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This a r t i c l e  disputes the v a l i d i t y  o f  the usua l l y  accepted expression 

f o r  the volume force  i n  f l u i d  d i e l e c t r i c s ,  as given i n  rnost textbooks. 

I t proposes tha t  t h i  s vol  ume fo rce  ought t o  be der i  ved f rom the expres- 

s i on  o f  the fo rce  i n  a p o i n t  d ipole.  It a lso  shows tha t  the a l t e r n a t i -  

ve fo rce  expression i n  terms o f  p o l a r i z a t i o n  charge dens i t ies  leads t o  

co r rec t  resu l  t s  concerni ng the t o t a l  force. 

Anal isa-se c r i t i camente  a dedução da expressão da força de volume em 

um d i e l é t r i c o  sob a ação de um campo e l é t r i c o ,  apresentada pela maio- 

r i a  dos i iv ros  em Eletromagneti sino. Mostra-se que essa dedução parte de 

hipóteses inadequadas, o que Inva l i da  a expressão obt ida .  Propõe-se en- 

tão que se adote para a força -de volume aquela obt ida  da força sobre 

um d ipo lo  pontual. Mostra-se também que as cargas " f i c t í c i a s"  de pola-  

r ização podem ser usadas para o cá l cu lo  da força t o t a l  sobre o d ie lê -  

t r i c o .  

INTRODUCTION 

Ponderomotive Forces in Dielectrics 

When a d i e l e c t r i c  i s  polar ized,  e l e c t r i c a l  volume forces-cal led ponde- 
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r o m t i v e  - develop ins ide  i t. These volume forces cause smal 1 d i sp la -  

cemnts  and deformations i n  the d i e l e c t r i c  body - known as e lec t ros -  

t r i c t i o n  - and sometimes the motion o f  i t s  e n t i r e  mass. 

The theory o f  E l a s t i c i t y  a l  lows us t o  i n f e r  those small deformations 

once the pa t te rn  o f  volume as wel l as surface forces are given. And 

w i t h i n  the approximation i t  usua l ly  employes, based on the smallness 

o f  the displacements, the changes i n  the fo rce  pa t te rn  caused by them 

may be ignored. This app l ies  t o  s o l i d s  and t o  almost incompressible 

l iquids.  I n  gases, the displacements may becom more important and the 

changes i n  the fo rce  pa t te rn  caused by them may be taken i n t o  account. 

It i s  under t h i s  frame that  the subject  o f  ponderomotive f o r c e s  and 

e l e c t r o s t r i c t i o n  i s  presented i n  the textbooks and w i l l  be discussed 

here. However, the r e s u l t s  obtained i n  t h i s  f r a m  should reduce t o  tho- 

se o f  the f i r s t  one (va ' l id  f o r  i s o t r o p i c  and incompressible I i qu ids  ) 

i n  an obvious way, s ince the l a t t e r  i s  a p a r t i c u l a r  case o f  the f i  r s t .  

We intend t o  show (see Section 1 )  t h a t  t h i s  i s  no t  the case f o r  the 

expression o f  the v o l u m  force  given i n  m s t  textbooks. 

Assume now a d i e l e c t r i c  f l u i d  under the ac t i on  o f  a s lowly increasing 

e l e c t r i c  f i e l d .  The derisity a t  each f i x e d  p o i n t  w i l l  change according 

t o  the changing e lec t r ic :  f i e l d .  The samr wi 1 1  be t rue  f o r  every small 

mass o f  the d i e l e c t r i c  i f  we fo l l ow  them through the small d i s p l a c e -  

m n t s  under the ac t i on  o f  the increasing f i e l d ,  owing t o  the i n c r e a -  

s i  ng pressure. Si nce derisi t y  changes i nduce d i e l e c t r i  c constant chan- 

ges, we conclude tha t  the d i e l e c t r i c  constant must be considered as a 

