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Playing with the Collective State 
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We examined the cond i t ion  f o r  a la rge energy- shi f t  o f  a s i ng le  unper- 

turbed leve l ,  due t o  the residual  i n te rac t i on ,  i n  a nuclear many-body 

system. No sepa rab i l i t y  assumption as made i n  the schematic model has 

been considered. A simple a lgor i thm f o r  ca l cu la t i ng  the energy o f  the 

corresponding s ta te  i s  presented. 

Examina-se a condição para que haja um deslocamento grande de um único 

n íve l  não perturbado, pela presença da interação residual ,  em um s i s -  

tema nuclear de muitos corpos. Não se faz  hipótese alguma de separa' 

b i  l  idade, ao con t rá r i o  do que ocorre no modelo esquemãtico. E apresen- 

ta-se um algor i tmo bastante simples para se ca l cu la r  esse deslocamento 

de energia. 

1. INTRODUCTION 

The treatment o f  the nuclear many body problem i s  based on the indepen- 

dent p a r t i c l e  approximation, i .e.  the s h e l l  model.Themode1 Hamiltonian 
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H, describes independent: p a r t i c l e  degrees o f  freedom and the l eve l s  o f  

i t s  energy spectrum occur i n  we l l  separated bunches which i s  characte- 

r i s t i c  o f  the s h e l l  model. I t  i s  observed exper imental ly  t ha t  the ener- 

gy spectrum o f  a many-body system usua l l y  contains one o r  more leve ls  

o f  c o l l e c t i v e  character .  The t o t a l  Hamiltonian o f  the many-body system 

i s  g iven by the model Hamiltonian H p lus  a residual  two body in terac-  

t i o n  V,and the c o l l e c t i v e  l eve l s  would r e s u l t  from a strong mixture o f  

leve ls  i n  a bunch, caused by t h i s  residual  i n te rac t i on .  I n  idea l  cases, 

the r e s u l t i n g  energies are s t rong ly  s h i f t e d  w i t h  respect t o  the center  

o f  the bunch o f  unperturbed energies. 

Phys ica l ly ,  the c o l l e c t i v e  s ta tes  are explained i n  terms o f  p a r t i c l e -  

-hole exc i t a t i ons  and the schematic model as described i n  Ref.1 suppl ies 

some mathematical i ns igh t  f o r  t ha t  la rge energy s h i f t .  The schematic mo- 

de1 i s  based on the sepa rab i l i t y  assumption o f  the ma t r i x  etements o f  V 

i n  the model space. However, such sepa rab i l i t y  i s  not  v a l i d  i n  general 

so we e l im inate  here t h i s  r e s t r i c t i o n  and discuss necessary and s u f f i -  

c i e n t  condi t ions f o r  the residual  i n t e r a c t i o n  t o  s h i f t  one o f  the ener- 

gy l eve l s  o f  a bunch o f  unperturbed energy leve ls .  

S t a r t i n g  from the eigenvalue problem i n  the form o f  a secular determi- 

nant, we e x h i b i t  i n  Section 2 the cond i t ion  f o r  occuring a strong ener- 

gy s h i f t  i n  a s ing le  l eve l .  This leads a t  the same time t o  a s imp lea l -  

gor i thm f o r  ca l cu la t i ng  t h i s  energy s h i f t .  As an i l l u s t r a t i o n  we g ive  

i n  Sect ion 3 resul  t s  o f  âa lcu la t ions  performed wi t h  t h i  s a lgo r i  thm using 

schematic and rea l  i s t i c  Wami 1 tonians. 

2. CONDITION FOR A LARGE ENERGY SHIFT, OR WHEN DOES A 
STRONG ENERGY SHIFT ARISE? 

We are in teres ted i n  physical  many body systems f o r  which i t  i s  appro- 

p r i a t e  t o  cast  the energy eigenvalue problem i n t o  the form 

where c = <@ .IY> are the components o f  the many body wave func t ion  Y i 3 
i n  a su i t ab le  model space spanned by a subset o f  eigenstates i@.) o f  H, 
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. ( t he  many body unperturbed Hami 1 tonian),  and H.. i s  g iven i n  terms o f  
23 

the unperturbed energies E and the residual  i n te rac t i on  V by i 

We introduce the average energy E' o f  a bunch o f  N unperturbed energies, 

and the energy s h i f t s  w i l l  be measured from i t .  Let  us then f i n d  the 

condi t ions under which a s ing le  energy eigenvalue E, i n  (2.11, i s  st ron- 

g l y  s h i f t e d  (e; ther  up o r  down) by 'V wi t h  respect t o  E'. 

