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The present s ta tus  o f  conformal invar iance i n quantum f i e l d  theory i s  

reviewed from a non group t h e o r e t i c a l  p o i n t  o f  view. Composite f i e l d  

operators dimensions a re  computed i n  some simple models and r e l a t e d  t o  

conformal symmetry. 

Resenha-se a s i tuação a tua l  da i nva r i ânc ia  conforme em t e o r i a  de cam- 

pos de um ponto de v i s t a  que não envolve t e o r i a  de grupos. Calculam-se 

as dimensões dos operadores de campos compostos em modelos simples re-  

lacionados à s i m e t r i a  conforme. 

1. INTRODUCTION 

As i s  w e l l  known, the conformal group, i.e., the P o i n c a r é rgroup, scal  i n g  

(a lso  c a l l e d  d i l a t a t i o n )  and spec ia l  conformal t rans format ion  o f  space-

- time, i s  t he  l a rges t  group which leaves i n v a r i a n t  Maxwell's equations 

i n vacuum. Th is  f a c t  was observed i n  the beginning o f  t h i s  centu-

ryl and s ince t h a t  t ime many at tempts were made2 t o  incorpora te  the 

conforma1 symmetry i n t o  a quantum context .  A complete review o f  the 

p ioneer ing  work can be found i n  Ref. 3.  
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However, on ly  i n  recent times the r o l e  played by conforma1 symnetry i n  

quantum theory has been understood. This was achieved i n  two steps. 

F i r s t ,  the Weyl group ( the subgroup which does not include the special 

conformal transformations) was studied, and a f t e r  th is ,  the group a as 

whole was taken i n t o  account. The f i r s t  step was i n i t i a t e d  by the 

works o f  ~ a s t r u ~ ~  and culminated i n  Mack's proposa15 o f  a p a r t i a l l y  

conserved d i l a t a t i o n  current i n  analogy w i t h  some theories o f  i n te r -  

na1 symnetries which are v e r i f i e d  approximately (PCAC). The need of 

a par t ia1  conservation i n  the case o f  d i l a t a t i ons  i s  explained by the 

fact  that  exact scale invariance impl ies zero mass part ic les o r a  con- 

t i n u o u ~  mass spectrum s ta r t i ng  a t  the o r i g i n .  Nevertheless, one ex- 

pects the mass terms t o  be small a t  high energies and so one would 

have an asymptotic scale invariance. Eljorken6 p roposed  cer ta in  

asymptoti c scale laws which motivated many attempts7 to  exp la in  these 

laws as a manifestat ion o f  the asymptotic scale invariance. 

In  1969, ~i lsone introduced a fundamental concept f o r  the understan- 

ding o f  scale symnetry: the anomalous dimension. Studying Johnson's 

so lu t iong o f  the Thi r r i n g  model ' O ,  W i  lson noted tha t  the fermion has 

a d e f i n i t e  scale fac to r  under a space-time d i l a t a t i on .  It was sur- 

p r i s i n g  a t  that  time tha t  the scale fac to r  does not coincide with the 

free f i e l d  value, showing a dependence on the coupling constant.This 

means that,  unl i ke  the Poincaré symmetry, scale symnetry i s  1 inked 

t o  dynami cs. 

The systematic study of scale invariance was done by ~ a l l a n "  and 

~ ~ m a n z i k ' ~  by w r i t i n g  Ward i den t i t i e s  f o r  the d i l a t a t i o n  current i n  

terms of renormal ized quanti t i es .  I t was not iced that  even theories 

wi t h  asymptotical l y  vanishing mass terms could exhibi  t a scale inva- 

r iance breaking i n  t h i s  1 i m i  t. O f  course, i t was observed the pos- 

s i b i l i t y  o f  asymptotic scale invariance bu'c, surpr is ing ly ,  i t  was no- 

t i ced  a lso the p o s s i b i l i t y  o f  f ree f i e l d  behavior f o r  the asymptotic 

theory13. 

A motivat ion f o r  the second step comes from the c lass ica l  correspon- 

dente: from the c lass ica l  po in t  o f  view, f o r  a large class o f  theo- 

r i e s  ( inc lud ing thosequantumvers ionswhich seemphysical ly re le-  



vant) scale invariance impl ies conformal invariance. Correspondingly, 

one expects t h i s  t o  be the case quant ica l ly  or,  i f  t h i s  i s  not the 

case, one would l i k e  t o  understand the nature o f  the quantum e f fec ts  

tha t  are breaking the special conformal symmetry w i  t h o u t  breaking 

scale symnetry. 

It i s  from the construct ive po in t  o f  view that  one can see the use- 

fu1ne.s~ o f  the special conformal symnetry. In  the sarne way as the 

scale invariance f i xes  the two-point funct ion o f  a quantum fieldtheo- 

ry, special conformal symnetry f i xes  the three-poi.nt funct ion. Once 

the two and three-point funct ions are f ixed, one can introduce them 

consi s ten t l  y i n t o  the Schwi nger-Dyson equations ( the nonhomogeneous 

term being absent because o f  conformal symrnetry). This resu l t s  i n  nu- 

merical condit ions f o r  the f i e l d  scale dimensions and coupling cons- 

tants o f  the theory. One could thus construct the so lu t ion  by inser- 

t i n g  the self-energy and vertex par ts  i n t o  the skeleton expansion o f  

any Green's function" . 

The main problem one has t o  face when deal ing w i t h  theconformal group 

i n  quantum f i e l d  theory comes from the pecul iar  feature o f  special 

conformal transformations being able t o  change space- like i n t o  time- 

-1ike separations leading i n  t h i s  way to ,an apparent c o n f l i c t  w i t h  

E inste in 's  causal i ty .  To see t h i s  e x p l i c i t l y ,  r eca l l  tha t  a d i l a t a -  

t ions i s  a transformation o f  the form 

and a special conformal transformat ion reads 

w i t h  o(x,b) = (1  - 2b.x + b2x2) and b.x = -$.; + boxe. 

One can look a t  a special conformal transformation as a " local  d i l a -  

ta t ion"  since the 1 ine element "scales" as: ds2 -+ F ( X , ~ ) ] - ~ & ~  . 



Let us see the apparent c o n f l i c t  w i t h  l oca l  commutat iv i ty  ( ~ i n s t e i n ' s  

causa l i t y )  which asserts t h a t  the commutator o f  observables vanishes 

f o r  space-1 i ke separat ions. One must observe t h a t  

a) a spec ia l  conformal t ransformat ion can change the  nature o f  a se- 

pa ra t i on  i n  Minkowski space: 

b) scale invar iance wi t h  anomalous dimensions forces the support of  

the vacuum expecta t ion  value o f  the  commutator o f  observables t o  be 

concentrated i n  the i n t e r i o r  o f  t he  l i g h t  cone, t h i s  con t ras t i ng  w i t h  

the case o f  the f r e e  massless sca lar  f i e l d  i n  four-dimensional space- 

- t ime where the support i s  on the l i g h t  cone. 

Keeping i n  mind the above remarks and reasoning i n  analogy t o  known 

geometrical t ransformat ions (where the f i e l d  i s  c a r r i e d  t o  the f i e l d  

i n  the transformed p o i n t  mul t i ' p l  ied  by a c e r t a i n  f a c t o r ) ,  one recog- 

nizes a c o n f l i c t  w i t h  l oca l  commutativity. 

Ac tua l ly ,  the  above considerat ions transcend the analogy because the 

existence o f  a u n i t a r y  representa t ion  o f  the  conformal group would 

i m p l y ' 5  t h a t  ( f o r  example) t he  massless sp in  zero f i e l d  would have a 

spec ia l  conformal t ransformat ion of .  the  form 

where d i s  the  sca le  dimension o f  t he  f i e l d  $ (x ) .  

This c o n f l i c t  l ed  Hortaçsu, S e i l e r  and schroer16 t o  the concept o f  

weak conformal invar iance, formulated i n  terms o f  the  invar iance o f  - 
the Eucl idean Green's funct  ions (where t h i s  conf 1 i c t  i s  absent) . 