func t ion  o f  the e lec t r i c .  f i e l d .  This dependence i s  not a k i nd  o f  h igh  

f i e l d  e f f e c t ,  t ha t  i s ,  cme tha t  can be handled adding f i e l d  cor rec t ion  

terms t o  the normal d i e l e c t r i c  constant. I t  i s  o f  a more involved na- 

tu re  but  neverthless must be i n  p r i n c i p l e  considered. Therefore, the 

d i e l e c t r i c  cannot be taken as 1 inear, i n  the sense e l e c t r o s t a t i c s  g i -  

ves t o  t h i s  term. We r e c a l l  t h a t  a l i n e a r  d i e l e c t r i c  may have i t s  d i -  

e l e c t r i c  constant as a f unc t i on  o f  the p o s i t i o n  but not o f  the e lec-  

t r i c  f i e l d .  

The considerations we have gone through are important f o r  the for thco- 

ming discussion and c r i t i c i s m  o f  the expression usua l ly  accepted f o r  

the ponderomot i ve force. 



Any small p o r t i o n  o f  a po lar ized d i e l e c t r i c  i s  supposed t o  cons t i t u te  

a small d ipole.  Therefore, we would expect the expression f o r  the vo- 
-+ 

lume force  t o  be a s t ra igh t fo rward  genera l iza t ion  o f  the force F on a 
-i 

po in t  d ipo le  o f  the moment p ,  i n  an e l e c t r i c  f i e l d  z(? = (;.V)$ ) .This 
-+ - + + +  -+ 

gives di r e c t l y  f = (P.V)E, where P i s  the po la r i za t i on  vector ,  t h a t  i s ,  

the d ipo le  moment per u n i t  volume ( t h i s  expression w i l l  be referred t o  

as ~ 1 ) .  Instead, most textbooks present a d i f f e r e n t  expression, f i r s t  

derived by Helmholtz (E2). Only a few o f  them' discuss the reasons f o r  

r e j e c t i n g  E l .  When t h i s  i s  done, two expressions, E1 and another one, 
-+ 

E3 - obtained by the product o f  the e l e c t r i c  f i e l d  E and the dens i ty  
3 -+ 3 

o f  p o l a r i z a t i o n  charge p t ha t  i s ,  f = p E = E(-?.%) - are presented 
P P 

as equal l y  p lausi  b le.  The antinomy thus created i s resolved my rnaking 

the expression o f  the volume force  conform t o  the energy p r i n c i p l e  

(work = energy change). According t o  the ca l cu la t i on  then ca r r i ed  out, 

expression E2 obtains. I t  should be mentioned tha t  E l  i s  sometimes 

accepted as cor rec t 2 when r e f e r r i n g  t o  r i g i d  po la r i za t i on .  

We now proceed t o  examine these arguments. Concerning the al leged an- 

tinomy, our content ion i s  t ha t  on ly  E1 i s  j u s t i f i e d ,  s ince the d ie lec-  

t r i c  does have dipoles.  Hence, El  should be chosen and E3 rejected. 

Besides, we be l ieve tha t  the expression f o r  the volume force should 

equal ly  apply t o  induced and r i g i d  po la r i za t i on  as we l l .  I t  w i l l  be 

seen tha t  E1 does s a t i s f y  t h i s  c r i t e r i u m  whi le  E2 does not .  

In  t h i s  paper, we se lec t  E1 as the su i tab le  expression f o r  the e lec-  

t r i c a l  volume force. The on ly  reason f o r  t h i s  choice i s  t ha t  i t  s a t i s -  

f i es  the methodological procedure Physics o f t e n  uses i n  going f ran  the 

d i sc re te  t o  the continuum. However, t h i s  i s  not enough, s ince E2 i s  

supposed t o  r e s u l t  a l so  f r o m a  very general p r i n c i p l e  - the energy 

p r i n c i p l e  - t o  which any selected expression should conform. Therefo- 

re, Section 1 presents the Helmhol t z  approach, and the mistake i t i n -  

corporates i s local  i zed. Assumi ng the correctness o f  E1 , Section 2 de- 

r i ves  the surface forces a r i s i n g  i n  the d i e l e c t r i c  boundary due t o  the 

d i scon t i nu i t y  o f  the p o l a r i z a t i o n  f i e l d .  Section 3 shows tha t  E3 may 

1 ikewise be used when the t o t a l  force on the d i e l e c t r i c  i s  required. 

