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Toda and Wadati as w e l l  as Kodama and Wadati have shown t h a t  the Backlund 

t ransformat ions f o r  the  exponential l a t t i c e  equation, sine-Gordon equa-

t i on ,  K-dv equat ion and modi f ied  K-dv equation, a r e  canonical transforma-

t i ons .  The purpose o f  t h i s  paper i s t o  show t h a t  the  Backlund t r ans fo r -

mations f o r  the  Boussinesq equation, f o r  a general ized K-dv equation, f o r  

a model equation f o r  shal low water waves, and f o r  the  nonl inear Schorddin-

ger equation, a r e  a l s o  canonical t ransformat ions.  

Toda e Wadati assim como Kodama e Wadati mostraram que as t ransformações

de Backlund para a equação do r e t  i cu lado exponencial , equação de s ine-

-Gorbon, equação K-dv e equação K-dv modif icada, são transformações canô-

nicas.  A f i n a l  idade deste  a r t i g o  é a de mostrar que as transformações de 

Backl und, para a equação de Bouss i nesq, para a equação de K-dv genera l i - 
zada para uma equação modelo de ondas de águas rasantes, e para a equação 

de Schrdd inger não l inear, são também transformações canôn icas. 

* Work supported by FINEP, Rio de Janeiro,  under the con t rac t  356/CT. 



1. INTRODUCTION 

Toda and ~ a d a t i  ' have shown t h a t  the Backlund t ransformat ion f o r  the ex- 

ponent ia l  l a t t i c e  equat ion i s  a canonical t ransformat ion.  Subsequently, 

Kodam and Wadati * exterided t h i  s  resu l  t t o  the sine-Gordon equat ion and, 

more recen t l  y, these l a s t  authors3 have establ  ished the same property f o r  

the Kortweg-de Vr.ies and modi f i e d  Kortweg-de V r ies  equations. 

The purpose o f  t h i s  paper i s  t o  show t h a t  the same holds f o r  o ther  non- 

1 inear  equations 1 i ke a general i zed Kortweg-de V r ies  equation4, f o r  a 

model equat ion f o r  shal low water waves5, for the  Boussinesq equation, and 

f i n a l l y  f o r  the non l i n e a r  SchrtJdinger equation. 

I n  Sect ion 2, we r e c a l l  the  bas ic  formulae f o r  the  canonical transforma- 

t i o n s  o f  f i e l d  equations. I n  Sect ion 3, we apply i t  t o  the Boussinesq e- 

quation, f o r  which we w r i t e  the  generat ing func t i ona l .  I n  Sect ion 4, we 

consider equat ion o f  the  type 4 + @(+,+x,$xx,. . .)=O by making use o f  the 
xt 

resul  t s  o f  Ref . 3 ,  and app l y ing  them t o  a general ized K-dV equat ion4 and 

f o r  a model equat ion foi- shal low water waves5. I n  Sect ion 5,  we wr i te the 

generat ing func t iona l  f o r  the non l inear  SchrUdinger equat ion.  I n  Sect ion 

6 ,  we make some commentr; about the  method. 

We s h a l l  consider a system descr ibed by a Lagrangian o f  the form: 

where the  Lagrangian dens i t y  i s  assumed independent o f  t ime de r i va t i ves  

o f  the f i e l d  h igher  than the f i r s t .  

I n  ( I ) ,  we used the  no ta t i on  



We write the fol lowing expansion6: 

@(x,t) = C qn(t)un(x) , 
n 

where the un(x) constitute a complete set of orthonormal functions, í .e., 

I un(x)um(x)& = 6m . ( 3 )  

C un(xt)un(x) = 6(x-xt) . (4) 
n 

We are, without any loss of generality, restricting ourselves to real 

functions. 

From the Lagrange equations, 

the following field equation obtains: 

From the expression for the momenta, 

it follows 

The Hamiltonian of the system is 



where the Hamiltonian density is given by : 

H(x,t) = .rr(x,t)$,(x,t) - L(x,t) . 