However, the  nature o f  the symmetry i n  Minkowski space would remain 

unsolved. The f i r s t  progress i n  t h i s  d i r e c t i o n  was made by Swieca and 

~ 8 l k e l ' ~  who, i n v e s t i g a t i n g  the case o f  the  f r e e  massless sp in  zero 

f i e l d  i n  an a r b i t r a r y  number o f  space-time dimensions, D, provedthat  



the special  conformal t ransformat ion generators are essent ia l ly  sel f-  

-ad jo in t .  This means tha t  there i s  the u n i t a r y  exponent iat ion o f  the 

special  conformal symmetry. What does not  e x i s t  i s  a u n i t a r y  repre- 

sentat ion o f  the conforma1 group. Summarizing,these authors have shown 

how t o  go back from Euclidean t o  Minkowski space and t h i s  resulted i n  

a nonlocal t ransformat ion f o r  D = 2n + 1, n in teger .  The n o n l o c a l i t y  

means tha t  the c rea t i on  and a n n i h i l a t i o n  p a r t s  o f  the  f r e e  f i e l d  f o r  

odd D (a s i t u a t i o n  i n  which the commutator has a support i n  the i n-  

t e r i o r  o f  the 1 i g h t  cone) t ransform d i f f e r e n t l y .  This solves the ap- 

parent c o n f l i c t .  These authors conjectured the  existence o f  a un i ta -  

r y  representa t ion  o f  t he  un iversa l  cover ing group o f  the conformal 

group . 

More r e ~ e n t l ~ ~ " ' ~ ,  i t  was d e f i n i t e l y  es tab l ished t h a t  i n  a l oca l  

quantum f i e l d  theory we are  dea l ing  w i t h  representat ions o f  the un i-  

versal  cover ing group o f  the conformal group. I t  was seen i n  a so lu-  

b l e  model17 t h a t ,  analogously t o  t h e  f r e e  f i e l d  decomposition i n  

c rea t i on  and a n n i h i l a t i o n  par ts ,  the  i n t e r a c t i n g  f i e l d  decomposes 

i n t o  "Fourier components" w i t h  respect t o  the center o f  t he  universal 

cover ing group o f  the  conformal group which althoughnonlocal do trans- 

form i n  a s imple way under the special  conformal g r o u p .  I t c a n  be 

shown t h a t  one does not  have a t r u e  representa t ion  o f  t he  conformal 

group but, instead, the m u l t i p l i c a t i o n  law o f  the elements o f  the re-  

presenta t ion  i s  def ined modulo a phase ( ray  representat ion).  We have 

a t r u e  representa t ion  o f  the un iversa l  cover ing group o f  the confor-  

mal group. The same r e s u l t s  were obtained l a t e r  d i  r e c t l y  f rom the 

Wightman axioms". 

The present paper i s  b a s i c a l l y  pedagogical i n  nature. We i l l u s t r a t e  

i n  a simple model the  bas ic  features  o f  conformal symmetry as i t  i s  

understood nowadays. We hope t h a t  an in teres ted reader not  f a m i l i a r  

w i t h  group theo re t i ca l  methods w i l l  p r o f i t  from our se lec t i on  of  t o-  

p ics .  

I n  Sect ion 2, we review some e a r l y  r e s u l t s  r e s t r i c t i n g  ourselves t o  

the  sp in  zero f i e l d  case; we a l so  ob ta in  the most general c l a s s i c a l  

conformal ly i nva r ian t  theory o f  one sp in less  f i e l d .  I n  Sect ion 3,af-  



t e r  a short  review o f  the conformal algebra and in f in i tes ima l  trans- 

formations, we obta in  the f i n i t e  special  conformal t ransformationfol  

the spin zero f i e l d  d i r e c t l y  from the two-point function.This proce- 

dure allows us t o  eas i l y  obta in  the f i n i t e  transformations f o r  the 

sp in  h a l f  f i e l d  and the generalized f r ee  f i e l d .  We show that  i n  re- 

l a t i v i s t i c  quantum f i e l d  theory the relevant group i s  the universal  

covering o f  the conformal group'7. As a preparation f o r  the next Sec- 

t ion,  we a lço present i n  Section 3 an extensive discussion o f  the 

spin 0.5 f i e l d  i n  two space-time dimensions and o f  the composite f i -  

elds o f  t h i s  theory. 

As we said ea r l i e r ,  we i 1  

metry f o r  i n te rac t ing  f i e  

model i n  Section IV. We a 

de1 and re l a t e  i t s  dimens 

us t ra te  the basic features o f  c o n f o m l  s p -  

ds studying i t  i n  the generalized Schroer 

so study the composite f i e l d s  o f  t h i s  mo- 

ons t o  the eigenvalues o f  the center ope- 

ra to r  o f  the universal  covering o f  the conformal group. We wi 11 not, 

however, review conformal invar ian t  operator product expansions, re- 

f e r r i n g  the interested reader t o  the o r i g i na l  pioneer work o f  Ferra- 

ra, Gatto, G r i l l o  and Par is i ,  Ref.32. 

2. CONFORMAL SYMMETRY OF THE SPIN ZERO FIELD 

2.1 Scale and Special Conforma1 Transformations f o r  the Classical 

Spin Zero F i e l d  

F i r s t  o f  a l l ,  we w i l l  introduce i n t u i t i v e l y  the scale and special um- 

formal transformations i n  D space-time dimensions. To t h i s  end, we 

begin by considering the in f in i tes ima l  global d i l a t a t i ons  

From the condi t ion that  

-time, 

we obta in  i t s  i n f i n i t e s  

456 

the f i e l d  scales analogously t o  the space- 



where t h i s  time we do not speci fy d. 

I f  the Lagrangian scales as a f i e l d  o f  the theory w i t h  'd=D, the ac- 

t ion, 1 = j 8 x  ~ ( x ) ,  w i l l  remain invar iant;  

This shows that  we w i l l  have scale invariance i n  the case that  the 

f i e l d  scale dimension coincides w i th  i t s  mass dimension and dimen- 

sional constants are absent from the Lagrangian. 

Recal l that  from Noether's theorem, one knows that f o r  a symnetry 

transformation we have the conserved quant i ty  

This rneans that  i f  one takes the divergence o f  D:(x) and make use o f  

(2.4) and the equation o f  motion, i t  fol lows that  

Now, i f  the ac t ion  i s  not invar iant ,  

and one gets 

Therefore, ~ ( x )  expresses the breaking o f  scale symnetry i n  a local  

form. 

I n  the fol lowing, we w i l l  introduce the special conforma1 t ransfor-  

mations i n  analogy t o  the global d i l a t a t i ons  and w i l l  obta in  the ne- 

cessary condi t ion f o r  special conforma1 invariance. 



When the space-time is infinitesimally special conforma1 transformed, 

the line element, ds2, scales as 

quadratic in x) and one can write in ana 

mt(xr) = (1 + 2b 

One can, therefore interpret a special conformal transformation as a 

local di latation with a scale factor (1 - 2b.x) (note that (2.7) is 

logy to (2.2): 

The infinitesimal variation 6 b ~  = @'(x) - ~ ( x )  will then be 

In the next Section we will obtain (2.9) by the method of induced re- 

presentations'g and the reader should regard the above procedure as 

a suggestion for the transformation of the Lorentz scalar field. 

With (2.9), one obtains for the infinitesimal variation of the La- 

grangian: 

Note that we can combine the fi rst two terms of (2.10) into a diver- 

gente (av[(2x%v- g1-iV~2)~]). Moreover, i n a scale i nvariant theory 

the term in brackets vanishes. Therefore, we will have special con- 

formal invariance if we have scale invariance and the following con- 

dition is satisfied: 



where B i s  an a r b i t r a r y  funct ion  o f  4 .  

I n  t h i s  case, the  v a r i a t i o n  o f  the  Lagrangian reduces t o  a divergen- 

ce. Recal 1 i ng tha t  (using the  equations o f  motion) one can w r i  t e  

and sub t rac t i ng  (2.10) from (2.121, one gets 

We have, then, the  conserved cur rents  

Let  us w r i t e  the most general Lagrangian tha t  s a t i s f i e s  condit ion (2.11). 