Thi s resul  t ensures the val i d i  t y  o f  Newton's Thi r d  Law f o r  the v01 ume 

and surface forces j u s t  proposed. Section 4 makes some comments on the 

e l e c t r o s t r i c t i o n  problem, and the a r t i c l e  comes t o  an end w i t h  the f i -  

nal  remarks o f  Section 5. 



When the volume force  i s  deduced from the energy p r i nc ip le ,  the expres- 

s ion  o f  the energy must be assunied from the s t a r t .  Such an expression 

i s  ava i lab le  f o r  l i n e a r  d i e l e c t r i c s  and, among these, d i e l e c t r i c s  un- 

der e l e c t r o s t r i c t i o n  are not  included, as discussed before. Therefore, 

on ly  f o r  assumed 1 inear d i e l e c t r i c s  (i .e., when e l e c t r o s t r i c t i o n  i s  ne- 

glected i n  ca l cu la t i ng  the fo rce  pat te rn)  have we made t h e .  connection 

between E1 and the energy p r i n c i p l e .  For the sake o f  s imp l i c i  ty ,  an 

i n f i n i t e  d i e l e c t r i c  was considered i n  t h i s  case. 

1. THE HELMHOLTZ DERIVAT ION 

' 
Helmholtz der ived the ponderomotive force f from the energy v a r i a t i o n  

' 
6U incurred i n  an a r b i t r a r y  sma11 displacernent s ( x )  (a f unc t i on  o f  the 

p o s i t i o n  5) o f  the d i e l e c t r i c :  

6 U = -  S .  f d v .  I' ' 

Assuming f o r  the energy U the expression 

' 
(where D i s  the displacement f i e l d  and E the ~ e r m i t t i v i t ~ ) ,  i t s  va- ' -+ 
r i a t i o n  i s  calculated ir1 terms o f  the displacernent s (x )  and the r e s u l t  

+ 
i s  t a s t  i n  the form o f  Elq.(l.l), from which f i s  r ead i l y  i d e n t i f i e d  

' -+ 
owing t o  the a rb i t r a r i ness  o f  s ( x ) .  Now fo l l ow ing  Ref .2, p. 190, one 

has f rom Eq. (1.2) above 

I f  the d i e l e c t r i c  does not  possess f ree  charges, the f i r s t  i n teg ra l  i n  

the r i g h t  o f  the above expression m y  be shown t o  vanish. Hence, fo r  

discharged d i e l e c t r i c s ,  as henceforth assumed i n  t h i s  a r t i c l e ,  we have 



The v a r i a t i o n  &E i s  supposed t o  contain two terms. The f i  r s t  one, & E ' ,  
+ + 

comes from the displacement s ( x )  considered as loca l  l y  r i g i d ,  and i s  

given by 

The second component, &E", i s  re la ted t o  volume changes induced by the 
+ 

displacement f i e l d  s, and f o r  a f l u i d  d i e l e c t r i c  o f  densi ty p i s  given 

by 

Now, w i t h  6~ = 6 ~ '  + 6 ~ "  used i n  E ~ .  (1.31, the fo l lowing volume force 

i s  obtained: 

+ 
For f u r t h e r  reference, we give the energy v a r i a t i o n  when$ . s = O ( E ~ s .  

1.3 and 1.4): 

This completes the Helmhol t z  der iva t ion .  

