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Approximants t o  funct 

gonal polynomials are 

out o f  the e l l i p t i c a l

ions def ined by formal ser ies expansions i n  ortho-

introduced. They are shown t o  be convergent even 

domain where the o r i g i na l  expansion converges. 

Constroem-se aproximantes de funções def inidas por expansões em séries 

formais em pol inômios ortogonai Mostra-se que esses aproximantes são

convergentes mesmo fora do domínio elítico onde converge a expansão o r i -  

g i na l .  

INTRODUCTION 

Perturbat ive ser ies theory and orthogonal polynomials expansions arethe 

two more usual methods t o  solve physical and engineering problems,which 

range from c lass ica l  mechanics, and electromagnetism, t o  atomic and nu- 

c lear  physics. A great e f f o r t  has been devoted t o  the study o f  approxi- 

mants t o  physical quan t i t i es  defined by a per turbat ive series. The e f -  

f o r t s  were mainly aimed t o  obta in  e f f i c i e n t  methods, for  eitherspeeding 

up the convergence o f  the series, o r  obtaining an approximate ana l y t i -  

ca l  cont inuat ion o f  the physical quant i ty  outside the region o f  conver- 

gente o f  i t s  def ining power series. The ~ a d é  ra t íona l  approximants have 
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been one o f  the most successful methods used i n  t h e o r e t i c a l  physics t o  

deal w i t h  these problems. I n  s p i t e  o f  the importance o f  the  polynomial 

expansions, on l y  a few works, t o  our knowledge, have attempted t o  f o r -  

mulàte methods i n  order  t o  improve i t s  p rope r t i es .  

I n  t h i s  paper, we in t roduce approximants t o  a f unc t i on  def ined by a fo r -  

ma1 se r i es  expansion i n  orthogonal polynomials i n  the i n t e r v a l  [-I, 1 ] 
ãnd such t h a t  i t s  c o e f f i c i e n t s  a re  those o f  a S t i e l t j e s  ser ies .  We pro-  

ve t h e i r  convergence even ou t  o f  the  e l l i p t i c a l  domain where the o r i g i -  

nal  expansion converges, and they are  intended t o  be an a l t e r n a t i v e  way 

of sumat ion .  The f i e l d  o f  appl i c a t i o n  o f  these approxirnants i s  q u i t e  

wide and cover ing Jacobi, Legendre, Chebyshev and Gegenbauer polynomial 

expansions, and they cou ld  be app l ied  t o  c o l l i s i o n  processes, c i r c u i t  

theory and c e n t r a l  p o t e n t i a l s  theory.  

Le t  us consider t he  S t i e l t j e s  se r i es  

i t s  c o e f f i c i e n t s  a re  

where + ( u )  i s  a bounded non decreasing func t ion ,  t a k i n g  on i n f i n i -  

t e l y  many values i n  the i n t e r v a l  O L u 5 llr. The upper i n t e g r a t i o n  li - 
m i t  i s  de f ined i n  such a way t h a t  

lin-1 ( r > l ) ,  l i m  sup Ianl - r (1.3) 

which guarantees t h a t  the se r i es  (1.1) converges un i fo rmly  i n  the c i r -  

c u l a r  domain 



Rational  ~ a d é  approximants t o  ser ies  (1.1) can be def ined as r a t i o s  o f  

two polynomials, 

where the nurnerator and denominator have degrees M and N, respect ive ly .  

The i r  c o e f f i c i e n t s  are determined by equat ing l i k e  powers o f  2 i n  the 

f o l l o w i n g  equations: 

M+N+ I 
g(z )  ~ ~ ( 2 )  - ~ ~ ( 2 )  = O ( z  , 

I t  can be proved t h a t  t h i s  d e f i n i t i o n  gives an e x p l i c i t  and compact 

expression f o r  the approximants: 

When the condi t i ons  given by (1.2 

o f  Padé approximants converges i n  

ne r5 z i m ,  t o  the a n a l y t i c  f unc t  

p a r t i c u l a r ,  the  convergence i s  un 

are f u l f i l l e d ,  any sequence P,N+j] 

the compiex z-plane, cu t  along tk i i-  

on def ined by the power seriesl . In 

form i n  any closed region which does 

not  conta in  p a r t  o f  the  branch cut .  The poles o f  the  successive appro- 

ximants, corresponding t o  increasing values o f  N, can be shown t o  i n te r -  

lace. Furthermore, they a re  on the segment P ~ Z ' _ ~  . Consequently *foi- 
lowing expression f o r  the  @,~+j] approximants can be obtained: 

g (2) 



where i L - 1, and the l a s t  sum on the r i g h t  should on l y  be taken f o r  

j 2 O. The {apiN} , { u ~ , ~ } ,  and {B  1 are so lu t i ons  o f  the system o f  
q,N 

equat i ons 

which may be obtained by rep lac ing (1.5) i n t o  ( 1 . 4 ) ,  and using the  f a c t  

t ha t  the ser ies  (1 .I) has radius o f  convergence r .  