Scale invar iance imposes 

w i t h  md + 2p(d + i) = Rd = D, d being the dimension o f  the f i e l d  4, and 

D the space-time dimension. On the o ther  hand, cond i t i on  (2.1 1) imposes 

tha t  

But B does not  depend on (au$), there fore  ( ap@) 2P-2f1 cannot depend on 

(a,,$); a n a i y t i c a l l y  



One eas i l y  gets 

g,  and g2 are dimensionless constants and the integers n and R are l i n -  

ked t o  the scale dimension d o f  the f i e l d  @(x) and t o  the space - time 

dimension D by 

It i s  worthwhile t o  not ice tha t  on ly  those theories w i t h  the usual k i -  

net i c  energy term (though modulated by a "di e l e c t r i c  constant") exhi b i  t 

conformal symmetry. 

With the above machinery, one can eas i l y  show that  (a t  least  f o r  a theo- 

r y  o f  one c lass ica l  rea l  scalar f i e l d )  scale invariance impl ies special 

conformal invariance. l n  fact ,  one can, as i n  Ref.20, constructtheener- 

gy-momentum tensor, 

general iz ing the Bel in fante construct ion t o  the conformal group (T i s  
Fiv 

the canonical energy-momentum tensor) . In  terms o f  (2.18), the confor- 

mal currents, K read 
Fiv' 

We note from (2.19) that  the conformal currents K wi 1 1  be conserved i f  
Fiv 

and on ly  i f  the trace o f  0 vanishes. But from (2.18), one has 0 = O 
Fiv Fi 

and t h i s  shows that  one w i l l  have special conformal invariance i f  one 

has scale invariance. 



2.2 Special Conforma1 Symnetry and the Vacuum E x p e c t a t i o n ~ a l u e s ~ ~  

In  the fol lowing, we reca l l  some const ra in ts  imposed by special confor- 

mal symnetry on the vacuum expectation values, and a f t e r  we do b r i e f l y  

sornething analogous t o  the l a s t  subsection f o r  the quantum case. 

Consider f i r s t  the two-point funct ion 

Suppose a d i l a t a t i o n  invar iant  vacuum and a un i ta ry  operator ~ ( p )  imple- 

menting t h i s  d i l a t a t i on :  

Then, introducing the operator T'U i n  (2.20), one gets 

where we have used 

From (2.22), one concl udes tha t  

w i t h  x l  = r -  2' + (xo - i€)? 8 

Consider now an in f in i tes ima l  special conforma1 transformation. Accor- 

d i  ng t o  (2.8) , one has 



Observing t h a t  x: = x 2 ( 1  + 2b.x) and r e c a l l i n g  (2.221, i t  fo l l ows  t h a t  

One then ob ta ins  the s e l e c t i o n  r u l e  

One the re fo re  concludes t h a t  i f  we have a u n i t a r y  opera tor  implementing 

the spec ia l  conformal symmetry and ~ ( b )  10>=10>, then the  unique nonva- 

n i sh ing  two-point  f u n c t i o n  invo lves  f i e l d s  o f  the  same dimension. 

With an analogous ca l cu la t i on ,  one can show tha t  the  spec ia l  conformal 

symmetry f i x e s  the  th ree- po in t  f u n c t i o n  t o  be 

where d .  i s  the  scale dimension o f  the  f i e l d  i = 1,2,3. 
Z 

I n  general, one can show t h a t  the spec ia l  conformal symmetry r e s t r i c t s  

the  number o f  independent va r i ab les  o f  an n- po in t  f unc t i on  t o  be (1/2) 

nín - 3 ) .  

Let  us now r e c a l l  t h a t  i n  terms o f  one- pa r t i c l e  i r r e d u c i b l e  Green's func- 

t i o n s  r(") (p u,g) o f  a masr i v e  theory wi t h  coupl i ng constant  g, one has i' 

where I'(n) sa t  i s f  i es  the  homogeneous Cal lan-Symanrik equat ion.  But we 
Pas 

a l s o  know t h a t  ( for  c e r t a i n  theor ies)  



i i m  r(n) (hpi,u,g) + i i m  hn i(") (hpi,e,8(w)) , 
X-W pas h* pas 

uhere I? i s  some constant  and r(") p i , ,  i s  e x a c t l y  scale inva- 
Pas 

r i a n t .  

Now, schroer2 '  showed by maki ng use o f  t he  Zimmermann-Lowenstei n "Nor- 

mal Product" method t h a t  i n  the theory described by ~ ( n ) ( P j , ~ , ~ ( w ) )  the  
Pas 

t race  o f  t he  (renormalized) energy-rnomentum tensor vanishes. Therefore, 

analogously t o  t he  c l a s s i c a l  s i t u a t i o n ,  one can const ruc t  the conserved 

s p c i a l  conformal cu r ren ts  and, s ince the  f u n c t i o n  i'") (Pi,u,g) approa- 

ches a s p p t o t  i c a l  1 y I"") (p,u,;(m)), one concludes t h a t  one wi 11 have spe- 
Pas 

c i a l  conformal invar iance if one has scale invar iance.  

3. THE CONFORMAL GROUP AND THE UNIVERSAL COVERING OF THE 
CONFORMAL GROUP 

3.1 The Conforma1 Algebra and the  I n f i n i t e s i m a l  Conformal Transformations 

I n  t h i s  Section, we o b t a i n  the i n f i n i t e s i m a  

us ing the method o f  induced representat ions 

the  reader t o  the  References 19,22 f o r  deta 

PP, d i l a t a t i o n  D and spec ia l  conformal, 

lowing L i e  a lgebra:  

conformal t ransformat ions 

We w i l l  be b r i e f  and r e f e r  

1s. The Poincaré, M,,, and 

generators s a t i s f y  the  f o l -  



Now one defines the i n f i n i t es ima l  generators C A and 3 by 
W '  

These matrices obey the L i e  algebra (3.la,d,f,h,i) w i t h  M D and K vv' lJ 
subst i tuted by C A and x respect ively.  w' 1i7 

In  t h i s  paper, we wi 11 consider representations o f  t h i s  algebra which in- 

volve the number o f  f i e l d s  required by the spin (then, C i s  the usual 
Fiv 

spin matr ix) .  It follows, then, from the r e l a t i on  corresponding t o  (2. 

ld )  and from Schur's Lemna, tha t  A i s  a mu l t ip le  o f  the iden t i t y ;  and 

from the r e l a t i on  analogous t o  (3.1 i )  that  x =O. This representation was 
1i 

ca l led  1.a i n  Ref.19, whi le  the other p o s s i b i l i t i e s  x,, # O but f i n i t e  

and x i n f i n i t e  were denoted by 1.b and 1 1 ,  respect ively.  ( l n  the f o l -  
Fi 

lowing Sections, we w i l l  analyze some soluble models and we w i l l  show 

some examples o f  I .b f ie lds.  For the mornent we advance that  the I .b 

f i e l d s  can be obtained by d i f f e r e n t i a t i o n  o f  1.a f i e l d s  present i n  the 

theory. We hope then that  the fundamental f i e l d s  o f  the theory are 1.a; 

f o r  example, they would form a "complete operator set" i n  thesensethat, 

act ing on the vacuum w i t h  a11 operators o f  t h i s  set, one would get the 

whol e Hi 1 be r t  space) . 

We consider now a t rans la t ion  



and compute the comnutator o f  the generators Y ( Z  M ,D,K ) with thefield: Fiv Fi 

With the comnutation re la t ions  (2.1), one can ca lcu la te  the above sum, 

which reduces t o  a f i n i t e  number o f  terms proport ional t o  the genera- 

to rs  o f  the conforma1 algebra. 

'Then, w i t h  (3.2a,b,c) and (3.4), i t  fol lows that  

Notice that  these transformations 

spin zero f i e l d  (C = O). Fiv 

(3.5b) 

v + 21 (guYiA + P )] ( (5) . (3.5s) 
Iiv 

agree w i th  those we obtained f o r  the 

3.2 F i n i t e  Special Conforma1 Transformations f o r  the Free F ie ld  

Our ob ject ive now i s  t o  determine the subs t i tu t ion  law f o r  the f i n i t e  

special conformal transformation o f  the quantized f r ee  f i e l d .  To mti- 

vate our approach, we w i l l  r eca l l  the apparent c o n f l i c t  between a f i -  

n i t e  local  d i l a t a t i o n  and Einstein 's causal i ty .  

