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The causal r e l a t i on  between a pa i r  of physical events i s  taken as the 

physical foundation o f  the Riemannian geometry o f  the Space-Timeandof 

the arrow o f  time, the basic d i f f e ren t i ab l e  manifold o f  the physical 

continuum being associated t o  a pre-causal level o f  the physical theo-

ry .  The Einste in  par t ia l d i f f e r e n t i a l  equations o f  General R e l a t i v i t y  

are associated t o  a physical f i e l d  of Causality. The four-dimensionali-

t y  i s  re la ted t o  electromagnetic proper t ies-at  the pre-causal level, es-

pec ia l l y  t o  the f i e l d  o f  displacement and the e l e c t r i c  current.  Gravi-

t a t i on  i s  obtained from the physical f i e l d  o f  Causality, which may be 

used also t o  develop a form o f  already un i f i ed  theory. Causal i ty and 

Determinism are re la ted by a va r ia t iona l  p r i nc i p l e o f  the H i l be r t  type 

f o r  the f í e l d  o f  Causal i ty and matter. 

Toma-se a relação causal ent re  um par de eventos f í s i cos  como fundamen-

t o  f í s i c o  da geometria riemanniana &espaço-tempo e da d i  reçã - tempo- 

r a l ,  a variedade d i fe renc ia l  básica do continuum f í s i c o  sendo associa- 

do a um níve l  pre-causal da teor ia  f í s i ca .  Associam-se as equações d i -  

ferenc ia is  parc ia is ,  de Einstein, da re la t i v idade  geral, a um campo 

f í s i c o  de causal idade. Relaciona-se o carater quadridimens ional com as 

propriedades eletromagnéticas, a um n ive l  pre-causal , e especialmente 

com o campo de deslocamentos e com a corrente e l é t r i ca .  Obtem-se a gra- 

v i  tação do campo f í s i c o  de causal idade, que pode ser tambem u t i  l izado 

para se desenvolver uma forma de teor ia  j á  u n i f  icada. Re 

Causal idade e Determi n i smo através de um p r i nc íp i o variac 

po de H i lbe r t ,  para o campo de Causalidade e matéria. 

l a c i onam- se  

ional,  do t i-



1. PRIMARY PHYSICAL CONTINUUM AND SPACE-TIME 

I n  R e l a t i v i s t i c  Physics, the physical continuum i s  taken usual ly  as a 

four dimensional Riemannian manifold endowed w i th  a normal hyperbolic 

metr ic defined by a symnetric tensor w i t h  determinant g(z)#O whose qua- . . 
d r a t i c  d i f f e r e n t i a l  form g .  .(x) c&' dxJ has signature - 2. That signa- 

Z J  
ture gives a Space-Time st ructure w i th . th rse  space dimensions and one 

time dimension. !%e existeme of the normal hyperbotic Riemannian me- 

M c  of the phys2caZ contimnmi i s  generally taken as the founda th  of 

the re la t i v i s t i c  theozy of Causality. 

In  the mathematical theory o f  an N-dimensional Riemannian manifold,the 

Riemannian metr ic i s  introduced i n  a basic d i f f e ren t i ab l e  manifold DN 

by means o f  a symmetric tensor f i e l d  g .  .(x), w i th  g(x)#O. I n  Re la t i v i -  
23 

ty, l i t t l è  a t ten t ion  i s  generally given t o  the basic d i f ferent iab le  ma- 

n i fo ld .  We s7zuZZ emphasize the role of the basic differentiubte mani- 

fold as a ftrndwnentat physical structure, distinguishing it carefulZy 

from the physical strueture given by the n o m l  hyperbolic Riemann&zn 

Space-Time. 

In the present paper, we shal l  take Causal i t y  as the physical founda- 

t i o n  of the Space-Time st ructure by introducing the metr ic gij(x) as a 

tensor associated t o  the theory o f  Causal i t y .  The signature o f  g .  .(x) 
L7 

dri dizi must obviously have absolute value 2, i n  order t o  give sa t i s -  

factory re la t ions o f  Causality between physical events, as shown by 

Special Re la t i v i t y  i n  a f l a t  Space-Time. 

