
Revista Brasileira de Física, Vol. 8, Nº 1, 1978 

A Note on the Josephson Tunneling* 

FABIO G.  DOS R E I S  
Instituto de Física, Universidade Estadual de Campinas, Campinas SP 

Recebido em 10 de Novembro de 1977 

With a  simple genera l iza t ion  o f  Bogoliubov's quas i - pa r t i c l e  approach, 

the resu l  t s  f o r  the Josephson cur rent  i n  a  superconductor are recovered, 

wi thout  r e s o r t i  ng t o  the usual pseudo-spi n  treatment . 

Através de uma simples general ização do tratamento com quasi - par t ícu las  

de Bogol i ubov, obtêm-se os resultados para a  corrente de Josephson em um 

supercondutor, i sso  sem se fazer uso do tratamento usual de pseudo-spi n. 

Mostra-se também a equivalência en t re  as duas descrições. 

INTRODUCTION 

The Josephson e f  fec tl  occurs when tunnel i n g  currents f low between two su- 

perconductors separated by a  t h i  n  i s o l a t i  ng layer .  Thi s  e f f e c t  has been 

ex tens ive ly  anal ized and d i f f e r e n t  a l t e r n a t i v e  d e r i v a t i o n s o f  Josephson's 

resu l t s  are ava i l ab le  i n  the current  l i  t e r a t u r e    .  The most common ap- 

proach4 i s  tha t  i n terms o f  the pseudo-spi n  formal i sm o f  ~nderson '  . A mo- 

re  elaborate ca lcu la t ion ,  along the same l i nes ,  i s  due t o  Lee andScul ly6 

who included the i n t e r a c t i o n  o f  the j unc t i on  w i t h  the rad ia t i on  f i e1 d  

contained i n ' t h e  resonance c a v i t y  and the e f f e c t  o f  the externa1 (normal) 

p a r t  .of the c i  r cu i  t. 

I t  has been remarked' t ha t  Bogoliubov's quas i- par t ic le  p i c t u r e  o f  super- 

conduct iv i ty7,  i n  i t s  o r i g i n a l  form, does not  a l low a  desc r i p t i on  o f  the 
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Josephson e f f e c t  because the quas i- par t ic le  s ta tes  do not  have a d e f i n i t e  

phase fac tor .  The d i  f ference i n  phase o f  the superconducti ng wavefuncti - 
ons, on both sides o f  the junc t ion ,  i s  bas ic  t o  the explanat ion o f  theD.C. 

and A.C. Josephsor! e f f e c t s .  I n  f a c t  the i l l - d e f i n i t i o n  o f  the number o f  

e lectrons i n  the superconducting phase gives r i s e  t o  the existence o f  a 

we l l  defined phase fo r  the quas i - pa r t i c l e  s ta tes ,  which i s  a l so  coherent8 

This resu l t s  i n  non-vanishing of f- diagonal  elements o f  the dens i ty  matrix
g
. 

This i s  j u s t  a ~ a n i ~ f e s t a t i o n  o f  the condensation i n  Cooper pa i rs .  A s imi -  

l 'ar s i t u a t i o n  can be found i n  the case o f  condensation o f  the electrongas 

i n  states wi t h  magnetic o rde r i ng  o r  wi t h  the format ion o f  charge and / o r  

sp in  dens i ty  waves. These cases can be prec ise ly  described i n  terms o f  

Bogoliubovls quas i- par t ic les  w i t h  appropr iate coherent phases'O. 

These considerations lead us t o  propose a simple and s t ra igh t fo rward  ge- 

n e r a l i z a t i o n  o f  the Bogoliubov-Valatin t ransformat ion which a1 l o w  us t o  

recover the resu l t s  f o r  the Josephson current, w i t h i n  the usual Bogoliu- 

bov-BCS scheme, wi thout  reso r t i ng  t o  the pseudo-spin algebra. We show the 

equivalence between the two representations. 