Our c r i t i c i s m  i s  d i rec ted  t o  the use o f  Eq.(1.2) as the su i t ab le  ex- 

pression f o r  the energy. As al ready stressed, l i n e a r i t y  cannot be as- 

sumed i f  e l e c t r o s t r i c t i o n  i s  included. Moreover, the resu l t  given i n  

Eq. (1.6) i s  no t  such as t o  g ive i n  the 1 i m i  t i n g  case o f  incompressi b l e  

f lu ids  the same resu l t  as i f  e l e c t r o s t r i c t i o n  were ignored. That is,what 

value o f  d&/& should be assigned t o  an incompressi b l e  f l u i d ?  

2. VOLUME FORCES AND TENSION 

ln t h i s  Section, we assume the correctness o f  the expression E1 ( t ha t  
- C + +  

i s ,  7 = (P.V)E), and ca lcu la te  what system o f  surface forces i t  leads t o  

f o r  d i e l e c t r i c s  o f  induced po la r i za t i on .  Such surface forces do appear 



owing t o  the d i scon t i nu i t y  o f  the p o l a r i z a t i o n  f i e l d  a t  the d i e l e c t r i c  

boundary. Before doing t h i s ,  words are needed t o  c l a r i f y  the meaning 

o f  X i n  the r e l a t i o n  

x wi 1 1  be assumed t o  be a  sca lar  and therefore on ly  i s o t r o p i c  f l u i d  d i -  

e l e c t r i c s  are embraced when e l e c t r o s t r i c t i o n  i s  considered. When t h i s  

i s  neglected, the above r e i a t i o n  app l ies  a lso  t o  i s o t r o p i c  s o l i d  d ie -  

l e c t r i  cs. 

The above equation on ly  says tha t  d and 2 are para1 l e l .  )( u l t ima te l y  

depends on the e l e c t r i c  f i e l d  but  what matters i n  the ca l cu la t i on  be- 

low i s  the e x p l i c i t  dependence o f  X on the pos i t ion .  

We wr i  t e  f o r  the volume force  the expression 

-+ 3 
Since V x E = 0, t h i s  equation tu rns  i n t o  

T = p 2  . 

' I n  order t o  study surface forces, the s u s c e p t i b i l i t y  wi11 be assun-ed 

t o  go r a p i d i l y  t o  zero i n  a  very narrow region near the d i e l e c t r i c  sur- 

face. The d i r e c t i o n  o f  v a r i a t i o n  i s  t ha t  o f  i t s  normal. 

We now in tegra te  Eq.(2.2) i n  t h i s  narrow region descr ib ing the d ie lec-  

t r i c  boundary (see F i g . l ) ,  i n  which the s u s c e p t i b i l i t y  goes from i t s  

bulk value t o  zero. F i r s t ,  l e t  us w r i t e  Eq.(2.2) as 

and in tegra te  i t over a  !;mal 1  c y l  inder o f  volume V' whose bases are i n  

the regions where x = O iind x equal t o  i t s  bulk value. We may w r i t e  





The cont r ibut ion t o  the surface integral  from any section o f  the la te-  

r a l  surface l i k e  S" vanishes by symnetry. Likewise, the one due t o t he  

base where x = O. Therefore, 

-+ 
n being the outward normal t o  the d ie lec t r i c .  The volume in tegra l  i n  

Eq.(2.4) w i l l  be evaluated i n  the fol lowing way. F i rs t ,  we wr i t e  

+ + 
where Et and En are respectively the tangential and normal components 

o f  the e l e c t r i c  f i e l d .  Therefore, 

Now, we k n a  that  the tangential conponent o f  the e l e c t r i c  f i e l d ,  Èt, 

and the normal component o f  the displacemnt vector, bn, remain cons- 

tant as one crosses the boundary. Therefore, we wri te  

and 

-+ -+ 
Since Dn = E Ein , the l as t  integral  may be wr i t ten  as 

( 2 . 7 )  

V '  

3 
Of course, Ein i s  the normal component o f  the e l e c t r i c  f i e l d  inside 

the d ie lec t r i c .  



