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A geometrical approach t o  the quant izat ion o f  f ree r e l a t i v i s t i c  f i e l d s  

i s  given. Complex p robab i l i t y  amplitudes are assigned t o  the solut ions 

o f  the c lass ica l  evo lu t ion equation. I t i s  assumed that  the evolut ion 

i s  s t r i c t l y  c lass ica l ,  according t o  the scalar un i ta ry  representation o f  

the Poincar group i n  a funct ional space. The theory i s  equivalent t o  

canonical quant izat ion. 

Apresenta-se uma abordagem geométrica da quantização de campos r e l a t i -

v i s t  icos l i vres, onde ampl i tudes complexas de probabi l i dade são a t  r i  bu-

ídas às soluções da equação clássica de campo. Supõe-se que a evolução 

seja e s t r i  tament clássica, sendo dada pela representação escalar uni - 
t á r i a do grupo de Poincaré em um espaço funcional. A teo r ia  é equiva- 

lente à quant i zação canôni ca. 
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1. INTRODUCTION 

To g i ve  the  mo t i va t i on  which l e d  us t o  the ideas o f  quan t i za t i on  treated 

i n  t h i s  a r t i c l e ,  we s h a l l  f i r s t  analyse the very simple case o f  a  f r e e  

p a r t i c l e  i n  one dimension i n  Schrddinger quantum rnechanics. The theory 

i s  based on the canonical  commutation r e l a t i o n  

where x and p are the  p o s i t i o n  and mornentum operators i n  the H i l b e r t  

space convenient f o r  the d e s c r i p t i o n  o f  the p a r t i c l e .  We can show t h a t  

such a  r u l e  i s  a  consequence o f  the  assumption o f  having t h e  g r o u p  o f  

s p a t i a l  t r a n s l a t i o n s  u n i t a r i l y  represented i n  such space. Indeed, l e t  

O and 0 '  be two observers t rans la ted  r e l a t i v e  t o  each o the r  by a  d i s -  

tance a.  The quantum-mechanical s ta tes  o f  the  p a r t i c l e  wi 1 1  be Ir>, Is> 

.. . and Ir >, 1s >.. ., respec t i ve l y .  As usual, we requ i re  t h a t  such sta- a  a  
tes  be connected by a  u n i t a r y  opera tor  ~ ( a ) ,  

which s a t i s f i e s  the group proper ty  

From t h i s ,  i t  f o l l o w s  t h a t  i t  s a t i s f i e s  the d i f f e r e n t i a l  equat ion 

f o r  s o m  Hermit ian operator  p .  The s o l u t i o n  o f  t h i s  equat ion i s  c l e a r l y  

and we 

t i ons ,  

b i  1 i s t  
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now i d e n t i f y  p ,  the i n f i n i t e s i m a l  generator o f  s p a t i a l  t r ans la -  

as the m m n t u m  opera tor  f o r  the p a r t i c l e .  Owing t o  the proba- 

i c  i n t e r p r e t a t i o n  o f  the theory, we must demand the expecta t ion  



values of  the p o s i t i o n  opera tor  viewed by the  two observers t o  be con- 

nected by 

<x> = <x> ' + a , 

from which, assuming orthonormal i t y  o f  the s ta tes  before  the  t r a n s f o r -  

mat ion <ris> = i t f o l  lows t h a t  

and thus, 

Th is  suggests t h a t  the  symmetries might p lay  an important  r o l e  i n  the 

quan t i za t i on  process, a t  l eas t  when no i n t e r a c t i o n  e x i s t s .  I t  i s  a l s o  

w e l l  known t h a t  when we " rea l ize"  the abst rac t  H i l b e r t  space, say i n  

the coord inate  representat ion,  t he  quantum-mechanical s ta tes  become urir 

p l e x  p r o b a b i l i t y  amplitudes def ined over a  c l a s s i c a l  a t t r i b u t e  o f  the 

c l a s s i c a l  s ta te ,  namely the p o s i t i o n  o f  the  p a r t i c l e .  I n  what f o l l w s ,  

we s h a l l  develop the  l i n e s  o f  a  quantum-mechanical theory f o r  f r e e  re -  

l a t i v i s t i c  f i e l d s  based on such ideas. 

