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Using the  model  o f ray  op t i cs ,  we in t roduce the most important  l i g h t  

propagat ion p rope r t i es  o f  multimode o p t i c a l  f i b e r s .  The group delay 

times o f  both skew rays and mer id ioha l  rays a re  ca l cu la ted and i t  i s  

shown how near equa l i za t i on  o f  all group delay t imes can be achieved 

by proper choice o f  r e f r a c t i v e  index p r o f i l e .  The impulse responsehas 

been ca l cu la ted  t o  all orders o f  A and graph ica l  r e s u l t s  a r e  show that

i nc lude the e f f e c t s  o f  leaky ray  losses. 

As propriedades mais importantes de propagação de f ibra 's Õpt icas de 

mul t i  modos são apresentadas, empregando-se o modelo da Õpt ica  geomé-
tr ica.  Calculam-se os retardamentos de grupo tan to  de r a i o s  reversos co- 

mo de r a i o s  mer id ionais,  e mostra-se como se pode conseguir igualdade 

aproximada de todos os retardamentos de grupo por escolha conveniente 

do p e r f  i l do í n d i c e  de refração.  Foi  calculada a resposta impulsiva em 

todas as ordem em A, e são mostrados os resu l tados g r á f i c o s  que i n -  

cluem os e f e i t o s  de perdas devidas a r a i o s  amortecidos. 

INTRODUCTION 

The r a y  o p t i c  model presents a very convenient tool f o r  i n v e s t i g a t i n g  

the most essent ia l  p rope r t i es  o f  o p t i c a l  f i b e r s  where core diameter i s  

l a rge  compared t o  the wavelength o f  l i g h t .  Such f i b e r s  have the advan- 
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tage o f  having a greater l i g h t  carry ing capacity than small co re f i be r s  

and i n  addi t ion are easier t o  connect and manufacture. U n t i l  the deve- 

lopment of the graded index f ibe r ,  which has p r o p r t i e s  o f  focusing 

l i g h t ,  the multimode large core f i b e r  was nevertheless not competi t i -  

ve w i t h  the single-mode, sma11 core f i b e r  as an intermediate t o  long 

d i  stance transmission medium. Thi s i s  because high in te rmda l  disper- 

s ion would l i m i t  the inforrnation carry ing capacity. With the graded in-  

dex f lbe r ,  i t  i s  possible t o  achieve a near equal izat ion o f  the group 

ve l oc i t i e s  o f  a11 mdes,, thereby g rea t l y  increasing the maximum possi- 

b le  transmission ra te  o f  information ( b i t  ra te) .  With these f ibers ,  i t  

becomes possible to  approach the low dispersion o f  s ingle  mode f i b e r s  

and a11 the advantages of a large core diameter. 

In  what fol lows, we shal l  t r ea t  the f i b e r  as a cy l i nd r i ca l  structureha- 

ving a cent ra l  "core" region o f  radius a and an outer region (cal led 

"claddi ng") whose radius i n  our ray op t i c  treatment need not be speci - 
f ied.  The re f rac t i ve  index i s  assumed t o  have zero gradient i n  the d i -  

rec t ion  o f  the ax is  o f  the f i b e r  and ins ide the core t o  be a constant 

o r  monotonically decreasing funct ion o f  the distance p from the axis. 

I n  the cladding region, i t  i s  a constant which we denote by nc.The ine- 

qual i t y  dn(p)/dpLO i s  thus s a t i s f  ied f o r  a11 p . 

I n  Sections I and II, we present the basic solut ions o f  the ray equa- 

t ion, including the expression f o r  the group delay time. In  Section III, 

the group delay time o f  meridional rays i s  calculated f o r  a pa r t i cu l a r  

index p ro f i l e ,  whi le  i n  the fo l lowing Section i t  i s  demonstrated tha t  

t h i s  expression i s  sa t i s f i ed  a lso by skew rays. I n  Section V, we de r i -  

ve by a physical argument the attenuat ion constant o f  leaky rays. In  

Section VI, we ca lcu la te  the impulse response o f  a f i b e r  exci ted by a 

Lambertian source and present resu l t s  that  include the e f fec ts  of leaky 

rays. I n  the l a s t  two Sections, we present a b r i e f  overview o f  various 

causes o f  loss and mode coupling ef fects .  