We begin r eca l l i ng  that  a special conformal transformation can change 

a space- like separatíon i n t o  a t ime- l ike one, leavíng the l i g h t  cone 

invar iant :  



For s i m p l i c i t y ,  we s t a r t  by r e s t r i c t i n g  ourselves t o  a theory w i t h o n l y  

one neutra1 sca lar  f i e l d .  From the hypothesis o f  scale invariance, one 

obtains f o r  the  vacuum expecta t ion  value o f  t he  comnutator: 

i f  d i s  non- integer. I n  the case d i s  an in teger ,  the  support o f  the 

comnutator w i l l  be on the l i g h t  cone. 

I f  one reasons i n  analogy t o  the known geometrical t ransformat ions 

where the f i e l d  i s  ca r r i ed  from the o r i g i n a l  p o i n t  t o  the transformed 

one, and m u l t i p l i e d  by a fac to r ,  one should expect something l i k e  

f o r  a l oca l  d i l a t a t  

the  n- po in t  f u n c t i o  

ion. This r e l a t i o n  being a symmetry t ransformat ion,  

n must remain i nva r ian t  and, in p a r t i c u l a r ,  we should 

Iiave f o r  the vacuum expecta t ion  value o f  the commutator: 

The reader can v e r i f y  (3.9) assuming the existence o f  an u n i t a r y  ope- 

r a t o r  t h a t  rea l  izes (3.8) and leaves the vacuum inva r ian t .  

We n o t i c e  now that ,  from the p o s s i b i l i t y  o f  changing the nature  o f  the  

separation, and from (3.7), t h i s  would be c o n f l i c t i n g  w i t h  l oca l  com- 

m u t a t i v i t y .  We show i n  what f o l l ows  t h a t  the c o n f l i c t  i n  Minkowski spa- 

ce i s  on l y  apparent because i t  r e s u l t s  from the hypothesis (3.8) which, 

i n  general, i s  i nco r rec t .  Our procedure consists i n  es tab l i sh ing  the 

special  conforma1 symmetry through the n- point  f unc t i on  invar iance. 

I n  t h i s  Section, we w i l l  t r e a t  the f r e e  f i e l d  case where i t  i s  neces- 

sary and s u f f i c i e n t  t o  examine the two-point f unc t i on  invar iance s ince 

the  n- point funct ions reduce t o  products o f  two-point funct ions.  For 



the  f r e e  f i e l d ,  t he  vacuum expecta t ion  value o f  the commutator can be 

w r i t t e n  as 

T h e r e f o r e ,  there won't 

the  c rea t i on  and the  ann 

t h i s  observat ion as our 

variance: 

be any c o n f l i c t  w i t h  E ins te in ' s  c a u s a l i t y  i f  

i h i l a t i o n  pa r t s  t ransform d i f f e r e n t l y .  We take 

Ansatz v e r i f y i n g ,  o f  course, the  two-point i n -  

One can show t h a t  

being the a n a i y t i c  con t i nua t i on  o f  t he  corresponding Euclidean expres- 

s ion  from the respect ive  p o s i t i v e  and negat ive imaginary values o f  the  

b , x var iab les .  Then, we can w r i t e  (3.11) as 
o o 

Consequentl y, there  i s  a u n i t a r y  operator ~ ( b )  t h a t  r e a l i z e s  the trans- 

format ion 

We must observe t h a t  our method o f  ob ta in ing  the t ransformat ion leaves 

an indeterrnined phase. Nevertheless, as the reader can easi ly v e r i f y ,  

we chose the phase i n  (3.15) i n  such a way tha t  the  f i e l d  remains inva- 

r i a n t  a t  the o r i g i n  according t o  ( 3 . 5 ~ ) .  



We conclude tha t  there i s  no c o n f l i c t  w i t h  loca l  cornmutativity because, 

f o r  integer d ( the support of  the commutator being i n t e r i o r  t o t h e  l i g h t  

cone) the creat ion and annihi  l a t i o n  par ts  transform d i f f e r e n t l  y, impl y- 

ing the commutator invariance i n  the fo l lowing sense: 

The reader must note the pecul iar nature o f  (3.15) : we are deal ing w i th  

a nonlocal transformation, contrary t o  what one would expect i n t u i t i v e -  

l y .  The nonlocal i ty  means that  the loca l  f i e l d ,  $(x), w i t h  non-integer 

dimension, i s  not taken from the o r i g i na l  po in t  t o  the transformed p in t ,  

since the creat ion- annih i la t ion decomposition i s  nonlocal. 

The above procedure can be extended t o  the f ree f i e l d  w i t h  spin d i f f e -  

rent  from zero and t o  the generalized f ree f i e l d .  

The generalized f ree  f i e l d  ( i n  the &dimensional space-time) i s  defined 

by the two-point funct ion (3.11) w i th  a11 higher truncated n-point func- 

t ions vanishing, f o r  d > (0-2)/2. For ce r t a i n  values o f  d, we can o f f e r  

an ind i rec t  but i n t u i t i v e  de f i n i t i on .  For example, the generalized free 

f i e l d  $ (xO,xl) o f  dimension 0.5, i n  the twodirnensional space-time,can 
I/' 

be viewed as 

where $(x0,x1,x2) i s  a massless f ree f i e l d  i n  three space-time 

sions: 

(3.17) 

d i men- 

(3.18) 

Using (3.12), we conclude the special conforma1 invariance o f  the gene- 

ra l i zed  f ree f i e l d  o f  dimension d w i t h  the subs t i tu t ion  r u l e  



I n  the same way, one can obta in  the transformation f o r  

0.5. For example, the ann ih i la t ion  pa r t  transforms as 

(3.19) 

a f i e l d  w i t h  spin 

and $(+)(x) has i n  general a d i f f e r e n t  transformation law. 

3.3 The Universal Covering o f  the Conforma1 Group and the Operator Z 

We mentioned i n  the Introduct ion tha t  the existence o f  a un i ta ry  repre- 

sentat ion of the conformal group would be, i n  general, incompatiblewith 

loca l  commutati.vity and, therefore, w i t h  the subs t i tu t ion  law (3.15). In 

fact,  consider the transformation 

rewr i . t ten as 

It was shown i n  Ref.16 tha t  a generic element o f  the conformal group 

can be decomposed i n t o  a special conformal transformation, a Lorentz 

transformation, a d i l a t a t i o n  and a t rans la t ion;  character iz ing these 

transformations by the parameters c v' ("v* X and a respect ively,  and 
Fi' 

applying i t  t o  our problem, we have 

Reca 

t r i v  

11 ing now that,  according t o  the Subsection 3.1 , K and M act  
Fi Fiv 

i a l l y  a t  the o r ig in ,  we have 



One ca l cu la tes  h and a by comparing the e f f e c t  o f  the  t ransformat ions 
U 

represented i n  both  s ides o f  (3.23) a t  an a r b i t r a r y  po in t ;  i t  r e s u l t s  

i n 

ma 1 

t a t  

l e t  

X = log  la(x,b) 1 . 

We would have, then, 

group. I n  the o ther  cases, we a 

The t ransformat ion law (3.26) i s  compatible w i t h  (3.15) on l y  f o r  D = 

49, + 2, R in teger ;  i n  t h i s  case, we have representat ions o f  the  confor- 

r e  deal i ng wi t h  uni  t a r y  represen- 

ions o f  the un iversa l  cover ing o f  the  conformal group17.~o see t h i s ,  

us r e c a l l  the  concept of p r o j e c t i v e  m u l t i p l i c a t i o n  law. 

One says t h a t  one has a ray  mul t  

pera tors  compose as 

p l i c a t i o n  law i n  the case t h a t  the o- 

w i t h  a n o n - t r i v i a l  phase a(gl,gz). Recall  a l s o  tha t  the r o t a t i o n  group 

i s  a f a m i l i a r  example o f  the f o l l o w i n g  theorem due t o  ~ a r ~ m a n n ~ ~ :  "The 

ray m u l t i p l i c a t i o n  law f o r  c e r t a i n  groups ( i nc lud ing  the conformal one) 

i n  a c e r t a i n  representa t ion  space impl i es  ( the usuai)  representat  ions 

of  t he i  r un iversa l  cover i  ng groups". 

