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I n Friedmann's model, physical  3-space has a curvature  k=constant I n  

the cases o f  g reates t  i n t e r e s t  (K#O), t r i a n g u l a t i o n  f o r  the  measurement 

o f  great  d istances should be based on non-Euclidean geometries: Rieman-

n ian  (or  doubly e l l i p t i c )  geometry f o r  a c losed universe, and Bo lya i-  

-Lobatchevsky's (or hyperbol i c ) f o r  an open universe.  

No modelo de Friedrnann, o espaço f i s i c o  t r id imens iona l  tem curvatura  k=

constante. Nos casos de maior in teresse (K#O), a t r iangu lação para a 

medida de grandes d i s tânc ias  deve basear-se nas geometrias não euclidea-

nas: geometria de Riemann (ou duplamente el í o t i c a ) para o universo fe-  

chado, e geometria de Bolyai  -Lobatchevsky (ou h iperbõ l  ica) para o un i -  

verso aberto.  

1. INTRODUCTION 

Tr iangu la t i on  has been a very l i m i t e d  means f o r  the measurement o f  as- 

tronomical d i  stances' . However, recent  advances i n ob ta i  n i  ng great reso- 

l u t i o n  powers i n  observat ion  instruments2 makes one be l  ieve t h a t  even- 

t u a l l y  t r i a n g u l a t i o n  w i l l  be used f o r  the  determinat ion  of d istances f a r  

g reater  than those mentioned i n  Ref.1. 
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I n  t h i s  paper, we s h a l l  n o t  pay much a t t e n t i o n  t o  these  t e c h n i c a l  p r o-  

blems. Instead,  we want t o  ana lyze  how t h e  c u r v a t u r e  o f  space, as shown 

by Friedmann's model, a f f e c t s  t h e  r e s u l t s  o f  t r i a n g u l a t i o n .  A hypothe-  

t i c a l  numer ica l  example i s  worked o u t ,  s h a r p l y  i l l u s t r a t i n g  t h e  in f luen-  

c e  o f  t h e  c u r v a t u r e  s i g n s .  

2. FRIEDMANN'S METRICS 

I n  an isochronous,  co-moving r e f e r e n c e  system, w i t h  u n i v e r s a l  t i i n e t a n d  

s p a t i a l  c o o r d i n a t e s  x,B,@ (Refs.3,4),  t h e  space- t ime 1 i n e  e1  emen t i n  

Friedmann's model i s  

d s 2  = c 2 d t 2  - d12 , 
where 

d12 = ~ ' ( t )  pX2 + g ( ~ )  (de2 + ~ i n ~ e d $ ~ ) ]  , 

i s  t h e  l i n e  element o f  3-space 

There a r e  t h r e e  cases t o  c o n s i d e r 3 :  

( I )  F l a t  space, which i s  Eucl idean: 

( I  I )  Closed space, i s o m t r i c  wi  t h  a h y p e r s p h e r i c a l  s u r f a c e  embedded i n  

an a b s t r a c t  4-d imensionnl  Euc l idean  space: 

( I  I  I )  Open space, i s o m e t r i c  w i t h  a " hyperhyperbo l i c"  s u r f a c e  embedded i n  

an a b s t r a c t  Minkowski  space4 : 

I n  t h e  d e r i v a t i o n  o f  these  r e s u l t s ,  t h e  q u e s t i o n  o f  space c u r v a t u r e  i s  

touched upon f r o m  t h e  v i e w p o i n t  o f  genera l  tensor  a n a l y s i s 3 .  H e r e ,  we 

s h a l l  examine d i r e c t l y  t h e  c u r v a t u r e  o f  a  p l a n e  i n  Friedmann's space. L e t  

us choose 

@ = {O,TT)  ; (4) 



hence 

If we de f i ne  

d + = O .  

u = R ( t ) x  , 

V = R ( ~ ) B  , 

G(u) = g(x) , 

and s u b s t i t u t e  Eqs. (51, (61, (7) i n t o  Eq. (21, we get  

dz2 = du2 + ~ ( u ) d v ~  . 

Therefore, (u,v) a re  po la r  geodes i c  coordi  nates5, and so the  

curvature  o f  the  surface i s  g iven by5 

r O , i n  case 

(8) 

Gaussian 

í9a) 

(9b) 

(9c) 

Thus, Eq. (4) descr i  bes d i f f e r e n t  k inds  o f  planes. I n  case ( I ) ,  i t i s  ob- 

v i o u s l y  an EucZidean plane. In  case ( I  I ) ,  i t  has the same geometry as 

the surface o f  a sphere o f  radius ~ ( t ) .  For a plane, t h i s  geometry i s  

ca l  l ed  Riernannian, o r  doubZy eZ2 ip t i c6 .  I  n case ( I  I  I ) , the geometry s 

t h a t  o f  BoZyai-Lobatchevsky, o r  hyperboZic. This can be seen i n d i r e c t l y ,  

from two f a c t s 5  : 

(a) the Euclidean surface c a l l e d  the  pseudo-sphere has negative Gaussian 

curvature  j u s t  o f  the  form (gc),  and the re fo re  the same inner geometry 

as our plane; and (b) the inner geometry o f  the  pseudo-~phere has been 

shown (by E. Be l t rami ,  i n  1868) t o  be tha t  o f  a Lobatchevsky plane. Now, 

by s u i t a b l e  o r i e n t a t i o n  o f  the coordinate axes, any place can be descri-  

bed by Eq. (4 ) .  Hence, i n Friedmann's space, any plane has one o f  the geo- 

met r ies  j u s t  spec i f i ed  f o r  the th ree cases. 