1. THE GRuuP, DELAY TIME OF MERIDIONAL RAYS 

We consider an op t i ca l  f i be r  o f  r e f r ac t i ve  index p r o f i l e  as discussed 



above. By Sne l l ' s  law o f  l i g h t  re f rac t l on ' ,  the  cosine o f  the  angle a  

ray  makes a t  any p o i n t  w i t h  the f i b e r  a x i s  m u l t i p l i e d  w i t h  the loca l re-  

f r a c t i v e  index i s  a  constant. I f  the ray  i s  assumed t o  s t a r t  i t s  t r a -  

j e c t o r y  a t  a  p o i n t  on the ax is ,  we express t h i s  r e l a t i o n s h i p  by the 

equat i on  

i n  terms o f  t he  angle 8,of  the  ray w i t h  the f i b e r  ax is ,  a t  the p o i n t  

o f  i n te rsec t i on .  I f  n(p) i s  a  un i fo rmly  decreasing func t i on  o f  p, f o r  

P<a , then the ray motion i s  pe r iod i c .  This i s  seen by s u b s t i t u t i o n  o f  

the element o f  a rc  length  along the ray t r a j e c t o r y ,  

i n t o  (I), and so l v ing  f o r  dP/dz. We f i n d  

Equation (3) shows t h a t  a t  the value p  = pt which s a t i s f i e s  

the func t i on  ~ ( z )  has a  maximum, so t h a t  the ray has reached a  tu rn ing  

p o i n t  here. We f u r t h e r  see from (3) t h a t  the  curve i s  syrnyetric about 

the tu rn ing  po in t .  The t r a j e c t o r y  i s  there fore  pe r iod i c  and i s  symne- 

t r i c  about any o f  i t s  t u rn ing  po in ts .  Th is  r e s u l t  can a l so  be shown t o  

be va l  i d  f o r  rays which do not  pass through the f i b e r  a x i s  (skew rays). 

There are  two q u a n t i t i e s  t h a t  are  usefu l .  The f i r s t  i s  the  ray per iod 

which i s  def ined as the d i f f e rence  i n  the z- coordinate between two con- 

secut ive  tu rn ing  po in ts .  We may f i n d  i t  by so l v ing  equat ion (3) f o r  dz, 

and i n t e g r a t i n g  p  between the l i m i t s  O and pt. The f u l l  ray period, h ,  

i s  there fore  given by 



The second usefu l  q u a n t i t y  i s  the t ime delay over one ray  per iod.  To 

c a l c u l a t e  t h i s  we make use o f  the r e l a t i o n  f o r  the group v e l o c i t y  o f  

a mo'nochromatic wave a t  wavelength X 

The term Xdn/dX i s  con t r i bu ted  by the  ma te r i a l  d ispers ion ,  and the  ex- 

pression i n  the denominator i s  c a l l e d  the  "group index" n . The t ime 
9 

delay per ray per iod  f o r  a monochromatic wave i s  then given by 

where the i n t e g r a t i o n  i s  over one f u l l  ray per iod .  

Using equations (1) and (2 ) ,  we express equat ion (7) as an integral  over 

p. S u b s t i t u t i n g  from equat ion (6) f o r  the  group v e l o c i t y ,  we o b t a i n  

A f i n a l  q u a n t i t y  o f  i n t e r e s t  i s  the group delay t ime f o r  a f i b e r  o f  

length  L. I f  L i s  chosen t o  be an i n t e g r a l  nurnber o f  ray-per iods,  t h i s  

de lay  t ime i s  g iven by the  product o f  P w i t h  the number o f  ray per iods 

i n  L. The l a t t e r  q u a n t i t y  i s  g iven by the  quo t i en t  L / A .  Therefore, the 

de lay . t ime,  f o r  a monoçhromatic wave a t  wavelength X i n  t r ave rs ing  a 

f i l b e r  length  L, i s  g iven by 



If the f i b e r  length  i s  not equal t o  an i n teg ra l  number o f  wave periods, 

the cor rec t  expression fo r  T(L) inc lude a pe r i od i c  term added t o  equa- 

t i on  (9). From equat ion  (9) , we see, however , tha t  the non periodic con- 

t r i b u t i o n  i s  p ropor t iona l  t o  the f i b e r  length  L ,  so t h a t  by choosing 

L s u f f i c i e n t l y  large, the r e l a t i v e  con t r i bu t i on  o f  the  pe r i od i c  t e r m  

can be made a r b i t r a r i l y  small. 

2. THE GROUP DELAY TIME OF SKEW RAYS 

Rays which do not pass through the f i b e r  axis,  a t  any po in t  o f  t h e i r  

t r a jec to ry ,  a re  c a l l e d  skew rays. The r e s u l t s  o f  the previous discus- 

s ion  a re  e a s i l y  general ized t o  inc lude skew rays. This i s  done f i r s t  

by general iz ing the statement o f  Sne l l l s  law t o  two dimensions. Equa- 

t i o n  (1) i s  a l t e red  t o  the form 

where the reference po in t  a t  p = p i s  now located a distance p from 
O O 

the axis.  I f  we inc lude the app l i ca t i on  o f  Sne l l ' s  law t o  the transver- 

se d i r e c t i o n  normal t o  the rad ia l  and a x i a l  d i rec t ions ,  we ob ta in  the 

statement t ha t  the product o f  the p ro jec t i on  o f  the u n i t  tangent vec- 

t o r  t o  the ray t r a j e c t o r y  w i t h  the l oca l  r e f r a c t i v e  index and r a d i a l  

d istance p i s  a constant (see ~ i g . 1 )  : 

Equations (10) and (11) may be thought o f  as expressing the constancy 

o f  the z-  components o f  "momentum" and "angular momentuml' respect i v e l  y. 

