

a = G / 2  , r2a = - h  /2 , a = K -  R(R+  1 ) ~ / 2  
2 2 2 3 2 3 3 

Actual l y ,  t h i s  Regge-Wheeler .expansion i s  the one l a t e r  w r i  t t e n  by Ter i  l- 

1 i8  f o r  the h ' s  (Table I o f  t ha t  paper). Fiv 



Not ice  t h a t  acd f o r  c = 0,1, d = 2,3 have no R = O component, wh i l e  a2, 

and a,, have ne i t he r  R = O o r  R = 1 components. 

I f ,  s i m i l a r l y  t o  h we expand v-'' 

the r e s u l t s  f o r  the  expansion o f  -16112'(~) (B)  wi t h  coe f f  i c i e n t s  Abc, g iven 

i n  Table I I I o f  reference 8, a re  obtained w i t h  the correspondence i n  no- 

t a t i o n :  

We n o t i c e  again the  advantage o f  our  no ta t ion ,  as the magnetic (odd) com- 

ponents are  d is t ingu ished from the e l e c t r i c  (even) ones by the f a c t  t h a t  

they have respect ive ly ,  an odd o r  an even number o f  ind ices  3. Here, as 

i n  Eqs. (38) and (43). me added the superçcr ip ts  (e) o r  (m) t o  avo id  fu r -  

t he r  confus ion.  

4. EXPANSION OF CONTRAVARIANT VECTORS AND TENSORS 

Up t o  here we have expanded on ly  covar ian t  quan t i t i es  as A FUv, and - 
%v 

I n  general, we have t o  deal w i t h  equations f o r  these quan t i t i es  i n  a  cur-  
o ved background space, w i t h  a  sphe r i ca l l y  symmetric me t r i c  g which from w' 

now on s h a l l  be c a l l e d  g We take g i n  the form (car tes ian  coordina- 
UV. UV 

teç)  : 



For the Reissner-Nordstrom so lu t ion ,  f o r  instance, we may have g, = 1 

(schwarzschi l d  coordi nates) , gl = i s o t r o p i c  coordi  nates, e t c .  From now 
9 2  ( 

on we shal 1 use Schwarzschi l d  c a r t e s i a l  coordi  nates (g, = 1) . For the ex- 

terna1 Reissner-Nordstrom so lu t ion :  g = 9,g1 E -1  - 

I n  o rder  t o  avo id  confusiori  o f  the car tes ian  "metric" 
&'v 

= 6p2, used f o r  

con t rac t i on  i n  the algebra, w i t h  the g r a v i t a t i o n a l  me t r i c  gW, we ra i se  

tensor ind ices  wi t h  yPY : gPV, so t h a t  the cont ravar ian t  m e t r i c  tensor i s  

g iven by: 

where we have a1 ready considered g = 1. 
2 

A1 1 cont ravar ian t  tensors shoul d then be expressed i n terms o f  covar ian t  

ones as: 

Thus cont ravar ian t  tensors can be deal t wi t h  by f i  r s t  lower ing and then, 

a f t e r  the expansion, r a i s i n g  t h e i r  tensor indices 

As an example, we consider the cur rent  dens i ty  o f  a p o i n t  charge: 

(zO 

where the dot  represents der i v a t i o n  w i t h  respect t o  t. 

3 
-+ 

-+ 
Thus, w i t h  J = L j and jc = 5' pCYt J,,, we get ,  p u t t i n g  z = v ,  

-+ 1J c=o ,, 
R = 121: 



where 

++ A We not ice  that  i n  these equations, 1/L2 i s  wel l  defined, since both N 6 
+ (5 - z )  and &($ - g) have no R = O term. Therefore 

J' = $ 2 ~ ~  = g; 'Tg jo  + g ; l X g j l  + U P j 2  + ~~j 3 (50) 

The coe f f i c i en ts  o f  the expansion i n  spherical harmonics 

snd we easily f i n d  



Rm 1 
j J  ( r , t )  = - - .  a *  6 ( p - R )  (e L - 6 s i n O - ) h ,  ( a + ~ )  

a ( a + 1 )  r Jrg s i n  O a@ ao 

These expressions agree wi th  the ones given by RTV' and by Zer i  1 1  i', w i  t h  

the f o i  lowi ng correspondence*: 

j o + V  9 j l + u  , F $ ~ - + w  , r j 3 + -  y ( Z e r i l  li) 

A s  a second example, we corisider the s t ress  tensor T" o f  a p a r t i c l e  o f  

mass rn : 
o 

m -+ .ri .V & 
1 6 v T " ~ ( $ , t )  = 16n --L 6 ( 2  - z ( t ) )  z z dT 

G 

w i t h  & = . Thus, using eqs. ( 3 0 )  and 

* I n  RTV the fo l l ow ing  m isp r i n t s  are  not ices:  ($,r)&) -+ (S,r),a)/h i n  Eq. 