2. GENERAL DESCRIPTION OF THE METHOD 

Let  x be a  c l a s s i c a l  f i e l d  obeying a  c e r t a i n  Poincaré-covariant evolu- 

t i o n  equation, 

For s i m p l i c i t y ,  we assume A t o  be a  f i r s t  o rder  d i f f e r e n t i a l  operator i n  

the space-time coordinates.  A t  a  c e r t a i n  i n s t a n t  o f  time, say t = 0, 
-+ 

the c l a s s i c a l  f i e l d  s t a t e  i s  represented by an a r b i t r a r y  f unc t i on  ~ ( x ) .  

We s h a l l  pos tu la te  t h a t  the quantum-mechanical f i e l d  s t a t e  i s  a  complex 

p r o b a b i l i t y  ampl i tude ~[ilj f o r  f i n d i n g  the f i e l d  described by a  p a r t i -  



c u l a r  c l a s s i c a l  s t a t e  X. We f u r t h e r  assume a pure ly  c l a s s i c a l  evo lu t i on  

f o r  such amplitudes, t ha t  i s ,  

si'nce there i s  no i n te rac t i on .  

I t  turns  out, as we w i l l  see l a t e r  on, t ha t  i t  i s  o f t e n  convenient t o  

parametrize the fam i l y  o f  so lu t i ons  o f  the  c l a s s i c a l  evo lu t i on  equat ion 
3 

by the Four ier  components o f  the  initiaZ c l a s s i c a l  data ~ ( x ) ,  s ince we 

are i n te res ted  i n ' a  Poincaré-covariant formalism. We then g e n e r a l i z e  

where the prime stands f o r  an a r b i t r a r y  t ransformat ion 
3 

group, and f(k) are the Four ier  components o f  X. 

Mathematical ly, we can say t h a t  the  quantum-mechanical 

(2 .3)  

o f  the Poi ncaré 

f i e l d  s t a t e s  

are  funct iona lsl  o f  the so lu t i ons  o f  the c l a s s i c a l  evo lu t i on  equation 

which de f i ne  a func t i ona l  space (FS) which here plays the r o l e  o f  the  

H i l b e r t  space' o f  o rd inary  quantum mechanics. I n  t h i s  FS, we have a 

sca lar  uni  t a r y  representa t ion  o f  t h e  Poincaré group. 

The next  step i s  t o  seek f o r  e x p l i c i t  expressions f o r  the  re levant  ope- 

r a t o r s  as func t i ona l  d i f f e r e n t i a l  operators i n  the FS, and t h e n  f i n d  

t h e i r  spectra. This scheme i s  c a r r i e d  ou t  i n  the fo l l ow ing  S e c t i o n s  

f o r  the  f r e e  Klein-Gordon, e lectromagnet ic and Di rac  f i e l d s .  

3. THE KLEIN-GORDON FIELD 

The f r e e  rea l  sca lar  f i e l d  i s  described by the equation 



As usual, we expand an a rb i t r a r y  so lu t ion  as 

where uk = / f '+m2 (R=c=l) . Thi s equati& can be rewr i t t en  as 

where 

gives the o s c i l l a t o r y  evo lut ion o f  the Fourier components o f  @ . The 

quantum-mechanical f i e l d  states w i l l  then be funct ionals  o f  the type 

~ [ a ( k ) ,  a*(k)]. Theirevolut ion i s  given by 

where we have wr i  t ten  e x p ( - i t ~ )  i n  the hope o f  f i ndi ng a Hermi t i a n  ope- .., 
ra to r  H t o  represent the Hamiltonian o f  the quantized f i e l d .  Dif feren- ... 
t i a t i o n  a t  t = O y ie lds  