I n  add i t ion ,  equation (2) which expresses the length  o f  a rc  i s  genera- 

l ized t o  

The previous procedure f o r  ca l cu la t i ng  the ray per iod  i s  t h e n  repea- 

ted. We on ly  w r i t e  the r e s u l t  f o r  the group delay t ime: 





3. A PARTICULAR REFRACTIVE INDEX PROFILE 

For a g iven r e f r a c t i v e  index p r o f i l e ,  descr ibed by the  f u n c t i o n  n ( p ) ,  

equat ions (9),(10) and (11) provide a complete s e t  o f  d i f f e r e n t i a l  

equations which may be solved t o  prov ide  the t r a j e c t o r y  o f  a ray  d e f i -  

ned by i t s  i n l t i a l  cond i t i ons  p,,, 0 0 ,  $,. The s o l u t i o n  i n  i t s  most ge- 

nera l  form can o n l y  be performed i n  a few cases however; these include 

n(p)  equal t o  a constant  w i t h i n  the core  reg ion o f  the  f i b e r ,  and a 

parabol i c  funct  i on  f o r  n (p) .  For o the r  p r o f  i les,  complete s o l u t  ions 

may be found o n l y  i f  one r e s t r i c t s  the  c a l c u l a t i o n  t o  mer id ional  o r  

skew rays o f  a p a r t i c u l a r  k ind .  We s h a l l  consider t he  f o l l o w i n g  p r o f i -  

le ,  f i r s t  int roduced by Gloge and  arcat ti li^: 

Th is  p r o f i l e  inc ludes the step- index and parabo l ic- index p r o f i l e s  as 

spec ia l  cases, a being i n f i n i t e  f o r  the f i r s t ,  equal t o  2 f o r  the l a t -  

t e r .  The general ray  t r a j e c t o r i e s  a r e  not  known, bu t  f o r  meridional rays 

we may readi  l y  perform the i n t e g r a l s  i n  equat ions (41, (7) and (8). Ne- 

g l e c t i n g  the ma te r i a l  d i spe rs ion  term dn/dA, we f i n d 3 :  



where the  r ' s  a r e  Gamma funct ions,  and T, = noL/c i s  the  group delay 

t ime o f  the a x i a l  ray.  

I n  Fig.(2) ,  we have p l o t t e d  the func t i on  T/.ro aga ins t  Bo f o r  var ious  

values of a. We 

a=O, and f o r  a<2 

From equat ions (1 

 te t h a t  f o r  a=2 the curve has a r e l a t i v e  rninimum a t  

the miriimum s h i f t s  t o  the value of O0 g iven by 

cose,,, = Jõ1/T . 
4) and ( l s ) ,  we f i n d  t h a t  a t  t h i s  va lue  o f  e,, A has 

a r e l a t i v e  maximum and $1 a r e l a t i v e  minimum. This shows t h a t  the con- 

d i t i o n  o f  equal delay t imes i s  equ iva lent  t o  idea l  focusing.  The non 

a x i a l  r ay  which has the  same delay t ime as the a x i a l  ray  s a t i s f i e s  O,= 

O e  , where 

From Eqs. (4) and (14), we observe t h a t  rays f o r  which e, exceeds the  

value def  ined by 

would have t u r n i n g  r a d i i  g reater  than the f i b e r  core  rad ius  a. These 

rays a re  re f rac ted  o u t  o f  the core.  I n  order  t h a t  those rays w i t h  mi-  

nimal delay t ime not  be re f rac ted ,  a must s a t i s f y  the  i n e q u a l i t y  

On the othe7r hand, f o r  t he  non a x i a l  rays t h a t  have the same delay t i -  

me as the  a x i a l  ones (Eq. (19)) no t  t o  be re f rac ted,  we have the  condi-  

t ion  

- a 1 2 G F Ã .  (22) 



Consider now a11 non- re f rac t ing  rays, i .e.  a11 rays f o r  which 0, s a t i s -  

f i e s  

0 < € I , <  Bc . (23) 

Inspect ion of ~ i ~ . ( 2 )  reveals then t h a t  t he  delay t ime o f  a11 theserays 

a re  conf ined t o  a f i x e d  t ime i n t e r v a l  which i s  determined by the delay 

times o f  the  fas tes t  ray subject  t o  the cond i t i on  expressed i n  equation 

(23), and the  slowest ray. Let  AT be t h i s  d i f f e rence  . Equation (17) 

then y i e l d s  f o r  AT: 

A graph o f  AT/T, i s  p l o t t e d  i n  Fig. (3) .  The i n t e r e s t i n g  r e s u l t  i s  a re-  

markable near- equal izat ion o f  a11 group delay times when a takes the va- 

lue  def ined by 

which y ie lds ,  f o r  AT, 

The prof  i l e  fo r  which a i s  g iven by E ~ .  (25) w i l l  be re fe r red  t o  as the  

"optimal" p r o f i l e  a,. 