This equation shows tha t  the d i e l e c t r i c  surface i s  subject t o  a ten- 

sion. tangent ia1  forces being absent. 

To sumnarize the discussion: the induced d i e l e c t r i c  i s  subject  t o  vo- 

lume forces'given by Eq.(2.1) and t o  a tension given by Eq.(2.8). 

2.1. Examples 

We remark t h a t  when the t o t a l  force i s  requi red, and the suscepltibi l i t y  

x i s  taken as a constant ( e l e c t r o s t r i c t i o n  i n  the homgeneous and iso- 

t r o p i c  d i e l e c t r i c  being neglected), the i n teg ra l  o f  the body fiorce may 

a lso  be transformed i n t o  a surface i n teg ra l :  

the surface S being taken ins ide but near the d i e l e c t r i c  boundary.This 

expression gives d i r e c t l y  the t o t a l  force p u l l i n g  i n  the d i e l e c t r i c  t o  

the i n t e r i o r  o f  a charged plane capaci tor  (Fig.2). Here, the force c o i  

ming from the pressure cancels out  on the surfaces A' and A" and i s  ze- 

r o  a t  the surface A. The remaining force source i s  the surface in te-  

gra l  given by Eq. (2.91, whose net con t r i bu t i on  comes from the surface A 

and gives the same resu l t  as usual l y  deduced by the energy method. 

Another tes t  t o  the proposed volume force and pressure scheme i s obtai  - 
ned by considering a po in t  charge i n  f r o n t  o f  a semi- in f i n i t e  uniform 

d i e l e c t r i c  w i t h  a plane boundary. Here, the force on the po in t  charge 

rnay be calculated i n  advance and, owing t o  the Newtonls Third Law, the 

t o t a l  force on the d i e l e c t r i c  i s  known. The ca lcu la t ion  shows that  the 

proposed scheme does indeed lead t o  the cor rec t  value. I n  the next Sec- 

1 1 1  





Now, the po lar ized d i e l e c t r i c  as conceived o f  as a charge d i s t r i l bu t i on  

i n  vacuum o f  volume densi t y  p and surface densi t y  o sa t i s f y i n ' g  
P P' 

It i s  c l ea r  that ,  owing t o  the c o n t i n u i t y  o f  the tangent ia l  component 

o f  the e l e c t r i c  f i e l d ,  a tangent ia l  fo rce  would be expected. Acoording 

t o  what has been sa id  i n  Sect ion 2, the d i e l e c t r i c  boundary i s  subject  

on ly  t o  a tension. Therefore, the mentioned tangent ia l  component may 

on ly  r e s u l t  from a pa r t i a1  incorpora t ion  i n  the surface terms o f  con- 

t r i b u t i o n s  due t o  the bulk.  I n teg ra t i ng  the bu lk  force i n  the volume 

we get 

where the surface i n teg ra l  i s  taken ins ide  but  near the d ie lec t r i c  bom- 

dary. Then, we have t o  show t h a t  the integrand o f  the surface i n teg ra l  

added t o  the tension previously found (Eq.2.8) gives the same force  as 

the one deduced from the surface charge densi ty.  I t  i s  c l ea r  t ha t  the 

volume in teg ra l  i n  Eq.(3.2) i s  already i n  the desired from, t h a t  i s ,  

I n  order t o  ca lcu la te  the surface force, conceiving the d i e l e c t r i c s  as 

an ensemble o f  po la r i za t i on  charges, l e t  us take a small surface e le-  
+ 

ment ds where the  charge dens i ty  i s  o w i t h  o u t w a r d  normal n .  The 
P'  

ou ts ide  and ins ide  e l e c t r i c  f ie lds  are d and 3. and t h e i r  normal and 
I + '  

tangent ia l  components ( i n  d i r e c t i o n  o f  n and t, Fig.3) w i l l  be denoted 

by Ein and Eit. 