We note here tha t  t h i s  representation w i l l  t u rn  out t o  be un i ta ry  when 

we def ine a scalar product i n  which H i s  a Hermitian operator. - 



The same procedure app l i ed  t o  spat 

y i e l d s ,  f o r  the momentum opera tor ,  

ia1  t rans la t i ons ,  name 

= F[a(#),a*(X)] , 

the expression 

Let  us now consider the eigenvalue equations, 

H F k  - 
PI"i: 

We can e a s i l y  show t h a t  the  func t  ona 1 

i s  a simultaneous e igensta te  o f  H and P w i t h  energy-mmentum eigenva- - - 
lues given by 

which are, o f  course, unsa t i s fac to ry  s ince there would be no minimum 

energy s t a t e  f o r  the quant ized f i e l d  and the mmentum would f a i l  t o  be 

a s t r i c t l y  a d d i t i v e  quan t i t y .  To overcome such d i f f i c u l t i e s ,  we res-  

t r i c t  t he  FS t o  the p h y s i c a l  space spanned by a n a l y t i c  f u n c t  i o n a l . s ,  

t h a t  i s ,  by f unc t i ona l s  w i t h  no dependence on a*($). The Harni l tonian 

and momentum operators then reduce t o  



The number operator can be defined as 

The eigenstates o f  H and d are 

F+ + b(iQ = ~ ~ a ( x . )  , 
k,. . .k n i 3 

wi th  eigenvalues 

General f i e l d  states are obtained as usual by superposition, i.e. 

where F and f are Lorentz scalars, and f i s  completely symnetric f o r  

the interchange o f  i t s  arguments. 

We w i l l  now def ine an inner product <F,G> o f  a rb i t r a r y  f i e l d  states F 

and G , compatible w i th  the probabi 1 i s t i c  i n te rp re ta t ion  o f  the theo- 

ry, namely 

a) pos i t i ve-def i n i  teness, 

b) <F,G> = <G,F>* , 
c) normal izab i  l i t y  o f  an arb i  t r a r y  state, (3.1 1) 

d) r e l a t i v i s t i c  invariance under the Poincaré group, 

e) l i nea r i t y .  

Following the analogy w i th  ordinary quantum mechanics, we wouId l i k e  

t o  def ine the inner product as a funct ional  o v e r  the 

manifold o f  the a 's .  Indeed, we can def ine i t  as 



where we have been carefu l  t o  introduce the weight gaussian functional, 

as wel l  as t o  def ine proper ly  the measure 6a as 

w i t h  a = a + i a i  (where i = m, so as t o  assure the existence o f  (3. 
r 

12). Hence, f o r  a rb i  t r a r y  states F and G, we wi 11 have 

By applying the d e f i n i t i o n  (3.11) t o  twon- par t i c le  basis states, we 

f i n d  

-+ 
where a sum i s  m d e  ove a11 permutations 0% o f  the momenta k i .  We f i -  

nal  1 y get 

i n  view o f  the symmetry o f  f and g i n  i t s  arguments. 

Hence, our d e f i n i t i o n  (3.12) i s  equivalent t o  a very good-looking one 

Eq. (3.131, which c l ea r l y  sa t i s f i e s  a11 the desired proper t ies  (3.1 1) . 
We po in t  out  here tha t  d e f i n i t i o n  (3.12) i s  a generalization, t o  the 

case o f  funct ionals,  o f  ~ a r ~ m a n n ' s ~  d e f i n i t i o n  o f  inner product i n  a 

space o f  ana l y t i c  funct ions o f  complex arguments. It can a lso be shown 

that  



so tha t  the representa t ion  we are dea l ing  w i t h  i s  u n i t a r y .  As a f i n a l  

remark t o  conclude t h i s  Section, we note t h a t  the vacuwn ( the  zero quan- 

t a  s ta te )  has a vanishing energy s ince i t  i s  represented by a constant 

f unc t i ona l .  