Although the r e s u l t s  o f  t h i s  Sect ion were der ived o n l y  f o r  mer id ional  

rays, we sha l l  show i n  the next Section tha t  they a re  equa l ly  v a l i d  f o r  

a1 1 skew rays. 



Fig.2 - Group delay time as a function of the angle 0 for various va- 

lues of alpha. 





4. THE GROUP DELAY TIMES OF SKEW RAYS4 

Introducing the abreviations 

then by equation (12) the group delay time is written as the ratio 

It is not possible to perform the integrals in equations (28) and (29) 

with n(p) given by equation (13) and non-zero. We shall show, however, 

that 

where the superscript (n) denotes differentiation wi th respect to v2. 

Equation (32) then states that the group delay times of skew rays for 

the prof i le given by equation (14) are independent of v .  To prove equa- 

tion (32), we note that the integrals 

(n) 1 3  A (O) = - . - .... . -- 
2 2 2 c dp (33) 2n+1)/2 2n ' 

P 

and 



can be evaluated. We f i n d  t h e i r  r a t i o  t o  be independent o f  n, and given 

where the angle 5 i s  de f ined by 

c o s t  = B/n(O) 

as i n  the mer id iona l- ray  case. Equation (32) then f o l  lows from equat ion 

(35) by a simple proof  which i s  based on induct ion .  

I n  summary, a11 rays propagat ing i n  an o p t i c a l  f i b e r  described by the 

p r o f  i l e  o f  equat ion (14) have group delay t imes given by equations (35) 

and (34) . Insofar  as equat ion (23) i s  accepted t o  d e f i n e  the  skew rays 

under considerat ion,  the  equat ions (24) through (26) remai n va l  i d .  Ho- 

wever, we s h a l l  show t h a t  there  e x i s t s  a c lass  o f  skew rays f o r  which 

5 > 8,. these a re  c a l l e d  " leaky rays". 

5. LEAKY RAYS 

From the above discussion, i t  i s  ev ident  t h a t  no t  a11 regions o f  space 

are  capable o f  t r ansmi t i ng  a ray  which i s  de f ined by given constants f3 

and v .  Th is  cond i t i on  i s  expressed by the  i n e q u a l i t y  

I f B < n ( a ) ,  t he re  may i n  f a c t  be two regions o f  space t h a t  s a t i s f y  the 

i n e q u a l i t y  (36). Th is  i s  best  i l l u s t r a t e d  g r a p h i c a l l y  i n  Fig.(4) where 

the  func t i ons  n2 (p )  - p2 and v ~ / ~ ~  are  p l o t t e d .  

The reg ion s a t i s f y i n g  

represents a c y l i n d e r  w i t h i n  which the  rays are  trapped. The reg ion that 

s a t i s f  i es  

P; < P < P;' (39) 



~ i g . 4  - Propagation regions f o r  trapped, leaky and re f rac ted  rays. 

(a) trapped ray ( W n c )  . 
(b) leaky ray (upper curve B<nc and nC-8*-v2/a2<0) and re f rac ted  ray 

( lower curve, B<nC and n: - fi2 - v2/a2>0). 



i s  a  cy l i nd r i ca l  shel l  which i s  inaccessible to  a11 rays w i th  givencons- 

1 tants v  and p. Final 

which extends t o  i n f  

y, the region 

n i t y ,  i s  again accessible. The regions between the 

r a d i i  p'  and p" becomes smaller when v  decreases, and the condit ion f o r  
t t 

i t s  existence, aside from B<n(a), i s  given by 

If the inequal i ty  (41) i s  not sa t i s f ied ,  the ray i s  no longer confined, 

and i s  re f racted out o f  the core region. Such rays are o f  l i t t l e  in te -  

r es t  f o r  communication purposes. 

Considering the s i t ua t i on  depicted i n  Fig.4, we conclude from the above 

discussion based on ray op t i cs  that  any ray defined by constants p and 

v  and obeying Eq. (41) i s  completely trapped. In  wave opt ics ,  t h i s  i s  not 

e n t i r e l y  the case: each time the ray meets the turn ing po in t  p: i t  ra- 

d ia tes some energy out of the guide. To see why t h i s  happens, we calcu- 

l a t e  the phase ve loc i t y  o f  rad ia t ion  i n  the region between p; and p;'. 