1. OBTAINING THE JOSEPHSON CURRENT BY GENERALIZING THE 
BOGOLIUBOV TRANSFORMATIONS 

The formalism f o r  deal i n g  wi t h  tunne l ing  e f f e c t s  i s  we l l  known. Bardeen"; 

' Cohen, Fal i cov  and ~ h i  1 l ips12,  and prange13, have discussed t h e  problem 

from a rnany-particle p o i n t  o f  view. As prev ious ly  stated, we are in teres-  

ted  here i n tunnel i ng between supeyconduct i ng j unc t  ions . 

We use the e f f e c t i v e  ~ a m i  1 t on i  an14 

where E @ )  i s  the k i n e t i c  (band) energy o f  e lec t rons  i n  Bloch States [I$>, 

and the  v(K,K') - - are the ma t r i x  elements o f  the a t r a c t i v e  e lec t ron- e lec t ron 

i n t e r a c t i o n  responsible f o r  the ocurrence o f  superconduct iv i ty ;  the usual 

second quant iza t ion  no ta t i on  has been used. 



Now cons i der two i ndependent superconductors whi ch are brought together t o  

form the superconductor junc t ion ,  and denote by H ,  and H p  t h e i r  respect i -  
\ 

ve Hami 1 ton i ans . The coup 1 i ng ene rgy , 

t rans fers  Cooper pa i r s  from one s ide t o  the other o f  the b a r r i e r . l n  (1 .21 ,  

T i s  the t rans fe r  i n teg ra l ,  which we assume t o  be K-independent, and we 

have i ntroduced the operators f o r  the c reat ion  and anni h i  1 a t i o n  o f  a Cooper 

pa i r ,  namely, 

each value o f  5 re fe rs  t o  the superconductor on each s ide  o f  the b a r r i e r .  

I t  i s  s t ra igh t fo rward  t o  ca lcu la te  the tunnel ing current ,  s ince 

i s  the operator  representat ing the cur rent  f lowing from side 1 t o  s ide  2 

across the i nsu la t i ng  ba r r i e r ,  and N 1  i s  the t o t a l  number o f  e lec t ron  on 

s ide  1. 

Using the t o t a l  Hamiltonian 

we e a s i l y  f i n d  

At t h i s  po in t  we introduce the usual Bogoliubov operators o f  quas i -par t i -  

c l es  through the mat r ix  equation 



wi t h  the condi t i o n  

where 

and we v e r i f y  t h a t  the Josephson e f f e c t  does not  occur since these opera- 

to rs  do not add a d e f i n i t e  phdse f a c t o r  t o  the quas i- par t ic le  states.  

We avoid t h i s  d i f f i c u l t y  by i d e n t i f y i n g  the Bogoliubov 2x2 t ransformat ion 

ma t r i x  w i t h  the 2x2 complex mat r ix  associated w i t h  a r o t a t i o n  i n  the R ( 3 )  

space, i .e., u and v a te  taken as Cayley-Klein parameters17: 

We f i n d  tha t  t h i s  new transformat ion ma t r i x  s a t i s f i e s  a11 the orthonorma- 

1 i z a t i o n  condi t i ons  o f  the preceding one. When we put  + = Y = O f o r  every 

K, we recover the transformation w ide ly  used t o  study the superconducting - 
s ta te .  

To deal w i t h  the Josephson tunneling, we propose here a simple general iza- 

t i o n  o f  the quas i- par t ic le  operators and 8 ,  choosing YK = O and JI( = +, 
f o r  every 5, i n  Eqs. (1.8). Just  as i n  the quasi-spin f o k l i s m ,  a degene- 

racy appears i n  the ground s ta te  since we ob ta in  1 i nea r l y  i ndependent de- 

generate ground s ta tes  f o r  d i f f e r e n t  values o f  $. The t ransformat ion i s  ge- 

nerated by the ma t r i x  



e I 
s i  n 7 . exp ( -  - 2 i$)] 

(1.9) 
e 1 cos - . exp(- 7 i+) 2 

With (1.9), we form the new operators aK and BK i n  order t o  express the tun- 

nel i ng cur rent  (1.5) . We take i t s  averaie i n the BCS ground state, using the 

prope r t  i es 

and ob ta in  

This i s  the we l l  known form o f  the DC - Josephson e f f e c t ,  and along s imi-  

l a r  l i n e s  one can a l so  der ive  the AC - Josephson e f f e c t .  We have thus shown 

tha t  these e f f e c t s  and re la ted  questions can be s tud ied within:the scheme 

o f  Bogoliubov's quas i- par t ic le  desc r i p t i on  o f  the superconducting s ta te .  