The concept of a basic differentLdZe manifold can be introduced inde- 

pendentZy of CauçaZity. I t wi 11 be re la ted t o  a pre-causal leve1 of the 

theory o f  the physical events i n  Section 2. The normal h iperbol ic  Rie- 

mannian metr ic o f  the physical continuum w i l l  be introduced i n  connec- 

t i o n  w i th  the causal re la t ion  between physical events i n  Section 3. 

m e  distinction between the basic differentiabte manifold and the Space 

-Time gives the possibility of introducing disconnected d m i n s  of Cau- 

sal i ty  i n  D,, each of them corresponding to  a different Space-Time, and 

thereby to  a different universe. 



The g. . (x )  o f  Causal i t y  can be taken as var iables o f  a physical f i e l d  
23 

o f  Causality. This leads t o  a re in te rp re ta t ion  o f  the Einste in  f i e l d  

o f  Grav i ta t ion o f  General Re la t i v i t y ,  i n  which the Einste in  par t ia1  

d i f f e r e n t i a l  equations appear as the expression o f  a physical law re-  

l a t i n g  the d i s t r i b u t i o n  o f  energy-momentum-stress o f  matter t o  thephy- 

s i ca l  f i e l d  o f  Causal i ty. Thus, the whole General Rekt iu i ty  becomes 

included i n  the theory of CausaZity. 

2. PHYSICAL CONTINUUM AND PHYSICAL EVENTS 

We sha l l  now use the concept o f  physical  event f o r  the discussion o f  

the primary physical continuum, by means o f  the fo l lowing physical law: 

Law o f t h e  PhysicaZ Events: A physical event i s  associated t o  a po in t  

o f  the basic d i f f e ren t i ab l e  manifold D, o f  the physical continuum. 

The po in t  x(E), associated t o  the physical event E, wi l l be ca l  l ed  the 

pos i t i on  o f  E i n  the D, o f  the physical continuum. D, i s  the s e t o f t h e  

possibte positwns of events, and endowed Lnth a different2abZe struc- 

twle of the class C', tnth r > 1, taken suffzciently Zarge t o  a l h  the 

constructwn of the physical theory. 

The d i f f e ren t i ab l e  s t ructure o f  D, a l lows f o r  the existence o f  r e l a t i -  

ve tensors o f  a l l  orders, w i t h  a l l  the values o f  the weight, as wel l  

as t ha t  o f  the r e l a t i v e  pseudo-tensors. The condition r > 1 a Z h s  a h  

the existeme of af f in i t ies .  

The level  o f  the theory o f  the physical events based only on the above 

law w i l l  be ca l led  pre-causal. A t  t h i s  level ,  there i s  not yet the dis- 

t ínguishable system o f  l i nes  o f  the physical  continuum al lowing fo r the  

in t roduct ion o f  Causal i ty re la t ions  between events a t  d i f f e r e n t  points. 

We have the fo l lowing theorem: 

meorem of the üirections: At the pre-causal leve l  o f  the theory o f t h e  
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physicai events there i s  s t i l l  no d i s t i n c t i o n  o f  d i f f e ren t  k i n d s  o f  

l i near  d i rec t ions  a t  any po in t  x o f  the physical continuum. 