(15) and Fo + 4 7 1 5  i n  E q . ( l 6 b ) .  



The c o e f f i c i e n t s  o f  t h e  expansion i n  s p h e r i c a l  harmonics, corresponding 
t * 

t o  (53a) , a r e  now (Kcd = Cd = Ked) : 

. . . 
(summatinn on a,B), w i t h  g = (go,gl,~2, r 2 s i n 2 0 ) ,  = ( l , I ? , O , @ ) .  

(a) 

From (41) and (42) we o b t a i n  t h e  va lues  o f  ~2 g i v e n  i n  Tab le  V .  

Tak ing tcd i n t o  (45) we o b t a i n  AaB, which c o i n c i d e  w i t h  the express ions 

l i s t e d  by z e r i l l i 8  i n  h i s  Tables I V  and V, a f t e r  m i s p r i n t s  i n  those t a -  



bles are corrected by the substitutions: 

-h Table V. Harmonic coef f ic ients  f o r  point par t i c le  stress tensor (tcd). 

. * 
-h -h 1 &('R' Fh,@-jsinOY * ) , ( a z o )  

( tO3,t I3)  = - (g0,g1i)  - - 
R(R+ I )  R s in  0 h, O 

* * * * 
where: Xh - x Y ~ ( O , @ )  , Wh mh 



5. SEPARATION OF MAXWELL EQUATIONS 

As an example o f  the app l i ca t i on  o f  the present method we s h a l l  separate 

Maxwell equations i n  a sphe r i ca l l y  symrnet-~i-e-time dependent curved space. 

They are 

Using (9) and (21), the homogeneous equations (56) may be w r i  t t e n  as 

The vec tor  equat ion (58) may be expanded as 

leading t o  f ou r  equations f o r  the f 'quant i t ies:  

From eqs. (101, we easi l y  f i n d  t h a t  

( p u t t i n g  Q" = O) .  Taking (62) i n t o  (61), we get  



cat f' + 6"aa 2 3 Q$ w - O (ct - 8 ~ 8 :  $2 . o (63) 
c=O c=a 

From (59) and ( 1  3-14) , we have 

4: p?- = . 

Hence 

F ina l  l y ,  using expressions (9) and (21), and consider ing successively a = 

0, J,2,3,  we obtain 

I t  ~ h o u l d  be mentioned tha t  an a l t e r n a t i v e  way o f  computing (61) i s  t o e x -  

press i t  as 

where the vec tor  operators P Qdepx above can be immedi ate1 y ca l  cu la ted v 
from the d e f i n i t i o n s  (10) and the  use o f  equations (6) and Table I V .  

I n  order  t o  separate eq. (57) we use expression (46b) f o r  yu2 and take 

i n t o  account t h a t  the operators Qed comute  w i t h  any func t i on  o f  r,t. We 
have: 



Using (91, we w r i  t e  

and then, computing P ~ ~ Q ~ @ ~  as j u s t  indicated,  we f i nd  
v 

a? a i  pv From P 2 F-2 = ~ T P  y--JV J=g , using equations (6), (9) , (491, (50) and 
U v U 

(67b), and consider ing successively a = 0,1,2,3, we obta in :  



wi t h  jc given by (49) . 

F ina l  l y ,  if we proceed t o  the separat ion o f  Maxwell equat ions (66) and 

(70), we observe t h a t  the rnagnetic equations ( i nvo l v ing  ind ices  3) are 

(66a-b), and (70d), eq. (66c) being a consequence o f  (66a) and (66b). 