2. EQUIVALENCE OF THE PSEUDO-SPIN AND QUASI-PARTICLE 
FORMALISM 

Consider the two quantum mechanical s ta tes  IK+> and I-K+>, and the opera- - - 
t o  r s  

of annihi  l a t i o n  and c rea t i on  o f  an e lec t ron  i n those s ta tes .  We use them t o  

def ine  the pseudo-spi n operators: 



With these operators, Anderson
g 

has shown tha t  the BCS Hamiltonian i s  equi- 

valent  t o  t ha t  o f  a system of  spins i n  the presence of a magnetic f i e l d  p lus 

an an iso t rop ic  (x,Y) exçhange term. To solve t h i s  magnetic vers ion o f  the 

problem, he uses the molecular f i e l d  approximation, and then ro ta tes  each 

pseudo-spin K by an angle 9 around the Y-axis (so tha t  the new SoK remains 

i n  the XZ-plane and makes an angle 8 wi t h  the o l d  S 1. The thr; compo- - K OK 
nents o f  the ro ta ted pseudo-spin SK can be expressed,-in terms o f  the Bo- 

+ - + 
gol i ubov operators a g, (%, KK and f3 , i n the same way as the i n i  t i a 1  com- 

-6 
ponents o f  the pseudo-spi n SK are expressed i n terms o f  the operators (2.2). 

I n  p a r t i c u l a r ,  the transformed BCS Hamiltonian i s  a sum o f  terms p ropo r t i -  - 
onal t o  the SOK. - 
Here, we s h a l l  prove tha t  the same re la t i onsh ip  holds f o r  the more general 

Bogol iubov operators defined by (1.6) and (1.9). Instead o f  the simple ro- 

t a t i o n  discussed above, (1.9) generates a r o t a t i o n  obtained by f i  r s t  ro ta-  

t i n g  Ji around Z, and then 0 around the new Y-axis. The components o f  the 

ro ta ted pseudo-spin are then 

- 1 ( r -? )  t o  b e t t e r  show where we have used Sx = 2 (? + F )  and gy = 7 
the ro ta t i on .  

-+ 
Revert ing t o  S and ? , we easi l y  prove using (1.6) and (1.9) t ha t  



The pseudo sp in  operators (2.2) a c t  on a two dimensional vector  space gene- 

ra ted by two states:  i n  one o f  them both I?+> and I-<+> are occupied, wh i le  

i n  the other both a're empty. It i 5  always poss ib le  t o  f i n d  a un i t a ry  t rans-  

format ion PK i n  t h i s  two dimensional space f o r  which" - 

This argument completes the proof  o f  the equivalence between the two des- 

c r i p t i ons ,  one w i t h  pseudo-spiin and the other w i t h  the Bogoliubov operators. 

We remark tha t  both (2.2) and (2.4) generate the L i e  algebra o f  the group 

S U ( 2 ) ;  t h i s  group i s  homomorpliic w i t h  the r o t a t i o n  group 0(3). This hom- 

morphism provides the connection between the r o t a t i o n  o f  the pseudo-spi n and 

the uni t a r y  transformation i n  the space o f  s t a t e  vectors. 

I thank Dr. Roberto Luzzi and D r .  Mario Fogl i o  f o r  h e l p f u l  discussions and 

suggestions, and f o r  a c r i  t i c ' a l  reading o f  the manuscript, and Dr. J. I. C.  

Vasconcellos f o r  rousing our i nteres t  on the subject .  
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