At the po in ts  r, o f  an N-dimensional d i f f e ren t i ab l e  manifold D w i t h  N' 
N > 1, the l i near  d i rec t ions  cons t i tu te  an irnportant p ro jec t i ve  space 

i 
'N- I (x) , whose "poi nts" have as homogeneous coord i nates the X compo- 

nents 'of the contravar iant vectors X#O a t  x .  The s t ra igh t  1 i nes o f  

p ~ -  1 
(x) describe the planar d i rect ions a t  the po in t  x o f  DN. We have 

the fo l lowing theorem: 

IPheorem o f  P,(x): The dimensional i ty N=4, o f  the physical  continuum, 

i s  dist inguished by special proper t ies  o f  the planar d i rect ions a t  i t s  

points z, corresponding t o  those o f  the s t r a i gh t  i ines o f  P3(x), given 

by the se l f - dua l i t y  o f  the s t r a i gh t  l i n e  i n  the thre-diniensional pro- 

j ec t i ye  geometry. 

The special propert ies o f  the planar d i rec t ions  a t  the po in ts  o f  Dsare 

re la ted t o  the existence o f  the Levi C i v i t a  basic r e l a t i v e  tensore  . . . . Ghk' 
The homogeneous coordinates xZ3 = -SZ o f  a planar d i  rec t ion  a t  x sa- 

t i s f y  the quadratic condi t ion 

E Q-hk 

which i s  the Plücker condi t ion f o r  

x i j  $k = ,, , (2-1) 

the homgeneous Plücker coordinates 

X" o f  the s t r a i gh t  1 ines of P,(x). 

In  the pre-causal leve1 o f  the theory o f  the physical events o f  the 

present Section, the a priori assumption o f  the four-dimensionality of 

the physical continuum i s  made, since i t  i s  based on the law o f  t h e  

physi ca l  events. fiereby, i n  the above pre-causal ZeveZ, the fow - di- 

mensionatity directty as an experimental fact i s  asswned, but not the 

Space-Time stmccture . 

3. THE CAUSAL RELATION OF PHYSICAL EVENTS 

We sha l l  now introduce the concept o f  a causal r e l a t i on  between two 
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phys ica l  events, as a  nonsymmetric type o f  r e l a t i o n ,  i n  which one o f  

the  events plays the r o l e  o f  cause, and the  o ther  event t h a t  o f  e f fec t .  

The asymetry of the causal relation w i l l  be asswned as the fowzdation 

of the amou of time. 

We s h a l l  a l s o  introduce the concept o f  the p o s s i b i l i t v  o f  a  causal re-  

l a t i o n  between two events, associated t o  t h e i r  pos i t i ons  i n  the physi-  

ca l  continuum, w i thou t  f u r t h e r  s p e c i f i c a t i o n  o f  t h e i r  special  na ture  . 
I n  a  s i m i l a r  way, we s h a l l  a l s o  introduce the  concept o f  the  impossi- 

b i l i t y  o f  a causal r e l a t i o n  between two events spec i f i ed  on l y  by t h e i r  

pos i t i ons .  In th i s  approach to the possibility íimpossibility) of a 

causa2 retation between two events, we shaZl not d i s t i n g u i s h  t h e  

"cause" and the "effect" , unless it becomes necessary i n  connection 

with the arrow of time. 

I n  both the Special and the General theor ies  o f  R e l a t i v i t y ,  Causa l i ty  

i s  based on the previous i n t roduc t i on  o f  a  normal hyperbol ic Riemannian 

me t r i c  i n  the physical  continuum. The Riemannian met r ic ,  gij(x) ,  al lows 

us t o  formulate pure ly  pos i t i ona l  cond i t ions  f o r  the  p o s s i b i l i t y  o f  cau- 

sal  r e l a t i o n s  between physical  events. In our approach, we shallintro- 

duce the tensor g . . ( x )  as a symmetric tensor of CausaZity, Znstead of 
23 

taking it as a geometric tensor, by means of a physicaz Z a w  giving the 

positionaz conditions for the possibitity of causa2 relations between 

physicaZ events. 

. . 
The quadrat ic  d i f f e r e n t i a l  form, gij(x)  &cz &, o f  Causa l i ty  w i l l  be 

taken wi t h  the s ignature  (-2), as the quadrat ic  d i f f e r e n t i a l  form o f  the 

Riemannian me t r i c  i n  General R e l a t i v i  t y .  The signature (-2) i s  related 

to  the role played by that qwzdratic di f ferential  form i n  the defini- 

t i on  of the l ines of Causatity, the t ines i n  which gij(x) &' dxi > O 

for any i n f i n i t e s i m l  displacement dx on them, a t  any of the ir  points. 