Consider now two general conformal t ransformat ions,  C1 and C,. Let  us 

look f o r  t he  m u l t i p l i c a t i o n  law o f  the operators u(c,) and u(c,). Ob- 

serving t h a t  the  transformations (3.15) and (3.20) d i  f f e r  on l y  by a pha- 

se, one concludes tha t  the e f f e c t  of t he  operator U-~(C~.C~)U(C,)U(C,) 

i s  t o  m u l t i p l y  the f i e l d  by a phase 



One can s i m p l i f y  the  c a l c u l a t i o n  o f  O(x,C,,C,) observing tha t  the pha- 

se i s  independent o f  x. I n  fac t ,  app ly ing the DIAlembertian to  both  s i -  

des o f  (3.27) , one gets 

Taking the m a t r i x  element o f  t h i s  equation between the vacuum and an 

one p a r t i c l e  s t a t e  w i t h  rnomenturn p, and using the a r b i t r a r i n e s s  o f  p, 

one concludes t h a t  9 i s  independent o f  x. 

One can there fore  compute ~(c~,c,) by consider ing (3.27) w i t h  x=O; de- 

composin the t ransformat ion Ci canon ica l ly  i n t o  a product o f  a d i l a -  

t a t  ion eZi, Lorentz t ransformat ion Ai, special  conforma1 transforrnat ion 

bi, and t r a n s l a t i o n  a one i' 

Operating w i t h  U(C2.CI) ... U-'(c,.c~) i n  (3.28), and observing that t h i s  

t ransformat ion does not  introduce any phase on the r i g h t  hand s i d e , i t  

f o l  lows tha t  

X 
Bd = a rg  @+(A, e 2al,b2)]d . (3.29) 

0-2 
Recal l  ing  tha t  one i s  working near the rea l  ax is ,  i t  fo l lows d=-+(Th, 

0-2 
5 (-) 2~r .  One has a l s o  the  p o s s i b i l i t y  9d = 0, f o r  C, and C, s u f f i -  

2 
c i e n t l y  c lose t o  the i d e n t i t y .  

The n o n t r i v i a l  phase f o r  D # 4R + 2 suggests the existence o f  a pro-  

j e c t i v e  m u l t i p l i c a t i o n  law. In f a c t ,  one can rewr i t e  (3.28) as 



as i s  readi l y  seen applying (3.30) t o  an eigenstate o f  the number ope- 

ra to r  N. Therefore, one can iden t i  f y  the operator z(c,, c ~ )  = U-'(C,.C~) 

U(C,)U(C,) as 

Therefore, f o r  D # 4R + 2, we have a non t r i v i a l  operator Z and i n  i t s  

eigensectors one has a ray representation o f  the conformal group: 

and f o l  lowing from Bargmann's theorem that  we are deal ing w i t h  (the u- 

sual ) representat ions o f  the universal  cover i ng o f  the conformal group. 

The operator Z plays a fundamental r o l e  since i n  order t o  know the con- 

formal group mu l t i p l i ca t i on  law one must know i t s  eigensectors. In  the 

present example, Z i s  w r i t t en  i n  terms o f  the number operator, N, and 

since N i s  conserved on ly  f o r  the f ree  f i e l d ,  t h i s  suggests tha t  the Z 

operator i s  l inked t o  dynamics. In  fact,  i n  the next Section we w i l l  

consider an in te rac t ing  f i e l d  model and we w i l l  v e r i f y  the existenceof 

a Z operator ( d i f f e ren t  from (3.31)) 1 inked t o  the dynamics. 

On the other hand, i t  was shown general ly that  i f  one knows the eigen- 

values o f  Z, one knows the dimensions o f  a11 composite operators occur- 

r i n g  i n  the theory. Thus we can ask the inverse question: i s  the know- 

ledge o f  the dimensions o f  a11 1.a composite f i e l d s  equivalent t o  the 

knowledge o f  a11 eigenvalues o f  Z? The importance o f  t h i s  question l i e s  

i n  the f ac t  that  once one has a global operator expansion i t s  answer 

i s  pos i t ive.  In  the fo l lowing Section, we w i l l  answer a f f i rma t i ve l y  the 

above question i n  a soluble model (together w i t h  the inverse question 

r a i  sed above as an assertion) . 

The observations of the preceding paragraph a1 low us t o  conclude the 

dynamical nature o f  conforma1 s y m t r y .  With the transformation law 



(3.15), one can w r i t e  the special conformal transformation of the local  

f i e l d  @(x) as: 

~ ( b )  @ (x) U" (b) = d e  
-id8N id3N 

@(+ , (3.33a) 
la(x,b) 1 

where 8 = arg a+(x,b). Analogousl y, f o r  a Lorentz scalar I .a i nterac- 

t i n g  f i e l d ,  A(x), one can expect t o  express the special conforma1 trans- 

formation as the ef fect  o f  a Z operator ( d i f f e ren t  from (3.31)): 

w i th  0 = arg a+(x,b). Then from the f ac t  that  t h e  dimnsions o f  a1 1 

composite f i e l d  are contained i n  Z, i t  fol lows that  the transforrnation 

law o f  the f i e l d  A(x) involves the dimensions o f  a1 1 composi t e  opera- 

tors .  

3.4 Free Fermion i n  D = 2: the Z Operator and the Conforma1 Composite 

Operators ' 

In  the next Section, we w i l l  deal w i t h  a soluble model o f  i n te rac t ing  

f i e l d s  i n  which the f ree  fermion i n  D = 2 plays a cent ra l  ro le .  In par- 

t i cu l a r ,  t o  get the dynamical dimensions o f  the compos 

must know the dimensions o f  the f r ee  fermion composi t e  

reason, we study now the f ree fermion i n  D = 2. 

i t e  f i e  

f ie lds  

We w i l l  use the basis 

The two-point funct ion f o r  the f ree fermion $,(x) reads 

lds, one 

. For t h i s  



Frorn (2.20) , one has 

I t  i s  convenient t o  in t roduce the l igh t- cone va r i ab les :  

and r e w r i t e  (3.35) i n  terms o f  these va r i ab les  

where b = b0 + bl, b = b0 - bl, and 
U v 

one a l s o  has 

Therefore, we can proceed as i n  Subsection 2.2, ob ta in ing  f o r  $(+)(x)  
O ( + I  = the sarn? f a c t o r  i n  the t rans format ion  as f o r  I)(-) (z). S i  n c e  I) 

o o 
B:(-)]+, i t  fo i i ows  t h a t  

474 



Notice t h a t  i n  two space-time dimensions, the  c rea t i on  and a m i h i l a t i o n  

pa r t s  o f  the f r e e  fermion t ransform i n  the same way, but  t h i s  does not  

con f l  i c t  w i t h  E ins te in ' s  causal i t y  because the anticommutator o f  $,(x) 

has a support on the l i g h t  cone and t h i s  impl ies a support cn t h e l i g h t  

cone f o r  the  commutator o f  the  observables. 

To get  the operator analogous t o  Z (which we wi 1 1  denote by z 3 ) ,  we w i l l  

proceed as i n the l a s t  Subsection. As i n  (3.23-261, i t  i s  readi l y  shown 

t h a t  the existence o f  a u n i t a r y  representa t ion  o f  the conformal group 

would imply the special  conformal t ransformat ion law: 

I n  the same way as i t  has been obtained ( 3 . 2 7 ) ,  one can get  the  e f f e c t  

of  the operator Z r  = d 1 ( ~ , . ~ l ) ~ ( ~ 2 ) ~ ( ~ l )  (Cl and C, being two general 

conformal t ransformat ions) : 

With the same arguments o f  the preceding Subsection, i t i s  readilyshown 

t h a t  0 and 0 are independent o f  x and determined by O, Ir. Then, 
1 2 

where Q and 4 are, respect ive ly ,  the charge and the pseudo-charge. 



One reads the mu l t i p l i ca t i on  law i n  an eigensector o f  2, as 

Aga i n 

sual) 

We wi 

i t  fol lows from Bargmann's theorem that  we are deal ing w i t h  (u- 

representat ions o f  the universal  coveri ng o f  the conformal group. 