With E = E  - E' and = E i  -E', the eigenvalue problem (2.1) reads 

/ E .  6.. + V.. - E 6..1 : /hij-€ 6..1 = 0. 
23 23 23 23 

For la rge ! e [ ,  we may e x t r a c t  from each 1 i ne  the f a c t o r  e and the re- 

s u l t i n g  determinant 

( t he  sum i s  over a11 possib le permutations, P, o f  il, i, ... i ) i s  then n 
expanded i n  powers o f  ( h / € ) :  

Here 

where di i . . . are the determinants corresponding t o  the submatri- 
ik 

ces o f  h ? . 2  contain ing rows and columns i i ... ik. S p e c i f i c a l l y ,  
23 1 2  



and 

Due t o  t r a c e  invar iance ,  the t r a c e  o f  h i s  a l s o  g iven  by  the sum o f  the 

N eigenvalues o f  ~ ~ . ( 2 . 2 ) .  Thus ( - a l )  i s  the maximum p o s s i b l e  e n e r g y  

s h i f t  and occurs i f  uk E O f o r  k 2 2. I t i s  c l e a r l y  s u f f i c i e n t  t h a t a k k  
k 

be smal l  f o r  k > 1  i n  o r d e r  t o  have a s i n g l e  s t r o n g l y  s h i f t e d  1evel .This  

c o n d i t i o n  w i l l  be f u l f i l l e d  i f  the  nondiagonal m a t r i x  elements a r e  com- 

parab le  i n  magni tude t o  the  d iagonal  ones, as can be seen f o r  ins tance  

f rom the  express ion  

Thus i f  a k h k  i s  small  f o r  k > 1 ,  t he  s f r o n g  c o r r e l a t i o n s  we need between 

t h e  s t a t e s  can be b u i l t  up. 

We now show t h a t  the  r e l a t i v e  smallness o f  h i g h e r  o r d e r  terms i n  (2.2) i s  

a l so  a necessary condi t i o n  f o r  t h e  occurrence o f  a s t r o n g  energy s h i  f t  . 
Indeed, l e t  e  , e 2 ,  . . . eN be the  r o o t s  o f  (2 .2) .  Then, 



Assuming t h a t  /el 1 >> / e  I, f o r  k > I, the order  o f  magnitude o f  the t e n s  
k 

o f  Eq.(2.2) f o r  t h i s  roo t  e are roughly 
1 

Thus the higher order terms are small when there i s  a s ing le  s t rong ly  

s h i f t e d  energy leve1 . 

Remark: I f  two energy eigenvalues were s t rong ly  s h i f t e d  then c l e a r l y  

c i 2 / ~ 2  would be comparable i n  magnitude t o  the f i r s t  two terms i n  (2.2) 

as i s  obvious from expressions (2.4a,b). 

The eigenvalue problem i n  form (2) w i l l  now be solved f o r  the largest e i -  

genvalue, using the fo f lowing simple l i nea r i sed  scheme. We consider Eq. 

(2.2) truncated a f t e r  the k
th 

term. I n  order t o  solve i t  f o r  the la rgest  

eigenvalue, we put  

and 

a C1 

1 + *  + n (n-l) 2  + " '  + 
n (n-1) 

"k 
n-k+ 1 ) = 0, f o r  n > k  . 

E  E (  ) E  E (  )E  ... E (  

Equations (2.5a-c) determi ned the s t a r t i  ng val ues fo r  the i t e r a t i o n  scheme 

(2.5d). I n  case o f  convergence, l i m  I/E(") o lhk obv iour ly  solves the 
n-too 



truncated equation. The convergence o f  towards the desired eigenvalue 

i s  very f a s t  i f  the higher order co r rec t i on  terms are smatl. This can be 

seen from the numer'ical examples given i n  Section 3. 