Using equations from Section 2, we f ind  t h i s  ve loc i t y  t o  be 

Now we solve for  the radius pm a t  which v = c/n(p), the phase ve loc i t y  

o f  a  free wave. By (41) we f i n d  t h i s  radius t o  sa t i s fy  

But equation (41) i s  exact ly  the def in ing equation o f  the turn ing radius 

py . At the radius pc the phase ve loc i  t y  would begin t o  exceed the pha- 

se ve l oc i t y  o f  the f ree  waye. This i s  not possible. The problem i s  re- 



solved by an emission o f  r a d i a t i o n  which emerges from a cy l i nde r  a t  p = 

0;' i n  the d i r e c t i o n s  l y i n g  on a cone which i s  co-axial  t o  the f iberax is  

and w i t h  apex angle y given by 

1 cos y = B/n(a) . (44) 

The a t tenuat ion o f  these leaky rays may be estirnated i n  the fo l lowing 

way. Consider a length  dz o f  f i b e r .  Let the f r a c t i o n a l  change i n  i n -  

t e n s i t y  of  the l i g h t  a t  each r e f l e c t i o n  be denoted by F. I f F  << t,then 

a f t e r  cW = dz/A r e f l e c t i o n s  the net  l oss  i s  

I n teg ra t i ng  equation (451, we f i n d  t h a t  f o r  a s i n g l e  ray an exponen- 

t i a 1  a t tenuat ion law i s  s a t i s f i e d :  

The f a c t o r  F may be evaluated by a WKB s o l u t i o n  o f  the  sca lar  wave e- 

quation. It i s  found t o  be5'= 

i n  terms o f  the  wavelength A o f  the  l i g h t  i n  a i r .  From equation (47), 

we see that ,  i n  the l i m i t  A-iO, F vanishes, r e s u l t i n g  i n  the ray optics 

p r e d i c t i o n  o f  zero a t tenuat ion.  

6. TRANSMISSION OF SIGNALS: THE IMPULSE RESPONSE 

I n  t h i s  Section, we s h a l l  study the e x c i t a t i o n  o f  the  f i b e r  by means 

o f  an incoherent l i g h t  source. Th is  source i s  assumed t o - b e  a l i g h t  

e m i t t i n g  surface which i s  pressed f l u s h  against  the f i b e r  end f a c e .  

The d i s t r i b u t i o n  o f  i n t e n s i t y  i s  supposed t o  be un i fo rm over the sour- 

ce surface and i s o t r o p i c  i n  d i rec t i on .  Such a source i s  ca l  l ed  "Lam- 

bertian", and i s  a rea l  i s t i c  representa t ion  o f  the 1 ight-emmiting dio- 



de (LED) .  Let ~ ( c o s 8 )  be the  l i g h t  i n t e n s i t y  d i s t r i b u t i o n  ins ide the 

f i b e r ,  and W'(cosO1) be tha t  outs ide the  f i b e r  where by S n e l l ' s  law, 

i n  terms o f  the index ns o f  t he  source: 

W(cosO) and  cose') are re la ted  through t he requi  rement t h a  t the 

energy f l u x  i s  conserved: 

Using (48) t o  e l i m i n a t e  e ' ,  we o b t a i n  W i n  terms o f  W': 

Equation (50) r e l a t e s  the angular d i s t r i b u t i o n  of i n t e n s i t y  inside the 

f i b e r  t o  t h a t  o f  the source. Let  f u r t h e r  the i n t e n s i t y  o f  the  source 

have a  t ime dependence given by the func t i on  F ( t ) ,  which we s h a l l  as- 

sume t o  be independent o f  angle. A ray which i s  i nc iden t  a t  the  p o i n t  

P, $ and has d i  r e c t i o n  def  i ned by the  angles O, 4 (see F ig .  1) wi 11 çuf- 

f e r  a  delay time i n  t rave rs ing  the f i b e r  length  L a c c o r d i  ng  t o  the 

func t i on  T ( P , ~ , ~ , ~ ) ,  which f o r  the p r o f i l e  o f  equat ion (13) we have 

found t o  be expressable i n  terms o f  a  s i n g l e  parameter 8, given by 

We pos tu la te  t h a t  the r e l a t i o n s h i p  between the  output  o f  the  f iber and 

the input  f o r  a  s i n g l e  ray i s  obtained by a  sirnple time t r a n s l a t i o n  

T(B) and m u l t i p l i c a t i o n  by an exponential a t tenuat ion f a c t o r  due t o  

var ious losses: 

I n teg ra t i ng  Eq.(52) over a11 rays gives the t o t a l  f l u x  a t  the  ex i t  end - 
o f  the  f i b e r :  



Subst i tu t ing equations (50) f o r  , wi th  W' = 1 by the assumption o f  

a Lambertian source, and assuming neg l ig ib le  loss, equation (53) sim- 

p l i f i e s  t o  

ignoring constant factors  other than the 2T due t o  the $ in tegrat ion.  