1 t r y  t o  get the dimension f o r  the composite f i e l d s  start ing cons- 
+ 

t r uc t i ve l y  from $,(x) and Jio(x) and t h e i r  der ivat ives. Two facts  should 

be noted: i n  terms o f  l i g h t  cone var iables the equation o f  motion i s  

Therefore, we can separate the construct ion o f  composite f i e l d s  i n t o  

f i e l d s  that  depend only on u ,  and f i e l d s  that  dependent on ly  on v .  Ano- 

ther fac t  comes from s t a t i s t i c s :  

This means that  the normal product o f  a f i e l d  such as 

vanishes. So, we have t o  introduce a s u f f i c i e n t  number o f  derivatives i n  

the construct ion o f  composite f i e l d s  t o  prevent them from t r i v i a l l y  va- 

nishing. 

The conformal f i e l d s  whose dimensions we are t r y i ng  t o  determine belong 

t o  the conformal algebra representation i n  which the in f in i tes ima l  ge- 
a 

nerator vanishes. So, we w i l l  exclude f i e l d s  that  transform asãu$@) : 



and *e w i l l  cal  1 "spurious", terms 1 i ke bv ( i -b  u)- ' ) (uT) above. Ac- 
v o 1 

cording w i t h  subsection 3.2, we w i l l  denote by 1.a , f i e l d s  that  trans- 

form w i t h  x = O and by 1.b , f i e l d s  that  transform w i th  ~ g i  # O (as f o r  
a example - $o (u) ) . au 

We w i l l  i l l u s t r a t e  the construct ion process by forming the f i e l d s  s tar -  

t i n g  from $ (u). We can get the transformation law f a r  any composite 
o 1 

f i e l d  since we know how t o  transforrn ),,. Hence, i t  i s  a simple task t o  

determine the general i n f in i tes ima l  special conforma1 transformation lanl 

which we w i l l  need : 

where 

We see tha t  the lowest dimensional f i e l d  which we can bu i l d  from q f i -  

e lds $ 0 1 ( ~ )  i s  

whose dimension i s  q2/2. From (3.45) and (3.471, we conclude that  the 

f i e l d  uO(q) i s  I. a. To construct composite f i e l d s  from q f i e l d s  $ol(~) 

o f  higher dimension we must take der ivat ives o f  V' (q) . As i t  happened 

w i t h  u O ( l ) ,  i t  may occur that  the resu l tant  f i e l d  i s  not I .a. Neverthe- 

less, we can combine 1.b f i e l d s  such that  the resu l t  i s  a 1.a f i e l d .  



F i r s t ,  l e t  us no t i ce  a general f a c t  from the example: 

There i s  no I .a .f i e l d  i n  charge sector  w i t h  dimension 22/2 + 1 .  This 

f o l l ows  from (3.47) appl ied t o  ~'(2): the spurious term :a$o,(~)$ol(~): 

could on l y  be compensated by :a$ol(u)a$ol (u) : = O. For the same reasan, 

i t  i s  not possib le t o  b u i l d  an 1.a f i e l d  o f  dimension q2/2 + 1 .  

Le t  us go on i n  the charge 2 sector, t r y i n g  t o  determine which are  the 

al lowed dimensions. I t  i s  simple t o  v e r i f y  t h a t  the f i e l d  

i s  1.a and tha t  the f i e l d  

i s  I .b. The reason f o r  not  being poss  i b l e  t o  construct  a I .a f i e l d  

w i t h  the dimension o f  V3(2) i s  the f o l  lowing: i n  the process o f  subtrac- 

t i n g  the spurious terms we no t i ce  tha t  we have t o  add :a
3
$ (u)ô$ (u) : 
o 1 o 1 

t o  (1/4*) (u)JIO1 (u) : i n  order t o  cancel the spurious term coming 

from the l a s t  one. But the f i e l d  : a 3 $ 0 1 ( u ) a + o l ( u ) :  w i l l  genera- 

t e  the spurious term : a 2 q 0  
l 
( u) a$o 

l 
(u) : which could on ly  be cancel- 

l ed  by :a2$01(~)a2$01(~): = o. 

I n  general, we see tha t  we must int roduce the f i e l d  

t o  b u i l d  ~ ~ ~ - ' ( 2 ) .  But the f i e l d  (3.52) w i l l  generate the spurious term 

:a
n
$ ( u)an-l$ol (u) : which cannot be cancel led.  
o 1 

On the other hand, the const ruc t ion  o f  a I .a f i e l d  o f  dimension q2/2 + 
2n i s  possib le because the process closes i t s e l f  w i t h  the f i e l d  



which does not  introduce spurious terms due t o  (3.45). We conclude tha t  

i n  charge 2 sector there  are 1.a f i e l d s ,  ~ ~ ~ ( 2 ) ,  w i t h  dimension: 

we can e x p l i c i t l y  w r i t e  

Unfortunately,  i n  sectors w i t h  charge l a rge r  than two the s i t u a t i o n  i s  

not  so simple. We w i l l  w r i t e  below the i n i t i a l  1.a f i e l d s  i n  the charge 

3 sector:  

Not ice tha t  the even-odd r u l e  f o r  the charge 2 sector does not  apply t o  

charge 3 sector.  We can understand t h i s  f a c t  observing tha t  when we i n -  



troduce 272 der ivat ives i n  ~ ' ( 2 )  we formn+l  1.b f i e l d s  (notice that the 

number o f  formed f i e l ds  i s  equal t o  the number o f  pa r t i t i ons24  o f  the in- 

teger n i n  two parts).  On the.other hand, wi th  2n-1 derivat ives we form 

n 1.b f i e lds .  

When we combine the n+l f i e l d s  resu l t i ng  from the introduct ion o f  2n de- 

r i va t i ves  i n  ~ ' ( 2 )  weget  a composite f i e l d  that w i l l  generate n spu- 

rious terms (because the spurious terms have one der ivat ive less) . The- 

refore, we can use the arb i t rar iness of the n+l coef f ic ients  i n  the li- 

near combination o f  the n+l 1.b f i e l ds to  cancel the n spurious f i e l ds  re- 

sul t i n g  i n  a system o f  n homogeneous equations and n+l unknowns, whose 

solut ion was already wr i t ten  (3.55). Naturally, i n  cornbining n composite 

f i e l ds  formed by the inser t ion o f  2n-1 der ivat ives i n  u0(2), we ge t  a 

f i e l d  that w i l l  generate spurious terms; we w i l l  have i n  t h i s  case a 

system o f  n hornogeneous equations i n  n unknowns and t h i s  i s  the reason 

why we cannot bu i ld  1.a f i e l ds  introducing an odd number o f  de r i va t i -  

ves i n u0 (2) . 

However, i n  the charge 3 sector f o r  a number o f  der ivat ives larger than 

one, the number o f  unknowns i s  su f f i c ien t .  Again, t h i s  i s  seen by com- 

puting the number o f  1.b f i e l d s  t o  be combined against the numberof  

spurious terms generated by them (remember: the spurious terms have one 

less der ivat ive than the f i e l d  they form). Denoting by N~ the number o f  
n 

I .b f i e l d s  formed by introducing n derivat ives i n  u0(3), there are s i x  

poss ib i l i t i es :  

even rn , 

odd rn , 

even m , 

odd m , 



even m 

odd rn; 0,1,2, ... 

Therefore, the number o f  equat ions (wi t h  except ion o f  n=1) i s 

the number o f  unknowns. 

ess than 

we intro- I t  can be read i l y  shown that  > c . We concl de that  when 

duce n (n > 1) der ivat ives i n  uO(m), we obta in  a number o f  f i e l d s  larger 

than the number o f  spurious terms generated by them. So unless there i s  

a numerical accident ( f o r  i t may happen that  the system o f  equations has 

no so lu t ion) ,  the allowed dimensions w i l l  be q 2 / 2  + n, wi th  n an in te -  

ger larger  than ' l  f o r  q L 3, and an even integer f o r  7 = 2. 