We s h a l l  now introduce the fo l l ow ing  phys ica l  law: 

L m  o f  Causa2 PossibiZity: There i s  the possi  b i  1  i t y  o f  a  causal r e l a -  

t i o n  between two phys ica l  events a t  d i f f e r e n t  po in t s  o f  D,, i f  and on ly  



i f  they can be connected by a l i n e  o f  Causality o f  the tensor f i e l d  . . 
g..(x) o f  Causal i t y ,  having d3cZ & with signature ( - 2 ) .  
23 

ihe l ines o f  Causality, wi th g..(x) d r i d >  O for  any &#O i n  them, 
23 

are par t icu lar ly  important because o f  the following physical law: 

. 
Law of the Obseruers: The i ines o f  Causality with g..(z) d33 > 0 ,  

23 
fo r  any &#O i n  them, are the possible 1 ines o f  the observers. ihe va- 

r i a t i o n d s  o f  the proper-time o f  the observer fo r  the displacement & 

i s  given by the equation 

It follows from the law o f  the observers the 

Theorem of the Ri~ma~mimr lktric: The tensor gij(x) o f  Causal i t y  i s  the 

metric tensor o f  the physical continuum, as a consequence o f  the lawof 

the observers, since i t  underlies the chronometry o f  the physical ob- 

servers. 

4. THE CONFORMAL METRIC 

The conforma1 metric C. .(x) o f  the physical continuum, corresponding t o  
23 

the Riemannian metric g. .(x) given by Causality, i s  
23 

g(x) denoting the determinant o f  the g . . ( x ) .  Since g(x) i s  negative, 
7-3 

the determinant C(x) o f  the C. .(r) i s  
2.7 

The conforma1 metric C. .(x) i s  a re la t ive  tensor o f  weight (-1/2), the- 
7-3 . . 

reby the quadratic d i f f e ren t i a l  form C. .(x)dxZ i s  not a scalar, but 
23 

i t s  sign i s  invariant when one changes the mordiaate systems i n  D, . 
Thus, we get the following theorem: 



!l'heorem of the Directwns: The distinction of time-like, space-like and 
nu11 directions at a point x of the physical continuum, defined by the 

d3: at x; depends only on its conformal metric Cij (I). The equat ion . . 
C..(x) d3GZ & = O defines the cone of the nu11 directions at x. The 
23 
time-like directions correspond to C. (x)dxi dxi positi zi 
space-1 i ke di rections to C,(%)& dd negative. The l ires 

ve, and the 

of Causa 1 i ty 

can be def ined by means of ihe conformal metric C. .(z). 
ZJ 

In the causal approach to Geometry, the time-like and nu11 di rections 

at a point x of the physical continuum appear as the two kinds of di- 

rections of Causality at x, whereas the space-like directions at x may 

be called directions of Acausality. The passage jkam the confornd to 
the metric geometry of the phys.icaZ continuum aZZaos us to a s s o c i a t e  
to each direction a t  x a geodesic of the g. .(x) n a e t r i c  containing x, 

23 
and onZy one, for sufficientZy smooth fimctions g. .(x). f ie  geodesics, 

ZJ 
defined by the túne-Zike, mZZ and space-Zike directwns a t  a point x, 

have tmgent directions of the same kuld a t  aZZ t h e h  po2nts. Ilzey w i Z Z  
be caZZed t-ime-Zike, r m Z Z  and space-Zike geodesics of the p72ysicaZ con- 
timaon, respectivety . 

fhe above discussion shows that the construction of the causal levelof 

the theory of the physical events can also be done in the follwing two 

s teps : 

(a) The development of an almost-causal level by the introduction of 

the conformal metric C. .(x) ; 
2.J 

(b) The passage from the almost-causal level to the causal one by the 

introduction of Ig(x)I, and the definition of g..(x) in terms ofC..kc), 
ZJ z.J 

and Ig(x)i by the equation 

The step (a) is associated to the introduction of an Eucl iadean measu- 

re of the angles of the space-like directions orthogonal to a given 

time-like direction, at a point x of the physical continuum, which gi- 

ves the angular measure of the space-directions of the observers at x. 