The impulse response S(t) i s  obtained by assuming a de1 t a  function in-  

put : 

F( t )  = & ( 4  , (55) 

so tha t  

The impulse response i s  a useful  character izat ion o f  the f i b e r  becau- 

se the response ~ ( t )  t o  an a rb i  t r a r y  input ~ ( t )  may be found by ca l-  

cu la t ing  the convolution7 o f  ~ ( t )  w i t h  ~ ( t )  : 

which i s  a basic property o f  s ta t ionary l i near  systems. 

We note i n  passing that  equations (53) through (57) are based on the 

assumptions o f  complete incoherence o f  the source as we l l  as a perfect 

f i be r .  A coherent o r  p a r t i a l l y  coherent source w i l l  produce i n t e r f e-  

rente which w i l l  disappear only a f t e r  having passed a ce r ta in  "cohe- 

rence length" which depends on the coherence time o f  the source as 

wel l  as index p r o f i l e  of the f i be r .  In  addit ion, even i f  the source 

i s  completely incoherent, mode coupling e f fec ts  due t o  imperfections 

i n  the f i b e r  w i l l  i nva l ida te  the hypothesis o f  equation (52). 

Returning t o  equation 654), we ca lcu la te  the cont r ibut ion t o  the i m -  

pulse response due t o  trapped rays ( i  .e., B > n(a))  t o  be given by 



where ~ ~ ( 6 )  i s  the energy f l ux  due t o  rays i n  the i nterva l  8 t o  $+dB: 

and R@) i s def i ned by 

Equations (58) through (60) were a r r i ved  a t  by in tegrat ion o f  4 i n  e- 

quat ion (54) over the range O t o  a/2, using equation (51) t o  replace 

cose by B as var iab le  o f  integrat ion, and interchanging the pand B in-  

t e g r a l ~ .  The r ad i a l  i n tegra t ion  i s  then performed over t h e  1 i r n i t s  O 

t o  R(B), defined by equation (60). For the p r o f i l e  o f  equation (1 3)so- 

l u t i o n  o f  equation (60) y ie lds:  

Performing the f i n a l  i n tegra t ion  gives from Eq. (58) : 

where the sumnation i s  over a11 so lu t ion  f 3  o f  the equation t = ~ ( f 3 , ) ,  
n  

where n(a)'< Bn < n(0). The number o f  these so lu t  ions may be zero, one, 

o r  two (see Fig.2). 

Expressions f o r  the impulse response due t o  leaky rays, tha t  is,  rays 

f o r  which @<n(a) and n (a )2  - fI2 - v2/a2< 0, are a lso eas i l y  &rived pm- 

vide we neglect t h e i r  attenuation. For these rays we f i n d  as i n  equa- 

t i o n  (58): 

where 



B m = J í  i f  (a+2)A< 1 , 

= O otherwise . 
and p s a t i s f i e s  m 

The expression f o r  s T ( t )  i n  the  step index case (a-) i s  p a r t i c u l a r l y  

simple. We f i n d  from Eq.(62) s T ( t ) = O  f o r  a11 t, except 

For the parabol i c p r o f  i 'le (a=2) and the  "opt imum" p r o f  i l e  (a=2J1-2~), 

we may f i n d  simple exprtrssions by t r e a t i n g  A as a small parameter. We 

then ob ta in  approximately 

(ã nos) 2 'C 
ST( t )  = - f o r  To < t < [z + 21 , 

~ T , A  
(68) 

f o r  the pa rabo l i c  p r o f i l e ,  and 

f o r  the  "optimum" p r o f i l e .  It i s  i n t e r e s t i n g  t o  note  t h a t  t o  lowest 

o rder  i n  A, on ly ,  the  pa rabo l i c  p r o f i l e  impulse response i s  a l t e red  by 

the  presence o f  skew rays. 

Closed form expressions f o r  the  impulse response due t o  leaky rays are  

a l s o  e a s i l y  found. The formulas are somewhat unwieldy, however, so 

t h a t  they w i l l  be omit ted.  Numerical p l o t s  o f  t he  trapped and leaky 

ray impulse responses f o r  var ious  p r o f i l e s  are shown i n  F ig . (5) .  