Since the tangent ia l  component o f  the e l e c t r i c  f i e l d  i s  conserved, the- 

r e  w i l l  be a tangent ia l  component o f  the force,  dft, g iven by 



We must be a l i t t l e  more care fu l  i n  ca l cu la t i ng  the normal force, s i n-  

ce we have t o  subtract: from the normal f i e l d s  the f i e l d  created by the 

element i t s e l f .  I n  the outer  region (region I i n  ~ i ~ . 3 ) ,  the s e l f  

f i e l d  i s  0 &2E0 . Therefore, the  normal component o f  the force, dfn, 
P 

i s 

O f  course, the same value resu l t s  when the inner normal component o f  

the e l e c t r i c  f i e l d  i s  used, taking i n t o  account t ha t  t h e  s e l f  f i e l d  in- 
3 

side (Region I I) i s  now (-0 n/2~,). To see t h i s ,  we w r i  t e  dfn as 
P 

Now, Eqs.(3.5) and (3.6) are consistent  because 

Hence, when the d i e l e c t r i c  i s  conceived as an ensemble of surface and 

volume po la r i za t i on  charges the t o t a l  fo rce  i s  g iven by the volume in-  

tegral ,  Eq.(3.3), and surface i n teg ra l s  whose integrands are given by 

Eq.(3.4) i n  the tangent ia l  d i r e c t i o n  and by.Eq.(3.5) i n  the normal one. 

We show now tha t  adding,to the tension found before, the surface i n te-  

g ra l  i n  Eq.(3.2), the same value f o r  the t o t a l  force resu l t s .  

The tangent i a l  component of the force obta i  ned cons i der i  ng the integrand 

of the surface i n teg ra l  i n  Eq.(3.2) gives 

which i s  the same as Eq.(3.4). 

Likewise, the normal component o f  the fo rce  t o  be compared w i t h  Eq.(3. 

114 



6) i s  the surn o f  Eq. (2.8), the tension, plus the normal cornponlent o f  

the integrand i n  the surface integral  i n  Eq.(3.2), that  i s ,  

and s 

8) i s  

ince xE. = a we see that the value o f  the expression i n  Eq. (3. 
'n P 

the same as i n  Eq. (3.6). 

Therefore, the descr ipt ion o f  

may also be used to  calculate 

charges. This assures us tha 

the proposed force scheme. 

the d i e l ec t r i c  as an ensemble o f  charges 

the to ta l  force, as i f  they were free 

t the Newton's Third Law i s  preserved fo r  

4. ELECTROSTRICTION 

For homogeneous so l i d  o r  l i q u i d  d ie lect r ics ,  e l ec t r os t r i c t i on  would be 

calculated assurning the e l ec t r i c  f i e l d  pat tern as given. Eq.(2.2) wi th  

x as a constant, should feed the e l as t i c  equations as the given volume 

force. 

For f l u i d  d ie lect r ics ,  including e lec t ros t r i c t ion ,  the pert inent equa- * 
t ions are Eq.(2.2), together w i th  the state equation o f  the f l u id ,  and 

f i n a l l y  the re la t ion  between s ta te variables and d i e l ec t r i c  constant . 
The system should be solved consistently. 

5. FINAL REMARKS 

Many o f  the expressions here presented may be found scattered i n  the 

l i t e ra tu re .  We do not aim f o r  o r i g i na l i t y ,  but rather t o  cal1 atten- 

t i o n  to  a kind o f  logical  er ror  usually found i n  the l i t e ra tu r~e .  

We are indebted t o  our colleagues R.T.da Costa, R.Lobo, and R. Wberle 

fo r  c l a r i f y i ng  (and uncornmited) discussions i n  t h i s  subject, and t o  



Prof .  6 .  Gross, and specia l  l y  to  Prof .  D. Channin and t h e  American 

Journal o f  Physics referee, f o r  rnany suggestions. 
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