3. TRIANGULATION 

In  the preceding Section, d i f f e r e n t i a l  geornetry was used t o  show the 

nature o f  a p lane i n  Friedmann's model o f  the universe.  As a r e s u l t ,  we 

f i n d  the geometries involved are  simple enough, so t h a t  we can use fi- 

n i t e  t r igonometry i n  a11 th ree cases. 

We have t o  solve t r i a n g l e  ABC, w i t h  sides a,b,c ( ~ i ~ . l ) .  A i s  the (appa- 

ren t )  l o c a t i o n  o f  the source. 

The angles B and C, and the base distance a are measured d i r e c t l y ,  and 

we want t o  know the d is tance b (o r  c, s ince they a re  essenyia l  l y  equal, 

a being much smal ler  than both  b and c ) .  

Case I: K=O. 

T r i v i a l l y ,  by the  law o f  sines, 

Case 11: K = + 1 / ~ ~ ,  Riemannian plane. 

Here (as below, i n  case I I I ) ,  we have t o  assume t h a t  ~ ( t )  i s known, so 

tha t  a c t u a l l y  we deal w i t h  the  r a t i o s  cx = a/R, B = b/R, and y=c/R. From 

spher ica l  t r igonometry,  we have 

tan [ (~+y )  /2] - cos [(B-C) /2] 
- 

tan (a/2) cos [(B+c) /2] 

F ig .  1 



a u 
Here, tan  - = - 

2 
, B=Y, and 

B+C T - B - C  
COS - " - , 

2 .  2 

hence, E ~ .  (1 1) g ives  

a B-C 
t an  6 = - cos - , 

T - B - C  2 

B-C b = R  arc tan [& cor . 

Not ice  t h a t  b v a r i e s  from O t o  TR,  t ak ing  the va lue T R / ~  when B + C =  V. 

C a w  III: K = - 1 / ~ ' ,  Lobatchevskyan plane. 

The t r igonometry f o r  t h i s  case can be obtained from tha t  o f  case I1  by 

the  simple s u b s t i t u t i o n  ( c f  .Ref .6) 

for  5 = a, 6, y .  One gets 

B-C a cos - , tanh 6 = - 
V - B - C  2  

a/R b = R  arg  tanh [= cos 

Here b v a r i e s  from O t o  . 

One word about the ca l cu la ted  d is tance b:  

Given the  nature  o f  l i g h t  propagat ion i n  Friedmann's mode13 and the ex- 

pansion f a c t o r  ~ ( t )  , the d i  stances so obtained are  apparent distances,  

t h a t  i s ,  they g i ve  the  p o s i t i o n  t h a t  the source would have i n  the  occa- 

s ion  o f  the measurement, assuming t h a t  i t  had maintained the zero-velo- 

c i t y  character  o f  a coordinate body i n  the co-rnoving reference system. 



4. NUMERICAL EXAMPLE 

Let us assume the values 

= , 

27 
B = - radian, 

3 

C = [: - l O - ' )  radian,  

f o r  the bas ic  q u a n t i t i e s .  The present va lue  o f  ~ ( t )  i s  o f  the o r d e r o f  

10'' 1 ight- years,  so t h a t  we have ac tua l  l y  taken a=10 1 ight-years. Th is  

may not  be a r e a l i s t i c  base f o r  the t r i a n g u l a t i o n ,  but ,  as rnentioned 

above, here we are p r i m a r i l y  concerned w i t h  e x h i b i t i n g  the e f f e c t  o f  

curva ture .  

Indeed, leav ing ~ ( t )  indeterminate,  we get  frorn Eqs. ( ] O ) ,  (13),  (16),  

(171, (181, and (191, 

b = 0.866 R , f o r  K = O , (20) 

b = 0.714 R , f o r  ?( = + 1/R2 , (21 

b = 1.317 R , f o r  K = - ] / R ~  . (7.2) 

Therefore, f o r  d istances o f  the order o f  ~ ( t ) ,  the  r e s u l t s  are cons i-  

derably d i f f e r e n t  i n  t he  th ree cases. 

I want t o  acknowledge h e l p f u l  d iscussions w i t h  rny col leagues a t  the 

I n s t i t u t o  de F í s i c a  Teór ica.  
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