We may a l s o  compute the  t o t a l  energy c a r r i e d  by the f i b e r  i n  the form 

o f  trapped rays and i n  the form o f  leaky rays by i n t e g r a t i n g  over t i -  



IMPULSE RESPONSE 

STEP INDEX FIBER 

Fig.5 - Impulse response o f  var ious f i b e r  types. Shown a l s o  i s  at tenu- 

a t i o n  e f f e c t  due t o  leaky rays. The l a t t e r  was ca l cu la ted  w i t h  2nn,/X= 

1000 . 
(a) ' Step index, (b) Parabol i c  i ndex, (c) "Opt imum" index, (d) Index wi th  









me the respective quanti t i e s  sT(t) and s L ( t ) ,  respect ively.  We 

f o r  the f r ac t i on  o f  trapped rays the expression 

which f o r  

Equat i on 

gy i n  the 

parabol i c 

the p r o f i l e  o f  equation (13) i s  found t o  be 

(71) te1 1s us that  f o r  the step-index f iber  h a l f  o f  

impulse response i s  del ivered by trapped rays, whi 

f i b e r  t h i s  r a t i o  i s  3/4.  

f i n d  

(70) 

(71 

the ener- 

l e  for the 

The exc i t a t i on  o f  leaky rays represents a problem o f  economic s i gn i f i -  

cance i n  designing a comunicat ion system. As we have shown i n  Eq.(71), 

a Larnbertian source wastes from 25 t o  50% o f  i t s  ernitted power so le ly  

i n  t h i s  fashion. Actual ly,  the loss i s  much greater because most rays 

o f  the Lambertian source are re f racted out o f  the guide. I f  we count 

these re f racted rays, we ob ta in  f o r  the f r ac t i on  o f  guided power: 

Because A<<l, t h i s  r a t i o  i s  very small, so tha t  from the view point  o f  

coupling e f f i c i ency  a directed source such as a laser i s  preferable. 

7. PROPAGATION LOSSES 

O f  the various loss mechanisms, the sirnplest t o  describe i s  the mate- 

r i a l  absorption loss. l n  our ray-opt ic descr ip t ion we assume the loss 



per u n i t  path length  o f  a ray t o  be given by the product o f  

I (s) and l oca l  absorpt ion constant y (s )  : 
Bv 

d - I (SI  = - y(s)  I~~(S) . 
ds Bv 

In teg ra t i on  o f  equat ion (73) y i e l d s  

i n tens i  t y  

where the i n teg ra l  i s performed along the ray t r a j e c t o r y .  A more useful  

representat ion o f  the  loss f a c t o r  may be found i n  terms o f  the moda1 

absorpt ion constant, def ined i n  terms o f  f i b e r  length  L by 

By expressing the i n teg ra l  over path length  as the product o f  the  num- 

ber o f  ray per iods i n  the length  L and the i n t e g r a l  over one ray period, 

we f i n d  i n  the manner o f  Section 2: 

The d i f f  i c u l t y  i n  apply ing equation (76) 

func t i on  y(p) . The simplest  assumption we 

po r t i ona l  t o  n(p) : 

ies  i n  our ignorance o f  the 

can make i s  t ha t  y(p) is pro- 

With t h i s  assumption.the absorpt ion becomes propor t iona l  t o  the delay 

time, leading t o  a s imple expression f o r  t h e  impulse response: 

where S ( t )  i s  the  impulse response wi thout  loss.  Because p r a c t i c a l  f i -  
o 

bers have a loss o f  no more than a few decibels/km, equat ion (78) pre- 

d i c t s  very l i t t l e  a l t e r a t i o n  i n  the pu lse shape. Greater ef fects o n t h e  



pulse shape wi  11 take p lace i f  y (p) has a greater  s p a t i a l  dèpendence 

than pred ic ted by equat ion (77). I n  ac tua l  i t y ,  t h i s  may be the case 

because o ther  mechanisms o f  l oss  such as. those t h a t  are  due t o  micro- 

bending, v a r i a t i o n s  i n  core diameter and defects i n  the cladding, pro- 

t e c t i v e  jacket  ( i n  mono-mode f ibers)  o r  core-cladding i n te r face  ,wi l l 

pr imare ly  cause losses i n  those rays which have f3 = n(a) and low "angu- 

l a r  momentum" v. 

The above mentioned imperfect ions o f  f i b e r s  may cause add i t i ona l  losses 

which one may c l a s s i f y  i n t o  perhaps three categor ies.  The f i r s t  i s  t ha t  

a ray may be scat tered d i r e c t l y  ou t  o f  the  f i b e r  encountering the im- 

pe r fec t i on .  This may be the case o f  defec ts  such as t i n y  cracks i n  the 

c ladd ing o r  core- cladding in ter face,  o r  when there are very rap id  va- 

r i a t i o n s  i n  the core diameter o r  rad ius  o f  curvature o f  f i b e r  bends. 

Another mchanism i s  due t o  imperfect ions o f  low s p a t i a l  f r e q u e n c y  , 
which cause mode coupl i ng  between guided modes as we l l  as rad ia t ive  mo- 

des. I n  the language o f  ray opt ics ,  t h i s  means tha t  a ray described by 

constants f3 and v gradua l ly  s p l i t s  up i n t o  rays o f  d i f f e r e n t  constants. 