The step (b) introduces a measure of infinitesimal hypervolumes at x 

by means of Ig(x) 1 'I2. 



The quasi-causa2 leve2 o f  the theory of the physical events i s  closely 

related t o  the Maxuell equations of General Relativity,  which are con- 

fomZZy invamant, as is weZZ k m .  This is due to the possibility of 

defining the dual * A ( x )  of a covariant bi-vector A ( X )  by meansof C . . ( x ) ,  
za 

as a consequence of the four-dimensionality of the physical continuurn, 

since the electromagnetic displacement D ( X )  and the electrornagnetic fi- 

eld P ( X )  are related by Dual ity: 

D ( X )  = *F(x) and F ( X )  = - * D ( x )  . 

5. ELECTROMAGNETISM AND FOUR-DIMENSIONALITY 

The dimensional i ty N=4 of the physical continuurn is a property of i ts 

prirnary differentiable manifold DN. We shall now see that there is a 

remarkably simple and natural electromagnetic foundation of the dimen- 

sional i ty N=4 of the D of the physical continuum based on the relation N 
between the field of displacement D ( X )  and the electric current given 

by the first Maxwell equation 

J ( X )  denoting the oriented covariant trivector of electric current. 

We shall introduce the following primary law of Electromagnetism: 

Law of the Electric Current: The electric current can be described by 

an oriented contravariant vector-densi ty, J ( x } ,  at the DN 1 eve 1 of 

the geometry of the physical continuurn. 

It follows from the above law and the Maxwell equation ( 5 - 1 )  that the 

oriented trivector J ( x )  of the electric current rnust be equivalent i j k  
to the or iented contravari ant vector-dens i ty J ~ ( X )  of electri c current 

at the DN leve1 of the geometry of the physical continuum. This requi- 



res the existence o f  a contravar iant Levi C i v i t a  epsi lon w i th  four  in-  

dices cabcd, so that  we must have N=4. Thus, we have the 

!C%eorern of the Fom-DimensiomZity: The electromagnetic displacement 

- D ( X )  gives a physical foundation o f  the four-dirnensionality o f  t h e p r i -  

mary d i f f e ren t i ab l e  manifold o f  the physical continuum, as a conse- 

quence o f  the primary form (5-1) o f  the f i r s t  Maxwell equation and the 

law o f  the e l e c t r i c  current, which does not require the in t roduct ionof  

the electromagnetic f i e l d  F(X) and the second Maxwel 1 equation. 

The f i r s t  Maxwell equation may be seen as the expression o f  the elec- 

t r i c  current as a current o f  po lar izat ion,  by assuming D(X) t o  descr i-  

be an e l e c t r i c  po la r i za t ion  o f  the vacuum as a physical medium. T h i s  

assumption requires D(X) t o  be equivalent t o  an or iented contravar iant 

bivector-density V(x) a t  the DN level  

continuum. This would require the ex 

C i v i t a  eps i lon w i t h  four  indices, and 

Thus, we get the 

Theorem of D(x): The equivalence o f  D 

~f the geometry o f  the physica 

stence o f  a contravar iant Lev 

thereby the dimensional i t y  N = 4 

;C) t o  an or iented contravar iant 

bivector-density D(x), descr ibing a po la r i za t ion  o f  the vacuum, i s  a 

s u f f i c i e n t  condi t ion f o r  the dimensionality ii=4 o f  the D o f  the phy- N 
s i ca l  continuum, independently o f  the f i r s t  Maxwel 1 equation (5-1). 