Let us look i n t o  the condi t ions f o r  convergence o f  the i t e r a t i o n  scheme 

(2.5d), s t a r t i n g  w i t h  k = 2: 

This recurrence r e l a t i o n  generates a cont i  nued f rac t i on  expansion f o r  

which the i n i t i a l  value i s  g iven by (2.5a): 

i t  i s  proved i n  the Appendix t ha t  the l i m i t  o f  1,~'") f o r  n + a> e x i s t s  

on ly  i f  a2 > 4aZ . The l i m i t  value i s  given by the root  o f  Eq. (2.6a ) 
1 - 

w i t h  the l a rges t  magnitude. 

The i t e r a t i o n  scheme f o r  k > 2 has the same form (2.6b): 

w i t h  an e f f e c t i v e  6, which, f o r  k = 3, i s  g iven by 

The condi t i o n  f o r  convergence ' i s  now a2 > 4 6 ( the  condi t i o n  should be 
1 - 2 

ai 2 4 where 5 i s  the l i m i  t f o r  n + a> o f  6 but  we s h a l l  assume tha t  
2 2 '  



i s  s tab i  1 ised) . One sees t h a t  the smal l e r  the higher order terms, the 

la rger  the energy s h i f t  o f  the r e s u l t i n g  eigenvalue E. 

I t  i s  amusing t o  note tha t  the a's can be obtained by the fo l lowing gra- 

ph ica l  p rescr ip t ion .  The s ta tes  Oi are  represented by a l ine  ( labeled 

i), the operator  h by a "cross" x ( l i k e  a one body o ~ e r a t o r ) ,  and h . .  i s  
23 

using the convention tha t  the f i r s t  label  corresponds t o  the l i n e l e a v i n g  

the ver tex  and the second t o  the l i n e  a r r i v i n g  a t  i t .  We e x h i b i t  i n  Fig. 

1 the diagrarnatic expressions f o r  a few o f  the ai's. 

The ru les  for  ca l cu la t i ng  the diagrams are the usual ones: each closed 

loop ca r r i es  a minus sígn and one has t o  sum over a11 permutations o f the  

labe ls .  The Sth graph o f  a&, f o r  instante, confains 4 !  = 24 terms cor-  

respondi ng t o  the determinantal express ion  (2.3). 

F i n a l l y ,  l e t  us consider the expansion c o e f f i c i e n  

(2.1). Pu t t i ng  cN = 1, they are given as 

I ~ > o f  Eq.  



- 
where 6 j k  E 1 - 6 j k ,  both determinants being ()v-1) dimensional . Expan- 

d ing again i n  powers o f  h / € ,  we have 

where a i  are the expressions (2.3) r e s t r i c t e d  t o  the (N-1) dirnensional 

submatrices o f  hij and dij ( k )  are the subdeterrninants b u i l t  out  o f  the . . . 
rows ij.. . and k ,  and columns i j . .  . and N .  

Thus, f o r  instance 

We consider the lowest order approxirnation f o r  ck by i nse r t i ng  i n t o  i t s  

expression 

d k )  5 
i j  

Usi ng (2.7a) , we can w;i t e  

h . .  h . .  - hiN zz ZJ 

h . .  h . .  - h  
3% JJ jN 

hki hk j  - hm 

( 2 . 7 ~ )  



The t r a n s i t i o n  amplitude induced by an operator O from tha t  s ta te  des- 

cr ibed by c i ' )  t o  another s ta te  Ix> i s  proport ional  t o  

which i s  a coherent sum and thus s t rong ly  enhanced f o r  operators which 

have the same signature i n  t h e i r  mat r ix  elements as the Hami l~on ian h. 

Example i n  the schematic model i s  the mul t ipo le  operator used f o r  O and 

h. 

3. NUMERICAL EXAMPLES 

Let  us f i r s t  consider a few simple examples. The ideal  cases f o r  a ma- 

ximal s h i f t  (up o r  down) o f  a s ing le  energy eigenvalue are those o f  Ha- 

mi l tonians w i t h  constant mat r ix  elements: 

I n  t h i s  case, c l e a r l y  a11 the subdeterminants o f  order k > 1 are ze ro .  

Thus, there i s  on ly  one eigenvalue d i f f e r e n t  from zero, €=NA, N being 

the dimension o f  the matr ix,  the o ther  (N-I) eigenvalues being zero. 