Hence, we may express two o f  the quan t i t i es  f,,, f13, f 2 3  i n  terms o f  the 

remaining one, and thus ob ta in  a h igher  order  equation. Indeed, tak ing f 
1 3  

and f from (66a) and (66b), respect ive ly ,  and subst i  t u t i n g  i n  ( 7 0 d ) ,  we 
O 3 -i 

get  the f o l  lowing second order  equation f o r  f (x , t )  : 
2 3 

On the o ther  hand, the e l e c t r i c  equations (not  i nvo l v ing  ind ices  3) are 

(70a-b) , and (66d) - eq. (70c) being a consequence o f  (70a) and (70b) . 
Here one could guess t h a t  - correspondingly t o  the f a c t  t h a t  the  magnetic 

equation (71) involves the quan t i t y  f - the e l e c t r i c e q u a t i o n  should be 
2 3 

expressed i n  terms o f  f , which i s  the "dual" o f  L 2 f  (eqs.(21)). In -  
O 1 2 3 

deed, tak ing  L2fO2 and L2fI2 from (70a) and (70b) i n t o  (66d) m u l t i p l i e d  
" 3 

by L2, we get  the f o l l o w i n g  second order  equat ion f o r  f ( x , t ) :  
O 1 



and we observe that  f /G sa t i s f i e s  the same equation as f except for 
o 1 2 3 '  

the inhomogeneous terms. 

Thus, we succeded i n  separating Maxwell equations without making any ex- 

pansion i n  spheri cal  harmonics. Only a t  the f i n a l  stage o f  so lv i  ng eq.(71) 

( for  odd f i e l ds )  o r  (72) ( f o r  even f i e l ds )  i t  i s  convenient t o  make the 

expansion. For th i s ,  i t  i s  s u f f i c i e n t  t o  make i n  these equations the subs- 

t i  tut ions: 

These equations (71) and (72) coincide wi t h  equations (8) and (13) o f  RTV, 

respectively, w i th  the correspondence i n  notat ion indicated i n  (36), and 

a f t e r  correct ing f o r  the f o l  lowing mispr ints:  

aIlm+-cr Ilm (eq. ( 8 ) o f  RTV) 

It should be noticed that no condi t ion f o r  time independence o f t h e m e t r i c  

coe f f i c i en t  g 
o * 91 

were used i n the separation o f  Maxwel 1 equat ions . A1 so, 

g = gogl was not taken equal t o  -1. Therefore, eq. (72) holds even i n  the 

i n t e r i o r  region o f  a Reissner-Nordstrs pu lsat ing metr ic (o f  course, i n  

the externa1 region g = - 1, and g 
O , 91 

are time i ndependent) . 

On the other hand, we could have expressed a11 e l e c t r i c  f i e l d s  interms o f  

e i  ther f o r  fI2, instead o f  f . We choose f t o  be able t o  compare 
0 2 o 1 12 

wi t h  the resul t s  of ~ e r i  1 1 i . However, equat ions (7Oa) , (70b) , and (66d) 
3 

can now be expressed i n  terms o f  f (x,t) only i f g 
0 ,  g1 

are time indepen- 
1 2  

dent. I n  t h i s  case, we eas i ly  f i n d  



+ 
where, as sa id  before (eq. (49a)) ,  $(r - z )  represents the 6- func t ion  w i -  

thout  the R = O par t ;  and s i m i l a r l y  f o r  3 . This i s  obviously necessary 
1 

s ince f ( o r  any fcd w i t h  c o r  d equal t o  2 o r  3)  has no R = O par t .  This 
12 

was a l so  the reason f o r  the appearance o f  f instead o f  f i n  (66d). 
0 1 '  O 1 

For the case o f  the externa1 Reissner-Nordstrorn me t r i c  equations (71) and 

(74), a f t e r  expansion i n  spher ical  harmonics, coincide w i t h  eqs.(21) and 

(35) o f  ~ e r i  11 i' (wi thout  the terms ~ ( m )  , A12, A;3 and I( which represent 

perturbat ions o f  the g r a v i t a t i o n a l  energy and g r a v i t a t i o n a l  p o t e n t i a l l w i t h  

the correspondence i n nota t ion :  

6. CONCLUDING REMARKS 

The operators pC, 4Cd, @d and PCd, in t roduced i n  sec t ion  2, have sirnple 

car tes ian  algebrai  c p roper t ies ,  not i nvo l v ing  funct ions,  bu t  onl  y constant 

c o e f f i c i e n t s  (Tables 1 ,  I I I and IV) .  



These operators were used i n  sect ions 2-4 t o  expand both covar ian t  and 
+ 

cont ravar ian t  vector, syrnrnetric and a n t i s y m t r i c  tensar funct ions o f  x 

and t (car tes ian  coordinates) i n  terms o f  "scalar" ( r o t a t i o n a l ~  invar ian t )  
-+ 

funct ions o f  x and t. 