4. ELECTROMAGNETIC FIELD 

The f r e e  electromagnet ic f i e l d ,  i n  the Lorentz gauge, 

,descr i  bed by the wave equat ion  

where A i s  the electromagnet ic four- vector  p o t e n t i a l  
U 

out  the quant iza t ion ,  we s h a l l  f u r t h e r  assume the r a d i a t i o n  gauge which 

reduces the above equat ion t o  

i s  c l a s s i c a l l y  

I n  order  t o  carry 

-t 
O ~ = O  , V . A = O  ( 4 .1 )  

o f  which a general s o l u t i o n  can be expanded as 

-+ + 
where uk = and the t ransversa l  i t y  cond i t i on  now reads k.a=O. We 

+ 
can expand a as 

+ 
where ke and E are u n i t  vec tors  i n  the  k space, p o i n t i n g  i n  the 

@ 
d i r e c t i o n s  o f  increasing 8 and +, respect ive ly .  Just  as we have do- 

ne before, we assume the ZnZÇiaZ quantum mechanical f i e l d  s t a t e  t o  be 

a func t i ona l  o f  the  in2tZaZ c l a s s i c a l  s ta te ,  which we labe l  aga 

i t s  Four ier  components: F [ P ( C ) , ~ ( ~ Q .  We have now assumed ana 

c i t y  once and f o r  a l l ,  so as t o  avoid the problems discussed i n  

i n  by 

l y t i -  

con- 



nect ion w i t h  Eq. ( 3 . 5 ) .  By repeating the same steps f o l  lowed i n  the 

foregoing Section, we f i n d  

+ + 
We see that  two independent funct ions p ( k )  and q ( k )  natural  l y  appear. 

This r e f l e c t s  the existence o f  two degrees o f  freedorn f o r  the photon, 

corresponding t o  i t s  two possible hel  i c i  t y  states. (Tim-like and lon- 

g i tud ina l  photons are ignored from the s ~ r t ) .  As a resu l t ,  both p 

and q must be present i n  the observables o f  the theory. 

I t  i s  s t ra ight forward t o  see tha t  the s ta te  

i s  a simultaneous e 
-t 

igenfunct ional o f  H and P, w i th  eigenvalues 

Arbi 

~ b ( '  

t ra r y  sta tes are obtai  ned by superposi t ion 

+ -f + -+ 
where we have introduced the notat ion a(k , l )  = q(k)  and a(k,2)=p(k).  

A sum over repeated A indexes i s  understocd. lhe  funct ion f i s  sym- 

metr ic under permutations o f  i t s  argurnents. 



The scalar product i s  now generalized t o  

<F,G> = I exp(-Af, 1- , i 2  ~ * b ( t , i n ~ @ ( t , i n  , (4.1) 
Wk 

wi th  the measure 6a defined as 

I t  can be shown that  t h i s  product i s  equivalent t o  

which obv ously sa t i s f i e s  a11 desired propert ies.  

5. DIRAC SPINOR FIELD 

We shal l  now apply t h i s  method t o  the quant izat ion of a f i e l d  o f  a d i f -  

ferent  geometri ca l  character wi t h  respect t o  the Poi ncaré group, name- 

l y  the Dirac spinor f i e l d .  It i s  c l ass i ca l l y  described by t h e  f ree 

equation 

It i s  wel l  known that  such an equation has pos i t i ve  as wel l  as negative 
+ 

frequency solutions, and $- , respect ivel  y. We take x E i jr  t o  re- 

present par t i c les ,  wh i le  $-, subjected t o  the charge conjugation opera- 

t ion,  represents an t ipa r t i c les ,  



We make a Four ie r  expansion o f  '3 and x , 

wherea s u m o v e r r =  1,2and s =  1,2 i s  impl ied.  Theexpansions are  

done i n  such a way as t o  assure t h a t  the  a ' s  and b ' s  are Lorentz s c a -  

l a r s .  