I n  order t o  see how the i t e r a t i o n  scheme (2.5d) does work, we consider 

next the less t r i v i a l  ma t r i x  

I n  Table 1, we e x h i b i t  f o r  N=10 the f i r s t  few relevant %'s, the Conver- 

gent energies Ek o f  the continued f r a c t i o n  expansions and the e f f e c t i v e  

E, enter ing i nto  these expans ions . 



Table 1 

Clear ly,  the cond i t ion  ai L 4 õr2 i s  s a t i s f i e d  and the convergence of the 

E*'S t o  the exact eigenvalue E = 9.10 i s  q u i t e  f a s t .  The exact eigenva- 

lues are obtained by d iagona l isa t ion  o f  the ma t r i x  (2.8) which gives r i -  

se t o  one eigenvalue equal t o  9.10, a11 the others being degenerate and 

equal t o  0.1. 

As a less favorable case, we consider a mat r ix  whose diagonal ma t r i x  

elements equal twice the o f f  diagonal ones: 

The corresponding numbers are given i n  Table 2. 

0.5 1 

The cond i t ion  cri 2 4 5, i s  again s a t i s f i e d  but  the exact eigenvalue E = 

5.5 i s  reached on ly  by tak ing  higher orders i n t o  account. I t i s  c l e a r t y  

possib le t o  redef ine de zero o f  the energy thereby reducing the d i f f e -  

rence between diagonal and nondiagonal elements and then the i t e r a t i o n  

scheme w i l l  again converge very fas t .  Note tha t  f o r  these simple cases, 

(2.8) and '(2.9), i t  i s  poss ib le  t o  solve the problem imnediately by sub- 

t r a c t i n g  from the diaganal ma t r i x  elements 0.1 and 0.5, respect ive\y,as 

these subtract ions w i l l  produce constant matrices whose so lu t ions  are&- 

ta ined t r i v i a l  l y  (1s t  example presented) and, i n  order t o  ob ta in  the ac- 

23 
(h..) = . . 

. . . : : I -  
. . 1 



Table 2 

1 -10.00 10.00 - 
2 33.75 d i vergen t 23.75 

3 -60.00 6.06 23.87 

4 65.63 5.38 24.88 

tua1 eigenvalues, one has simply t o  add t o  these so lu t ions  the amount 

which has been subtracted from the o r i g i n a l  diagonal mat r ix  elements. 

As a f u r t h e r  i l l u s t r a t i o n ,  we take a r e a l i s t i c  case, using as residual  

i n te rac t i on  ( i )  6 - force  and ( i i )  Sussex mat r ix  elements4. 

2' s ta te  a t  4.43 MeV i n  12c 

( i )  This ca l cu la t i on  was done i n  Ref.2 assuming tha t  t h i s  s ta te  can be 

described by a superposi t ion o f  seven pa r t i c l e -ho le  s ta tes  as given i n  

Table 3; the unperturbed energies E. taken from experiment2. 
2 

Table 3 

Conf i gu ra t i on  
hole , p a r t i c l e  E*. ( M ~ V )  



The two-body i n te rac t i on  used2 i s  a simple 8- force which resu l t s  i n  the 

fo l l ow ing  pa r t i c l e- ho le  ma t r i x  elements 

where the a's and b 's are simple geometrical expressions (see Eqs. (2. 

3a) and (2.3b) o f  Ref.2) and Jij are the rad ia l  ma t r i x  elements given i n  

Table 2 o f  the same reference. I f  one had assumed constant rad ia l  ma- 

t r i x  elements, the i n t e r a c t i o n  would be separable. The average energy 

w i t h  respect t o  which the s h i f t  i s  ca lcu la ted i s  E' = 27.509 MeV. The 

resu l t s  f o r  the i t e r a t i o n  scheme are presented i n  Table 4. 

Table 4 

The exact resul  t,obtained by diagonal i z a t i o n  o f  the matr ix ,  i s  -23.08 

MeV. Adding E' t o  the resu l t i ng  E ~ ,  one obtains E = 4.39 MeV ( t h e  
+ 

strength o f  the &- force  has been adjusted t o  reproduce t h i s  2 s ta te)  . 