I n  sec t ion  5, Maxwell equations i n  a t ime dependent sphe r i ca l l y  symmetric 

met r i  c, expressed as contracted products o f  operators appl i ed  t o  '%calar"  

funct ions,  were s i rnp l i f i ed  by the use o f  the algebra o r  by cont rac t ion  

w i t h  f u r t h e r  operators leading t o  "scalar" d i f f e r e n t i a l  equations ( e q s .  

( 6 6 )  and (70) ) .  These equations were then separated f o r  so lu t i ons  o f  both 

pa r i  t i e s  ( i  .e. e l e c t r i c  and magnetic), leading t o  equations (7l),  (72) and 

The main advantages o f  the method 

here may be summarized as fo l lows.  

i )  We succeded i n  separat ing Maxwel 

and the essent ia l  resul  t s  presented 

1 equat ion i n  a t ime dependent spher i -  

c a l l y  symmetric background wi thout  any previous expansion, both i n  sphe- 

r i ca1  harmonics and i n  a Four ie r  t ime i n t e g r a l  as i s  usua l l y  done. 

i i )  The equations f o r  the f i e l d s  f ( e l e c t r i c )  and fZ3 (magnetic) are 
o 1 

more general than the previous ones o f  RTV' ( f o r  f and f ) and Zer i  1 1  i 
o 1 2 3 

( for  f and f I s i n c e  they a re  now ne i the r  r e s t r i c t e d  t o  a s t a t i c  rnetr ic  
1 2  2 3 

nor t o  the cond i t i on  g = gogl = - 1 (externa1 Reissner-Nordstrom m e t r i c ) .  

The equation f o r  f12, corresponding t o  Z e r i l l i ' s  choice,was obtained on ly  

f o r  s t a t i c  met r ics  bu t  s t i l l  w i t hou t  the f u r t h e r  r e s t r i c t i o n  o f  g = - 1 ,  

thus being app l icab le  a l so  to. interna1 rnetr ic  solut ions,  which i s  no t  the 

case o f  Z e r i l l i ' s  equations. 

. . . 111) The expansion i n  spher ical  harmonics and t ime Four ie r  ana lys is  can be 

done a t  any stage o f  the present method, using t h e , r e s u l t s  o f  sec t i on  3, 

where. the correspondence between previous no ta t  ions and ours were i n t  ro-  

duced. However, i t  i s  p re fe rab le  t o  expand on l y  a f t e r  the f i n a l  separa- 

t i o n  i s  completed, when i t  I s  then s u f f i c i e n t  f o r  the honiogeneous equa- 

t i o n s  t o  make the subs t i t u t i ons  



For the source terms one must e x p l i c i t l y  perform the Four ier  t ransform o f  

the spher ical  harmonic expansion. 

i v )  The present method can be c l e a r l  y extended t o  equat ions o f  h i  gher ten- 

sor character, f o r  instance, t o  the Einstein-Maxwell equations. Obvious- 

l y ,  i n  t ha t  case, the symmetric operators pCd and the a lgebra ic  p rope r t i -  

es o f  Tables I - IV  are much more ex tens ive ly  used. 

v) The simpl i c i  t y  o f  the algebra o f  operators a1 lows, f o r  more complicated 

metr ics,  the use o f  computational rnethods f o r  the whole procedure o f  se- 

para t ion  o f  the equations.'' 

v i )  The no ta t i on  introduced f o r  the quan t i t i es  a C, fcd9 acd, tcd, etc., i s  

simpler than the ones prev ious ly  employed2~3y8914,  as can be imnediately 

recognized. The meaning o f  each component i s  obvious as i s  i t s  pa r i  t y  

(even o r  odd, accordi ng t o  the number o f  i ndices 3 i t contains) . The pre- 

sent no ta t i on  a l so  avoids poss ib le  confusions since i t  never involves the 

use of the sare symbol f o r  quan t i t i es  o f  d i f f e r e n t  p a r i t i e s .  

v i  i )  F ina l l y ,  as a11 ac, fcd, and a have the same dimension: r-' , r-2, 
c d  

r O  , respect ively,  i t i s  eas ier  t o  t rack down mistakes by dimensional 

inspect ion than when using spher ical  coordinates. 

The present method has been appl i ed  t o  the separation o f  the E ins te in  

-Maxwell equations i n  a spher i ca l l y  symnetric curved background15, and 

these equations have been employed t o  compute coupled g r a v i t a t i o n a l  and 

e l e c t r i c  rad ia t i on  emi t t e d  i n the presence o f  a Reissner-Nordstrom black- 

-ho le.  l6 
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