I n  the same way, we determine the d imnsions f o r  the fyelds composed by' 

u , ) 0 2  (V) and )+ (v), narre1 y, G2 (u) , c3 (v) and (v). I t woul d 
o 2 -95 

remain the task o f  composing those f ie lds among themselves and wi t h  $(d, 
inc'luding new derivat ives. But, we w i l l  see that  f o r  our purposes i t ' i s  

enough t o  know that  a general f i e l d  wi 11 have dimension 

4: 
2  q 4: 

- + - +  - + - + integer . 
2 2 2 2  

We are able t o  show that  the knowledge o f  Z i s  equivelent t o  know the 

d imns ion  o f  the composite f i e l ds .  Since we have the decomposition i n  

the u and v vk i ab l as ,  we can decompose the operator Z i n  Z+ , act ing 

on the f i e l d s  that  depend only on u, 

and Z- ac t ing  on the f i e l d s  that  depend only  on v: 



z = z+z- . 

For any f i e l d ,  ~ ( u ) ,  cons t ruc ted  w i t h  q l  f  i e l d s  @ (u) and q, f i e l d s  
o 1 

$+ (u )  , we have 
o 1 

Z+ ~ ( u )  z;' = exp{- iO1 2du} O ( u ) ,  (3 .58)  

w i t h  d = q2 /2  + q2 /2  + n, t h e  in teger  n being sub jec t  t o  t h e  r e s t r i c -  
U 1 2 

t i o n s  o f  the  preceding paragraphs. 

On t h e  o ther  hand, we know f rom (3.57a) t h a t  t he  e igenvalues o f  Z+ a r e  

- {e l  (2;) 
eigenvalues ( Z  ) = e + (3.59)  

But q = q l  - q and q" = - 
2 

( q l  - q 2 )  , so 

- i01  (q1-qJ 
e igenvalues (z+)  = e 9 

and because O1 = 0,  'V , we have 

By an analogous procedure, one can show t h a t  f o r  f i e  

f i e l d s  $ 0 2 ( v )  and q 4  f i e l d s  @ : 2 ( v ) ,  one has 

lds  composed by q ,  

- i 8 ,  (q2 + q: + rn) ie,dv 
e igenvalues (z-) = e = e (3 .62)  

There fo re ,  a1 1 e igenvalues o f  t he  operator  Z a re  w r i t t e n  i n  t h e  form 

exp l -  i p 1 2 d u  + O22dV]} ,  % and d being t he  dimensions o f  t h e  composi- v  
t e  f i e l d s  i n  a f r e e  fermion theory .  Those r e s u l t s  w i l l  be use fu l  i n  t h e  

next Sec t ion .  



4. CONFORMAL SYMMETRY OF INTERACTING FIELDS 

4.1. Schroer's Generalized ~ o d e l ' ~  

The c lass ica l  version o f  the model that  we wi11 use as a laboratory f o r  

the conforma1 s y m t r y  study i s  defined by the Lagrangiari 

i n  two space-time dimensions. seeZ6 f o r  a s im i la r  study i n  the Th i r r ing  

mode I. 

The scalar f i e l d ,  $(x), and the pseudoscalar f i e l d ,  $(x), are f ree  f i -  

elds, i.e. 

and the equation o f  motion o f  the fermion i s  

P 

We get the so 

Hi l b e r t  space 

d i ve rgences - 
t i v i t y  i n  the 

s i c  prerequis 

u t i on  construct ing the f i e l d s  $(x) and g(x) i n  independent 

( t h i s  construct ion requi res ce r t a i n  care due t o  in f ra red  

see Refs. 27 and 28, f o r  example) . The proof o f  the pos i- 

model i s  given i n  Ref.27, and we mention only that  the ba- 

t e  i s  charge conservation. With the he lp  o f  the f ree  f e r -  

mion $O(x) ,  previously defined, we see that  the so lu t ion  o f  (4.2) i s  

Therefore, the $(x) f i e l d  i s  defined i n  U O U M  4 m m and t he exponen- 

t i a l s  are properly regularized: 



I t  should be mentioned that the $(x) f i e l d  has the same Lorentz spin as 

VJ ( x )  
O 

It w i l l  be necessary t o  work w i th  the n-point functions f o r  our present 

purposes. To wr i t e  them, i t  i s  convenient t o  introduce the followingno- 

t a t  ion 

where gi = f ,  zi = 1 and y5 = tl according t o  i 

The vacuum being 10> = 10> x (O>-. x (C> , one gets f o r  the 2n-point 0 4 *o 
functions: 



and expl i c i  t l y  

where j > i  r e f l e c t s  the fact  tha t  the ann ih i la t ion  par t  o f  the f i e l dw i t h  

argument x has been comnuted through a l l  the creat ion par ts  on i t s  r i gh t .  i 

We are now ready t o  study conforma1 symmetry. For in te rac t ing  f i e l d s  the 

dynamics o f  the theory i s  not e n t i r e l y  contained i n  the two-point func- 

t i o n  as i s  the case f o r  the f ree  f ie ld2 ' .  Therefore we must examine ' the 

covariance o f  the 2n-point functions, Ref.17. Using the factor ized form 

o f  (4.81, we w i l l  s imp l i f y  the ca lcu la t ions examining each fac to r  sepa- 

ra te ly .  It w i l l  be enough t o  study the f i r s t  fac tor ,  f o r  the second i s  

formal ly obtained from the f i r s t  one by the subst i tu t iongi+gy5 and i i' 
free fermion covariance f o r  D = 2 was established i n  the l a s t  Section. 

Let us see, then, how the 2n-point funct ion o f  the "scalar exponential" 

transforms as one special conforma1 transforms space-t ime. Us ing the f o r -  

mula (3.12), 

we get 



But s ince 

we get 

And n o t i c i n g  t h a t  charge conservat ion impl ies  C gi = 0: 

Analogously, 

From (4.12-13), we see tha t  the f i e l d  $ - 5 1  (xi) does not  have a de- ;, 5'+Yi 
f i n i t e  special  conforma1 t ransformat ion law because the t ransformat ion law 

o f  "scalar"  and i'pseudo-scalar exponent i a l "  f ac to rs  depends on the number 

o f  f ree  fermion f i e l d s ,  I) 5. (2.1, which occur on the r i g h t  o f  0b+9"+~-] 3 
$0 (si) i n  (4.8) . i n  formujae, 

Li, g;, $1 



But we n o t i c e  tha t  the  number o f  f r e e  fermions I), kj,gj,y; ] (xi) placed 

the r i g h t  o f  @, C 
5 (x.) def ines the sector w i t h  charge q g  = j>i g j  rs{,g.i,~~I 2 

C 
and pseudo-charge g q  = j,i Therefore, the p r o j e c t i o n  o f  the  f i e l d  

operator JI 5 ( x . ) ,  on a sector wi t h  charge q and pseudo charge q " ,  !& ii,Yil 2 

has a def ine t ransformat ion law. Taking the p r o j e c t i o n  9 4 < s (..I= 
[giJgi&l 

r[g ,g.,yi] (si) P (~ )P($ )  ((wi t h  E ~ ( q )  = 1 = B P ( ~  - and remernber i  ng  the 
i z i  4 4 

t ransformat ion formula (3.40), we get  

- 
The nonlocal componentç, qq q(x) ,  o f  t he  i n te rac t  ing f i e l d  are  

t o  the c rea t i on  and a n n i h i l a t i o n  components o f  the  f ree  f i e l d .  