Just  as before, the quantum-mechanical f i e l d  s ta tes  w i l l  be postu la ted 
-+ -+ 

t o  be a n a l y t i c  f unc t i ona l s  o f  the  i n i t i a l  data &(k ) ,  bs(k)7 . Now we 

must take i n t o  account the  f a c t  t h a t  we are  dea l ing  w i t h  fermions. The 

p r i n c i p l e  o f  i n d i s t i n g u i s h a b i l i t y  o f  i d e n t i c a l  p a r t i c l e s  then t e l l s  us 

t h a t  the  s ta tes  must be antisymmetric under interchange o f  the a'samong 

themselves, the same ho ld ing  f o r  interchanges o f  the b ' s .  Hence,we must 

const ruc t  the func t i ona l s  represent ing the s ta tes  as anticomnuting pro-  

ducts o f  the a ' s  and b 's ,  l i k e  the wedge product 

where we sumover the permutations o a n d ~ ( a . 1  i s  the p a r i t y  o f  the 
3 

permutation cr I n  the l e f t  hand side, we adopt the increasing o rde r fo r  
j' 

the index j. 

i n  order t o  ob ta in  the Hamiltonian and momentum operators, we now re-  

qu i re  the space-time t r a n s l a t i o n  group t o  be represented i n  FS.We s h a l l  

use the qeometrical mot iva t ion  o f  having an in f in i tes i rna l  funct ional  va- 

r i a t i o n  expressed as 



to  def ine  the functional  de r i va t i ve  o f  the wedge product as 

We then obta in ,  by the procedure already f a m i l i a r  from the preceeding 

examp I es . 

and 

We can def ine  a number operator by 

so tha t  the charge operator Q - w i l l  be 

-+ 
Simultaneous eigenstates o f  4 and E can a lso  be found, namely 



w i t h  energy-momentum eigenvalues given by 

We can a l so  de f i ne  the sca lar  product here by s u i t a b l y  genera l iz ing  the 

, d e f i n i t i o n s  o f  the  preceeding Sections. 

6. CONCLUSION 

The formal ism here developed f o r  f r e e - f i e l d  quan t i za t i on  i s  equivalent ,  

f o r  such f i e l d s ,  t o  canonical quant iza t ion .  Let  us take, as an exarrple, 

the  Hamiltonian o f  the  Klein-Gordon f i e l d ,  Eq. (3.6). By m a k i n g  the 

correspondence 

+ 
where a and a are  the c rea t i on  and ann ih i  l a t i o n  operators, respect ive- 

l y ,  t h i s  Hamiltonian can be cast  i n t o  the corresponding expression o f  

the  canonical formalism. The above assoc ia t ion  i s ,  o f  course, permis- 

s i b l e  s ince 

Therefore, a t  l e a s t  as long as one deals w i t h  f r e e  f i e l d s ,  the  scheme 

here developed seems t o  work. It i s  thus natura l  t o  i nves t i ga te  the 

a p p l i c a b i l i t y  o f  the  ideas which i nsp i red  the method t o  the r e a l i s t i c  

case o f  i n t e r a c t i n g  f i e l d s .  For example, suppose we have a p a r t i c u l a r  

c l a s s i c a l  theory o f  i n t e r a c t i n g  f i e l d s ,  say Electrodynamics, o r  perhaps 

a s impler theory. Suppose we have def ined the convenient FS f o r  t h e  
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theory and we want t o  quantize i t  i n  such a way as t o  preserve a11 i t s  

s y m t r i e s .  Would more compl icated (possibly non-1 inear) representat i -  

ons o f  these symnetries i n  the corresponding FS provide an a l te rna t i ve  

approach t o  the quantized theory? Furthermore, would the resul t ing theory 

be mathematically more sa t i s fac to ry  than, f o r  instance, standard QED? 

Aside from point ing out such a poss i b i l i t y ,  the present work does not 

present, o f  course, any new resu l t s .  
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