I n  t h i s  way, the  Padé approximants provide a d i r e c t  a n a l y t i c a l  cont inu-  

a t i o n  of  the ser ies  outs ide o f  i t s  convergence dornain. Furthermore,they 

Can be used as a fas t  method f o r  sumnation o? the ser ies .  

I n  t h i s  paper, we consider the func t i on  

where the  an are the same c o e f f i c i e n t s  used above. The (Px(z)) i s  a com- 

p l e t e  set  o f  orthogonal 

f unc t i on  w(x) and inner 

. - 
polynomials i n  the i n t e r v a l  [-l,l], w i t h  weight 

product 

Condi t ion (1.3) on the an c o e f f i c i e n t s ,  impl ies,  by using a theorem due 

t o  szego2, t h a t  E ~ .  (1.6) converges un i formly  i n  the e11 i p t i c a l  dornain 

Our aim i s  t o  de f i ne  approximants able t o  g ive  an a n a l y t i c  con t i nua t i on  

o f  the expansion (1.6) out  o f  the  domain def  ined by (1.7). At the same 

time, they can be used as a summation procedure. 



2. THE fN,i APPROXIMANTS 

We shal l  here deal w i t h  Jacobi, Legendre, Gegenbauer and Chebyshev po- 

lynomials as defined by Abramovitz and segun3 . For these polynomials 

the generat ing' funct ions are defined by 

f o r  z € En l/h' h > 1. Thei r pa r t i cu l a r  expressions can be found 

i n  Appendix I. For f i xed  z ,  the only s i ngu la r i t i e s  o f  K(z,u) as a func- 

t i o n  o f  u are simple poles o r  branch po ints  a t  the zeroes o f :  

which are 

u,(z) = s t  (a2 - 1)' . (2.3)  

This r esu l t  i s  not straightforward f o r  Jacobi polynomials, and we give 

the proof i n  Appendix 1 1 .  For z 6 E h ,  the fo l lowing inequal i ty  can be 

r ead i l y  ve r i f i ed :  

Let us now consider the ser ies 

which converges uni forml y for  l z l  > ]/r, and l e t  R be such that  r > R> 1. 

The coe f f i c ien ts  a can be expressed by the in tegra l  n 

wi th  r = Eu : lu/ = R-'). For R' çuch that  R > R' > 1, we may be s u r e ,  

from Eq. (2.4), that  the ser ies (2.1) converges uni formly t o  K(z ,u)  f o r  



u E i' and z 6 ER,. This a l l ow  us s u b s t i t u t i n g  Eq.(2.6) i n t o  ~ ~ . ( 1 . 6 ) ,  and 

interchanging the sumrnation and in teg ra t i on ,  i n  order t o  obta in :  

I G(U) f (2) = - 
2n-i r 

We can introduce i n  t h i s  i n t e g r a l  

~ ( z , u ) u - '  du ; z 6 ERf . (2.7) 

the  Padé approximants t o  G(U) : 

By rep lac ing (2.8) i n  (2.9) and tak ing i n t o  account the f a c t  tha t ,  f o r  

z 6 EIII and lu1 < l/R, ~ (z ,u )  i s  a regu lar  f unc t i on  o f  u, we get 

The uni form convergence o f  these approximants t o  f (2) , f o r  and z 6 57' ' 
fo l lows from the d e f i o i n g  equat ion (2.9) by r e c a l l i n g  tha t  the  [N,N+&(~) 

converge un i formly  t o  G(u) f o r  u 6 r, and the f a c t  t ha t  K(z,u) i s  a re-  

gu la r  f unc t i on  o f  u f o r  z 6 ERI and u '2 r. 