(4.15) 

ana 1 ogous 
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I L  C a :  be seen tha:, as i n  suobcction < .3 ,  the ex is tence o f  a u n i t a r y  re-  

presenta t ion  o f  the conforma1 group would imply the same t rans format ion  law - 
f o r  a1 1 components qq q(z)  We can examine the  e f f e c t  o f  the operator  Z = 

U-'(C,.C~)U(C,)U(C~) ( w i t h  C, and C, being two general conformal t r a n s f o r -  - 
mations) on $4 q ( x ) .  For t h a t  purpose, i t  i s  convenient t o  r e w r i t e  (3.15) 

because o- = [ G+ ] *. Then, 

The phase 8(C,,C,) can take the  values 0, +v and i s  independent o f  z 

( t h i s  can be seen by n o t i c i n g  t h a t  the phase t h a t  occurs i n  (3.16) i s  

a m u l t i p l e  o f  the dimension 0.5 general ized f r e e  f i e l d  phase; so tna+ 

e i s  the same f o r  bo th  f i e l d s .  Because the  dimension 0 . 5  genera l ize  

f r e e  f i e l d  can be seen as a r e s t r i c t i o n  o f  the  form 

o f  the  f r e e  f i e l d  $J(x,,x~,x,) i n  3-dimensional space-time, and s ince 

the two-dimensional conforma1 group i s  a subgroup o f  t he t r i d imens iona i  

conforma! group ~ ~ h i c h  leaves the x, coordinate i n v a r i a n t  a n d , f i n a l l y ,  

r e c a l l i n g  tha t  the phase does not  depend on x f o r  the f r e e  f i e l d  case, 

we conclude t h a t  0 i s  independent o f  x. To w r i t e  Z e x p l i c i t l y ,  we pu t  



where 2 ,  i s  g iven by (3.42) and Z 1  i s  easi  l y  seen t o  be 

P u t t i n g  (3.19) i n  (3.171, app ly ing  the r e s u l t  on a charged s t a t e  Iq,g>, 

and r e c a l l i n g  t h a t  

we see tha t ,  i n  f a c t ,  we reproduce the  r ighthand s ide  o f  (3.17) 

Not ice  t h a t  the charge Q and the  pseudo-charge &" are the same as i n  the 

f r e e  theory f o r  

Z becomes 

Therefore, i n a sec tor  o f  charge q and pseudocharge 4, the  mul t i p l  i ca -  

t i o n  law f o r  the conforma1 group i s  



ray m u l t i p l i c a t i o n  law (4.21) the  ex is tence o f  a (usua 

t i o n  o f  the un iversa l  cover ing o f  the conformal group. 
r 

The s t r u c t u r e  o f  the operator  Z shows i t s  connection t o  

d e t a i l s  o f  the theory.  That i s ,  t he  composit ion law o f  

Again we see, r e c a l l i n g  Bargmann's theorem, t h a t  i t  fo l l ows  from the 

1) representa- 

the dynami ca l  

the conformal 

group besides being p r o j e c t i v e  depends on the theory under considera- 

t i on ,  one no t  being ab le  t o  determine i t  from Group Theory alone. As 

we had promised, we w i l l  see i n  the f o l l o w i n g  the r e l a t i o n  between the 

eigenvalues o f  Z and the dimensions o f  the  composite f i e l d s .  

Any f i e l d ,  O(x), bui  l t  ( w i t h  appropr ia te  

ql f i e l d s  $,(z), q, f i e l d s  d~T(x) ,  q3  f i e  

w i l l  have an exponent ia l  p a r t  w i t h  the s 

1 i m i t s )  from the product o f  

l d s  $,(x) and q, f i e l d s  $;(x), 

t r u c t u r e  

I t s  d i m n s i o n  i s  

I n  subsection 2.5, we have shown t h a t  the knowledge o f  the dimensions 

i 3 qi + n i s  equ iva lent  t o  knowing the eigenvalues o f  the operator  Z 
1 

(and vice-versa, m d u l o  the a d d i t i o n  o f  an in teger )  f o r  the f r e e  fe r-  

mion and, as the Z operator  has eigenvalues, z ,  

we see t h a t  the knowledge o f  the dimensions o f  a11 the  composite f i e l d s  

exhausts a11 eigenvalues o f  Z since q = (ql-q +q3-q ) and = -q. Na- 
2 4 

t u r a l l y ,  our c a l c u l a t i o n  shows t h a t  the  knowledge o f  a11 eigenvalues o f  



Z i s  equ iva lent  t o  the knowledge o f  the  dimensions o f  a11 composed f i -  

e lds  (modulo the a d d i t i o n  o f  an i n tege r ) .  

Observing t h a t  the  Lorentz spins, o f  O(X) , i s  

q2 Q; [- 5 - 2 + 5 + - + in teger  
2 2 2 2 I 

and t h a t  0 = 8, + 0, , we can rewr i  t e  (3.23) as 

As we mentioned i n  subsect ion 3.3, i t  was shown i n  a11 general i ty17'18 

t h a t  a1 1 dimensions present i n  a conformal l y  i n v a r i a n t  theory are con- 

t a ined  i n  the Z opera tor  and the  inverse quest ion  mot ivated our ca lcu-  

l a t i o n .  I n  Ref.17, i t  was proved t h a t  the  f a c t  a l l  eigenvalues o f  Z 

can be expressed i n  terms o f  the composite f i e l d  dimensions i s  a neces- 

sary cond i t i on  f o r  the ex is tence o f  a complete bas is  o f  composite f i -  

elds,  and al though we a re  not  able t o  prove it, i t  i s  conjectured t h a t  

i t  i s  a l so  a s u f f i c i e n t  cond i t ion .  Our ca l cu la t i ons  cons i s t  i n  a cons- 

t r u c t i v e  demonstration o f  t h i s  cond i t i on  i n  t he  present model. Concer- 

n ing  the existence o f  opera tor  product expansions i n  the T h i r r i n g  mo- 

de l ,  see Ref.30. 

As we a n t i c i p a t e d  i n  subsect ion 3.3, conformal symmetry possesses a dy- 

namical nature i n  the sense t h a t  a spec ia l  conformal t rans format ion  o f  

a l o c a l  f i e l d  involves the  dimensions o f  a11 composite f i e l d s .  Th is  i s  

seen r e c a l l i n g  the t rans format ion  formula (4.16) and the decomposition 

$(r) = E $4 c(z) : 
4< 



One should no t i ce  that ,  both i n  the f ree f i e l d  case and i n  our present 

mdel, the Z(C1,C2) operator commutes w i t h  any operator t ha t  represents 

an element o f  the un iversa l  cover ing o f  the conformal group, Z being, 

therefore,  a cen t ra l  element o f  t h i s  group ( i t  can be shown indepen- 

den t l y  from the m d e l  considered tha t  Z(C,,C,) i s  a cen t ra l  element). 

By successive Z products, we can form new cen t ra l  elements. I n  t h i s  

way we see t h a t  the  i n f i n i t e l y  sheeted nature o f  t he  cover ing r e f l e c t s  

i t s e l f  by the f a c t  t ha t  k x p ( i g 2 ~ r ] n  # 1, n = 1,2,3.. . , f o r  mn-integer 

g 2  

4.2 The Center Z 

We saw i n  the preceding Sections t h a t  the conformal symnetry i s  d i r e c -  

t l y  l i nked  t o  the dynamics and we r e a l i z e  t h a t  cont rary  t o  our i n t u i -  

t i o n  when we make a special  conformal t ransforrnat ion a l oca l  f i e l d  i s  

not  taken t o  the f i e l d  i n  the transformed p o i n t .  Na tu ra l l y ,  i t  w i l l  

be i n t e r e s t i n g  t o  i n t e r p r e t  " geometr ical ly"  the non- local transforma- 

t i o n  o f  the f i e l d .  Let  us w r i t e ,  then, a genera l i za t i on  o f  formulae 

(3.33a) and (3.251, but  f o r  the sake o f  s irnpl 

i n t e r a c t i n g  sca lar  f i e t d ,  A(X) : 

c i t y  l e t  us consider an 

(8) , (4 2 6 )  

where 0 = a rg  + ( ~ , b )  (=O, +T, + - 2 ~ ) .  We cannot i n t e r p r e t  transforma- 

t i o n  (4.26) geometrical l y ;  nevertheless we can de f i ne  the f i z l d  A(x,n) 

by 

whlch, due t o  (4.26), transforms as 

where n = n, n + 1,  n * 2 i f  a r g  o+ = O, +r, + - 2 ~ ,  respect ive ly .  We can T 
i n t e r p r e t  the p a i r  (x,n) as a p o i n t  i n  a ,new space where t h e  f i e l d  







Although conforma1 symmetry as a whole should not  be looked a t a s  a s p -  

metry i n  the a c t i v e  sense, we wish t o  express our hope t h a t  from the 

p o i n t  o f  view o f  experimental f ac t s  the idea l  conforma1 i n v a r i a n t  theo- 

r y  presented here w i l l  be a f i r s t  approximation t o  a r e a l i s t i c  theory 

which would have t o  take i n t o  account the cor rec t ions  due t o  m s s  terms. 

I wish t o  express my g r a t i t u d e  t o  Professor Jorge André Swieca f o r  a11 

I have learned f rom him, f o r  education, and f o r  encouragement i n  pu- 

b l i s h i n g  t h i s  paper. 
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