Given the Hamiltonian density, the Hami 

nth,t) = - 

lton equations can be written as: 

i s given here by where the functional derivative, - t4 ' 

the right hand side being applied to the corresponding density. 

A transformation which takes Q, .ir into $ I ,  n' is canonical wheneverit is 

possible to find a functional W = JW($,$x,@xx,. . .)h such that 

j ~ ~ m ,  - n.4; + H! - H  --ldrdt a t = O .  

From (15) one has the following transformation equations: 

W is the generating functional of the canonical transformation defined by 

Eq. (16) . 



3. THE BOUSSINESQ EQUATION 

The Bouss i nesq equat i on wr i tes  as7 

- @tt + 6(@2)zx + $3Û ;Cx = 0. 

By p u t t i n g  $-ox, and i n t e g r a t i n g  once w i t h  respect t o  X, w i t h  the i n t e -  

g r a t i o n  constant se t  equal t o  zero, we have 

The corresponding 

whi l e  

wi t h  

the Harni 1 

Lagrangian dens i ty  i s  

ton ian dens i ty  i s  given by 

In t roduc ing new f i e l d  var iab les ,  

we can w r i t e ,  from Eq. (201, 



Put t i ng  

i t  f o l l o w s  t h a t  

By choosing a2= -3, we see t h a t  H '-  H reduces t o  a divergence. Choosing 

the  generat ing func t i ona l  

we have, from Eq. (16) ,  the express ions 

which are cons is ten t  w i  t h  Eqs. (24-1)  and (24-1 1) f o r  a2= - 3 . 

These are  the  Backlund t ransformat ions obtained by chen8 from the Zakha- 

rov  equat ions
g . 

4. A GENERALIZED KdV EQUATION AND A MODEL EQUATION FOR SHALLOW 
WATER WAVES 

We now consider equatioi is o f  the type 



where K does not  depend ne i t he r  on $t nor on i t s  de r i va t i ves .  I n  t h i s  

case, i t  i s  simple t o  see t h a t  the corresponding Lagrangian dens i t y  can 

be w r i t t e n  as 

L = $& - u(@,$z,$3Y.,. .) . 

The corresponding equat ion o f  motion i s  

U = / U($,$2,$n,.. .)~ . (31) 

The corresponding Harni l tonian formalism i s  no t  uniquely def ined,  s ince 

~ ( x , t )  = $x , (32) 

i.e., the momenta depend on the f i e l d s .  

However, we can fo rma l l y  consider the t rans format ion  

keeping on l y  the equat ion 

and look f o r  those canonical t ransformat ions f o r  which 

a H'-H = - J($ ,wS,@; ,... , az 

and a l s o  

Examp l e s  o f  such t ransformat ions a re  the  Back lund t ransformat ions f o r  the 
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K-dV and modified K-dV equations3. Here we shall consider the following 

general ized K-dV equation4: 

@t = - @x,wxx + 10@@xxx + 20@x@, - 3 0 @ ~ @ ~  . (37)  

Putting 4 = V we can write the following Lagrangian density: 
2' 

the corresponding Hami 1 tonian densi ty bei ng 

Introducing v+ = v+vr, v- = V-ur,it follows, neglecting divergence terms, 

that 

+ v-xxx v+xxx ' 

Let us make the ~ n s a t z ~  

Then 

It then follows that Eq.(40), neglecting again divergence terms, can be 

wr i tten as 

Taki ng 



i t  i s  easy . to  çhow t h a t  

I t f o l  lows, f rom Eqs. (4 ) and (44), t h a t  

which i s  the  f i r s t  Backlund t rans format ion  ( k  i s  an a r b i t r a r y  constant ) .  

The generat ing func t i ona l  i s ,  i n  t h i s  case, 

1 w = I[-v'v x - 2kz (v -v f )2  (V-V');1&, 

which generates the  t ransformat ions 

The two expressions (47) co inc ide  w i t h  Eq.(45-I).  