F i n a l l y ,  we can note the a n a l y t i c a l  p roper t ies  o f  the f .(z). Frorn Eq. 
N, 3 

( 2 . 1 0 1 ,  we see t h a t  t h e i r  s i n g u l a r i t i e s  a r e  d e t e r m i n e d  by those o f  

K(z,a ) .  That i s ,  the  f (2) w i l l  have s i n g u l a r i t i e s  a t  the zeroes o f  
P, N N, i 

R(Z,O ) ,  which are the rea l  q u a n t i t i e s  
P,N 

and by n o t i c i n g  (1.5) 



The poles o f  the f . are on the pos i t i ve  rea l  axis, outside the  e l l i p -  
N, a 

t i c a l  domain o f  convergence. Since the poles (o 1 - I  o f  the successive 
P = N  

[N,N+~]  Padé approximants are pos i t  i ve  and in ter lace,  a1 so the s i  ngula- 

r i t i e s  o f  the successive f w i l l  i n te r lace  on the pos i t i ve  rea l  axis.  
N, i 

The nature o f  these s ingular i  t ies strongl y suggest that, by means o f  the 

fN9j approximants, expansion (1.6) may be ana l y t i ca l l y  continued t o  the 
1 

complex z-plane cut  along the real  ax is  by the segment z 1 (r+-'). 

We thank Dr.J.A. Mignaco f o r  useful discussion and t o  the rnembers o f  the 

I n s t i t u t o  de Fís ica Teõrica f o r  the warm hospi ta l  i t y  and the pleasant 

working condit ions. 

APPENDIX I 

We give here, the pa r t i cu l a r  expressions f o r  the generating funct ions 

~ ( z , u )  corresponding t o  the sets of polynomials considered, according t o  

reference ( 3 ) .  

Jacobi R-' (1  %+R) -a( l * u + ~ )  -* 
a,@>- 1 

I4 < 1 

- l < z < l  
Legendre pn(z )  

l u l  < 1 

Gegenbauer 
a #  O 

Gegenbauer CnO (2)  I -an R~ 

Chebyshev f i r s t  kind ( 1  - u z )  R-' 

Chebyshev second kind 

un (2, l u l  < 1 

where R 5 R(Z,U) = (u2 - 2zu + l ) l / ~ .  



By recal  1 i ng  a theorem by szego2, a1 ready c i  ted, the  domains o f  conver- 
1 

gence o f  t he  expansions o f  ~ ( z , u )  may be extended f o r  h > 1, t o  (lu1 < h  , 
Z 6 E h l .  

APPENDIX II 

Let  us consider 

wi t h  

where 

and the  branch o f  ( ~ ~ - 1 ) ~ ~  considered i s  t h a t  f o r  which 

i i m  [ z z 2 -  = 1 . 
Iz I *  

We in tend t o  prove tba t ,  a t  l e a s t  f o r  one o f  the branches o f  R, we have 

f o r  z 6 Ep 

1 - u + R #  O ,  

I + u + R # O ,  

f o r  every u . 

Th is  f a c t  assures that ,  f o r  f i xed  z 6 E the s ingu lar1  t i e s  o f  ~ (z ,u )  as 
r' 

a funct ion  o f  u are o n l y  those o f  R. By d e f i n i n g  

P+ = lu - u+I 

and phases O+, as i n  Fig.1, w i t h  the cond i t ions  - 





we may def ine the two branches o f  R i n  the fo l lowing way: 

It i s  easy t o  see tha t  

A = l - u + R = O  f o r  z = l ,  

B = l + u + R = O  f o r  z = - 1 ,  

and tha t  f o r  these singular values o f  z, one has 

This i m p l  i es  that  i f  A (or B )  vanishes, t h i s  w i  11 occur f o r  a22 values of 

u. Having t h i s  i n  rnind, i t  w i l l  su f f i ce  t o  show that  a t  least  for  one of 

the branches (I I. l ) ,  A and B do not vanish f o r  z = +I i n  some non empty 

subset o f  the u-plane. 

Let us consider u rea l  such tha t  lu1 < r-'. This condit ion f o r z  6 E and 
P 

. r-1 < uI (2) < r ,  requires lu1 < Min {lu-], lu+l}. By taking not ice of 

( I I . l ) ,  we see tha t  f o r  z E E such that  z > 1 
P 

and we must have 

R (+l,u) = l u - 1  1 , 11 - 

We then can conclude that  for ,  z € Ep, the only s i ngu la r i t i e s  o f  



-1 
a ,B>  -1, as a funct ion o f  u ,  are those of R which depending on the II* 
values o f  a and 8, may be e i the r  branch points o r  simple poles i n  the 

u-plane. 
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