It i s  possible t o  introduce F(x) as independent o f  D(X) a t  the D, level  

o f  the geometry o f  the physical continuum, and t o  wr i  te  the second Max- 

wel l  equation 

The eventual existence o f  magnetic Currents would require a general i -  

zat ion of the second Maxwell equation, w i th  the in t roduct ion o f  a co- 

var iant  t r i v e c t o r  M.. (x) i n  the r i g h t  hand side o f  (5-2). This would 
23 k 

al low us t o  use the generalízed second Maxwell equation t o  get a theo- 

rem analogous t o  the above theorem o f  the four-dimensionality. 

The'equivalence o f  F ( X )  and a contravar iant b i  vector-densi t y  F(x), a t  



the DN leve1 o f  the geometry o f  the physical  continuum, i s  a suf f ic ient  

condi t ion f o r  the four-dimensionality, since i t  requires the existence 

o f  a contravar iant Levi C i v i t a  eps i lon w i th  four índices. 

By means o f  D(x) and F ( X )  , we can bui l d  the or iented tensor, 

introduced (SchBnberg  1971) i n  connection w i t h  the electromagnetic 

energy. We sha l l  discuss i t  i n  I a t e r  Sections. 

6. THE ARROW OF TIME 

The determination o f  the arrow o f  time by means o f  the asymmetry o f  the 

causal r e l a t i on  between two physical  events i s  associated t o  a physi- 

ca l  d i s t i n c t i o n  o f  the two half-cones o f  the past and the fu tu re  a t  a 

po in t  x o f  the physical continuum given by the tensor gi j (x)  o f  Causa- 

l i t y  . i?mm a geometrieal point of vieu, those tuo hatf-cones have si- 

mZlar roles, but th i s  i s  mt t m e  oi th  respect t o  the cause - e f f ec t  

structure of the causal reZat.ion between physical events. 

For the sake o f  mathematical s imp l i c i t y ,  we sha l l  discuss f i r s t l y  the 

r e l a t i o n  between the arrow o f  time and Causal i ty i n  the case o f  a f l a t  

Space-Time, s im i l a r  t o  t ha t  o f  Special Re la t i v i t y .  Now, the l i g h t  cone 

a t  a po i n t  x i s  generated by the s t r a i gh t  l i nes  w i t h  nu11 d i rec t ions  

containing x. It i s  const i tu ted by two half-cones having i n c o m n o n l y  

the po in t  r. 

We shalt asswne as a physicaZ Zm of SpeciaZ ReZativity that a physi- 

cal event a t  x can be a cause onZy of events a t  points Zying eitherin- 

side or on a distingtlished half-cone of the Zight-cone a t  x, &ch o i Z Z  

be catted the half-cone of  the future a t  x, the haZf-cone of  the futu- 

re  wrying continuously for a disptacement o f x .  

The existence o f  the half-cone o f  the fu tu re  allows us t o  introduce an 



orientat ion o f  the non space-like st ra ight  l ines containing x,  corres- 

ponding to  the displacement from the half-cone o f  the past i n to  thatof 

the future. fie orientutwn of those straight 'tines inside the light- 

-cone, at  x, a t tms  us t o  choose a sense of the proper-time on such a 

tine, with &>O for a d x  atong it i n  the sense of the tine. Thus we get 

an amou of time based on the distinctwn of cause effect  i n  the 

causa2 reúxtwn between physicai! events . 

In the general case of a curved Space-Time, there i s  an open neighbour- 

hood N ( X )  o f  the point x i n  which are defined the systems o f  normal 

coordinates o f  the metric g. .(x) w i  t h  o r i g in  a t  x ,  characterized by 

giving zero values t o  the f i r s t  order derivatives o f  the g. . (x) .  A l l  
23 

the points 2 o f  N ( X )  can be connected t o -x  by segments o f  geodesics o f  

the gij(x) metric ly ing inside N(x), there being only one such segment - 
for every x. We shal l  define the l ight-cone K ( X )  a t  x as the set o f  

the points o f  N(x) ly ing i n  the nu11 geodesics of the g i j ( x )  metric 

containing x. K(x) i s  constituted by two half-cones having i n  comnon 

only the point r. 