This process continues u n t i l  some o f  t he  energy has gone i n t o  r a d i a t i -  

ve o r  leaky rays. The net  e f f e c t  i s  then not  on l y  an excess but  an a l -  

t e r a t i o n  o f  pu lse  shape. Gloge has showna t h a t  a f t e r  a minimum length  

o f  f i b e r  has passed,an "equi l ibr ium" s t a t e  i s  a r r i v e d  a t  i n  which the 

pulse at tenuates uni formly,  and broadens not i n  d i r e c t  p ropo r t i on  t o  

the f i b e r  length  but  t o  square roo t  o f  the  f i b e r  length.  A f i n a l  loss  

mechanism, d i  scussed by Olshansky and ~ o l a n ~ ,  i s caused by imperfect i- 

ons which have spat ia l .  frequencies so low as t o  produce no mode cou- 

p l  ing. 

I n  t h i s  case there  e x i s t s  two ad iaba t i c  invar iants ,  o f  which v i s  one, 

t h a t  remain una l tered dur ing the motion o f  a ray. Loss i s  caused ho- 

wever by a l t e r a t i o n  o f  the r a y t s  character from trapped t o  r a d i a t i v e  

which may happen i f ,  f o r  example, t he  core diameter i s  reduced. I n  the 

next  Section, a g r e a t l y  s i m p l i f i e d  discusssion o f  "mode-coupling" loss  

w i l l  be given. 



8. MODE COUPLING LQSS 

L i m i t i n g  ourselves t o  mer id ional  rays, we pos tu la te  t h a t  the  power 

~(B,z,t) i n  a ray charac ter ized by the angle O s a t i s f i e s  the f o l l o w i n g  

d i f f e r e n t i a l  equation, i n  terms o f  t he  group v e l o c i t y  v (0 )  and lossy(0): 

Ignor ing  the l a s t  terrn on the r i g h t  hand side, we see t h a t  equation(53) 

i s  indeed a s o l u t i o n  o f  equat ion (79). The l a s t  term represents a d i f -  

f u s i o n  term which a l lows power t o  gradua l ly  d i s t r i b u t e  i t s e l f  over a11 

angles O < O . In  the f o l l o w i n g  t reatment we s h a l l  make the assumption 
C 

t h a t  the main ex t ra  loss  o f  power comes from d i f f u s i o n  o r  rays t o  an- 

g les  greater  than O c .  i n  t h i s  we d i f f e r  from ~ l o ~ e ' ,  who assumed the  

main e x t r a  loss  t o  a r i s e  f rom greater  l oss  when O increases, w i t h  the 

angular  dependence o f  y as o r i g i n .  We set  y equal t o  a constant, and 

ignore i t s  O dependence. 

I n  steady s t a t e  - = O ,  and equat ion (79) becomes 

Looking f o r  s o l u t i o n  o f  the  form 

P = ey" ~ ( 0 )  , 

we ob ta in  on s u b s t i t u t i o n  i n t o  equat ion  (80) 

Treat ing  non-trapped rays as having i n f i n i t e  loss, F must s a t i s f y  the 

boundary cond i t i on  



W i  t h  t h i  s boundary condi t ion, equat ion (82) has two 

F(B) = cos [(2n+i) O/$] , n = O ,  

and 

sets o f  s o l u t  ions: 

I n  the  f i r s t  case, the  loss  i s  g iven by 

and i n  the l a t t e r  by 

The lowest loss  i s  there fore  

o r  us ing 0: = 2A 

Equation (87) i s  the  loss  constant belonging t o  the e igenfunct ion  w i t h  

l e a s t  loss.  It represents the re fo re  the u l t i m a t e  loss o f  a f i b e r  i n  the 

l i m i t  o f  long f i b e r  length.  

We now g i ve  a rough explanat ion why i n  the  l i m i t  o f  long f i b e r  length, 

t he  w id th  o f  the  impulse response increases by the square roo t  o f  the 

f i b e r  length instead o f  i n  d i r e c t  propor t ion .  Suppose the  length  L i s  

d i v ided  i n t o  N por t i ons  o f  length  A2 each. Imagine t h a t  a "photonl' t ra -  

vers ing the f i b e r  length  L has a t  each i n t e r v a l  Aí! the op t i on  o f  choo- 

s ing  any o f  t he  ava i l ab le  trapped modes i n  which t o  propagate. The to-  

t a l  delay time, f o r  N in te rva l s ,  i s  then the sum o f  the  i nd i v idua l  de- 

l a y  t imes T~ 



Assuming complete independence of a11 T ~ ,  application of the elementa- 

ry theory of random walk yields 

which is the desired result. 
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