The second Backl und t ransformat i on  i s obta i ned f rom Eq. (45- I )  and the equa- 

t i o n  o f  motion which f o l l o w s  from Eq.(38). I t  i s  g iven by 

- 1 1 - - v Z  + 5 v _ +  + 6 vi] "+t - v-x v-xn v- v-xxxx 2 -m 

We now t u r n  t o  a model equat ion f o r  shal low water waves5, which w r i  tes  as 

Th is  case i s  more involved than the former one. 

Eq. (48) corresponds t o  the Lagrangian dens i t y  



from which we have 

The Hamiltonian dens i t y  reads 

Here, we have 

which takes the form o f  a divergence i f  

f(v-) being an a r b i t r a r y  funct ion .  The one sol  i t o n  s o l u t i o n  o f  E q .  ( 4 8 )  

suggests the f o l  lowing form o f  Eq. (53) : 

Introducing i t i n  Eq.  (48), the second Backlund transformat ion  i s  obtained: 

By choosing the fo l l ow ing  func t i ona l  generator 

1 vv ' m x  
vv; v ' v t 2  

+ = I [-:v;v - k2(v-v ' )  +- - - -  
2 4 4 



the  t ransformat ions 

and Eq. (50) g i ve  us (54- 1) . 

Therefore, 

transformat 

i n  t h i s  case, t he  Back 

i on. 

lund t ransformat ion 

5. NONLINEAR SCHRODINGER EQUATION 

I n  the case o f  the  non l inear  Schrddinger equat ion 

we have a l s o  t o  cons i de r  i t s  complex conjugate equat 

tak ing u and Ü as independent f i e lds .  The correspond 

t y  reads: 

i s  a l s o  a 

on 

ng Lagrang 

I n  order  t o  avoid d i f f i c u l t i e s  which come from the  f a c t  t ha t  

canon i ca 1 

i an dens i - 

(58) 

we can make the formal change 3'- t, which corresponds t o  

I n  t h i s  case, tha Hamiltonian dens i ty  w r i t e s  as 



the Hamilton equations taking the form 

where H = j ff dt. 

By considering the generating functional 

(63)  

where 

it follows that 

and the corresponding complex conjugate expressions. 

These equations are exactly the Backlund transformations which generate 

soliton type of solutions for the nonlinear Schrudinger equationlO. 

6. FINAL COMMENTS 

The procedure for obtaining, for a given equation,transformations which 
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generate from given so lu t i ons  o ther  so lu t i ons  o f  the  same equation, i s  

e s s e n t i a l l y  t he  fo l l ow ing  one: 

a) t o  f ind  a Lagrangian and const ruc t  t he  corresponding Hamil tonian; 

b) t o  w r i t e ,  from a r e l a t i o n  between two so lu t i ons  $I and $I1, t h e  d i f f e -  

rence H-H' as a divergence; 

c) t o  ob ta in  a func t i ona l  generator, W, f rom which the equations 

obtain.  

Let  us note t h a t  t h i s  l a s t  step i s  essent ia l  i n  order t o  ob ta in  a canoni- 

ca l  t ransformat ion which r e l a t e s  d i s t i n c t  so lu t i ons  o f  t he  same equation. 

For instance, the  modi f ied long wave equation, proposed by Gibbon e t  a ~ ? f  

namel y, 

Ut + U + 12uux - Um+, = O , x (67) 

can be rewr i t t en ,  by means o f  a change o f  scale, as 

The correspond 

which i s  exact 

- 
v x t  - 6vxvZX + vxXxx v m x t  

= o .  

ng Hamiltonian dens i t y  i s  

H = v 3  + v 2  

x xx 

y the  Hamiltonian dens i ty  f o r  the  K-dV equat ion.  

The t ransformat ion = f(v-), w i t h  = 1, tu rns  H'-ff i n t o  a divergen- 
dv- 

ce. However, t he  t ransformat ion equat ion (66) do not  hold, s ince here we 

have IT = (1/2) (vX-v',) . 
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