In order t o  extend, t o  the general case, the above orientat ion o f  the 

non space-like geodesics o f  the g..(x) metric, by means o f  the a s y m -  
7-3 

t i y  o f  the causal re lat ion between physical events, we shal l  introduce 

the following physical law: 

Law of the HaZf-Cone K+(x) : A physical event a t  x cannot be a cause o f  

any physical events a t  the points 3: o f  N(x) l y ing  out-side a half-cone 

K+(x) o f  the 1 ight cone K(x) a t  x. The half-cone o f  the future, K+(x) , 
varies continuously with the displacement o f  i t s  vertex x. 

The hal f-cone K-(x)  o f  K ( X )  , complementary t o  K+(x),  w i  1 I be cal led 

the half-cone o f  the past a t  x. The non space-like geodesics o f  the 

g..(x) metric containing x can be oriented by the choice o f  the sense 
Z J  

from K-(x) i n to  K+(x).  This orientatwn aZZuws us t o  choose the sense 

of the proper time vaAbZe s, i n  a time-Zike geodesic containing the 

point x, by the condition that s increases i n  dispZacementsin thesense 

giuen by that or-ientation. 



Any line of Causality containing a point x must have a segment lying 
on K(x) or inside it, which can be oriented by choosing in it thesense 

from K-(x) into K+(x). Thus, we get a generalization of the orienta- 

tion of the non space-like geodesics containing x, allowing a choice of 

the sense of the proper time variable s in the lines of the physical 

observers, as in the case of a time-like geodesic. 

The above results show that the existence of the arrow of time isbased 

both on the normal hyperbolic Riemannian type of the geometry of the 

physical continuurn, given by the g. .(x) of Causal i ty, and on the asyrn- 
2.7 

metry of the causal relation between the physical events, since the 

signature of g..(x) d x i d  determines the special structure of the 

1 ight-cone K(x) . 

7. SPACE AND SIMULTANEITY 

We can associate a "space" to any point x of a 1 ine of an observer, 

consti tuted by the points 3: of N(x) lying on the space-1 ike geodesics 

containing x, whose tangent directions at x are orthogonal tothe time- 

-1ike tangent direction of the l ine of the observer at the poi nt x. 

Since N(x) is the domain of exi stence of the systems of normal coordi - 
nates of the g..(~) metrir, with origin at x, the above definition, of 

23 
the "space" of an observer at x in its line allows us to obtain a na- 

tural parameterization of i ts poínts ; by means of the three normal co- 
ordinates with origin at x, whose corresponding coordinate lines lie in 

that "space". 

Special Relativity showed 

for an observer are close 

space of an observer a; a 

at x. We shall now genera 

following physical law: 

that the concepts of space and simultaneity 

ly related, the events at the points of the 

point x being simultaneous for that observer 

lize that result by the introduction of the 

L m  of S k l t a n e i t y :  For an observer at the point x of its line, the 

events at the points of its "space" are simultaneous. 



I t  foZZows from t h e  above Zaw t h a t  S h Z t a n e i t y  i s  reZated t o  CausaZi- 

ty, s i nce  t h e  "spaceff of an  observer a t  t he  p o i n t  x of i t s  

b u i l t  with the  space-Zike geodesics of t he  g . . (x)  met r ic .  
23 

We s h a l l  now consider a tubu lar  domain T(L) conta in ing  the  1 

an observer, and such t h a t  each p o i n t  5 o f  T(L) l i e s  i n  the  

the observer a t  a p o i n t  x ( s ) ,  b u t  i n  no o ther  such "space" 