( i i )  Same as i n  ( i )  using the ~ u s s e x b t r i x  elements as p a r t i c l e  - par- 

t i c l e  in terac t ion .  We used b = 1.6 f m  f o r  the harmonic o s c i l l a t o r  s i ze  

parameter. The resu l t s  are shown i n  Table 5. 

Table 5 

k 
- 

@k &k 
C1 
2 

Adding E' t o  the resu l t i ng  E ~ ,  one obtains E = 12.26 MeV. 



For both cases ( i )  and ( i i ) ,  the condi t i o n  a: 2 4 6 ,  i s  s a t i s f  ied  andthe 

convergence i s  q u i t e  f a s t .  

4. SUMMARY 

We have shown tha t  i n  order t o  determine the energy E o f  a s ta te  which 

i s  s t rong ly  sh i f ted ,  w i t h  respect t o  i t s  unperturbed pos i t ion ,  by a re- 

sidual  force, i t i s  simply necessary t o  ca lcu la te  the sum o f  the subde- 

terminants o f  the f u l l  Hamiltonian matr ix .  These sums % enter i n t o  low 

order equations f o r  E which a l l ow  i n  add i t i on  f o r  a simple recurs ive so- 

l u t i o n  i n  form o f  a continued f r a c t i o n  expansion. The smallness o f  ak/€ 
k 

f o r  k > 1, i s  a necessary and s u f f i c i e n t  cond i t ion  f o r  the occurrence o f  

a la rge s h i f t .  I n  view o f  the s i m p l i c i t y  o f  t ha t  procedure, compared t o  

the f u l l  N-dimensional problem, we have the fee l i ng  tha t  there should be 

a corresponding s i m p l i f i c a t i o n  i n  a microscopic many-body ca l cu la t i on  of 

such a c o l l e c t i v e  s ta te .  

One o f  the authors (w.G.) would l i k e  t o  thank the members o f  the Insti- 

tuto de ~ Z s i c a  da Universidade de São Paulo, f o r  t he i  r warm hospi t a l  i t y  

dur ing h i s  s tay  i n  São Paulo. 

APPENDIX 

The continued f rac t i on  expansion (2.5b) or ,  i n  general, ( 2 . 5 ~ )  (assuming 

1 inear ra t i ona l  t ransformat ion a s tab i  1 ised G 2 )  i s  generated by the 

s = S(w) 

The nth order approximation i s  then given by 

w i t h  w = 1 / ~ ( ' ) .  I n  order t o  es tab l i sh  the condi t ions f o r  the existence 

of 1 i m  sn(u), we f o l  low wa11 3 .  The mapping ( ~ . 1 )  has two f ixed po in ts  



and a l l o w s  t h e  f o l l o w i n g  r e l a t i o n s  t o  be v a l i d  

S - X  X w - X 1  
1 1  = - -  , f o r  X, # X2 

S -- X2 X2 w - X2 

and 

1 1 1 -- = - - , f o r  X1 = X, . 
s - X, w - X, X, 

Therefore, the  nth o r d e r  mapping, (A.21, obeys 

- , f o r  X1 # X2 
sn(d - x2 

and 

1 ' 1 
- c- - -  , f o r  X, = xp . 

s n h )  - X1 w - X, X, 

From (A.3), i t  i s  obv ious t h a t  f o r  n -+ -, the  1 im sn(w) has t o  be equal 
n* 

t o  X,. Thus, f o r  X, = X,, the  con t inued  f r a c t i o n  expansion converges t o -  

wards X1. For  X, # Xp and / x , I < ~ x ~ ~ ,  we have f o r  s u f f i c i e n t l y  l a r g e  n , 

(A. 4) 



Thus again the continued f rac t i on  expansion converges and 1 i m  sn(d = X1, 
n- 

which i s  the f i x e d  po in t  o f  smallest magnitude ( l a rges t  energy). 

F ina l l y ,  i f  \X ( = IX 1 andX # X2, the l i m i t  o f  the r ight-hand s ide o f  
1 2 1 

( ~ . 4 )  obviously does not  e x i s t .  Thus, the condi t i o n  f o r  convergence o f  

(2,5b,c) i s  

(assuming a estabi  1 ised) . 
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