d ing  t o  a proper t ime s ' f  S .  We can now determine the order  

Z i n e  i s  

ine  L o f  

"space" o f  

correspon- 

o f  succes - 
s ion  o f  the events a t  the p o i n t s  i n s i d e  T(L) f o r  the observer, by means 

o f  the f o l l o w i n g  phys ica l  law: 

l;aw of Time: For an observer wi t h  1 ine  L, the t ime o f  an event a t  t he  

p o i n t  5 o f  i t s  t ubu la r  region T(L) i s  g iven by the value o f  s cor res-  

ponding t o  i t s  "space" con ta in ing  2. The order  o f  succession o f  those 

events f o r  the observer i s  t h a t  o f  the increas ing values o f  t h e i r  t ime 

values S. 

The systems o f  Fermi coordinates o f  the  phys ica l  continuum based onthe 

l i n e  L o f  an observer are  p a r t i c u l a r l y  adequate f o r  the parameteriza- 

t i o n  o f  the tubu la r  reg ion T(L), because one o f  the Fermi coordinates 

i s  the t ime v a r i a b l e  s given by the proper t ime o f  the observer,andthe 

o ther  th ree o f  them g i ve  a parameter izat ion o f  the "spacel' o f  the  ob- 

server corresponding t o  the value s o f  the  t ime, i n  a way s i m i l a r  t o  

t h a t  o f  orthogonal Cartesian coordinates i n  i t s  "space", w i t h  the three 

coord inate  l i n e s  o f  a s p e c i a l l y  chosen orthogonal system o f  normal co- 

o rd ina tes  l y i n g  i n  the  "space" o f  the observer a t  x ( s )  p lay  i ng  the  r o l e  

o f  the Cartesian axes, the f o u r t h  coord inate  l i n e  being the geodesic 

tangent a t  the p o i n t  x ( s )  t o  the  1 i ne  L o f  the  observer. The tetrads o f  

the orthogonal normal systems o fcoo rd ina tes  a t  the po in t s  o f  L a re  re-  

la ted  by the Fermi-Walker t r anspo r t  associated w i t h  L, which a l lows t o  

have one o f  the vec tors  o f  the t e t r a d  always tangent t o  L. 

8. THE RELATION OF ACAUSALITY 

We based our d iscuss ion o f  Causa l i ty  on the  p o s i t i o n a l  cond i t i on  f o r  

the p o s s i b i l i t y  o f  a causal r e l a t i o n  between two physical  events. We 



shatZ nat stute tht there i s  a reZation of AcausaZity between .two 

events E' and E" when there i s  a p o s i t h Z  5npssibiZity  for aty o f  

thsn to be a cause of the other. 

In the pseudo-Euclidean flat Space-Time of Special Relativity, the po- 

sitional condition for the impossibility of any of tHe two events E' 

at x8, and E" at x'l, to be a cause of the other 1s that the interval of 

the points x' and x" be an imaginary number. Thereby in this case Aca- 

usality is related to the pseudo-Euclidean metric of the Space-Time. 

The a b v e  definition of the r e k t w n  of AcausaZity shms t h a t  i t  i s  

syrmietmcat with respect to  the tw events E' and E", not depending on 

the asymnetry of the causa2 reZation with respect to cause and effect ,  

associcrted t o  the urrou of túne. 

We shall now assume that there is a symmetric tensor g . .(x) associated 
23 

to the relatíon of Acausality of physical events, whose quadratic dif- . . 
ferential form g . .(x)&cZ has the signature (-2). The di rect asso- 

23 
ciation of g..(x) to Acausality lwks satisfactory, because the g..(x) 

2.7 23 
do not determine the arrow of time. 

By means of the tensor g..(x) we can define a normal hyperbolic R i m -  
23 

nian metric of the physical continuum and its Space-Time structure, 

according to the following physical law: 

Lau of the Space-Túne: The Rimnnian metric of the Space-Time is gi- 

ven by the symnetric tensor g . . ( x )  associated to the relation of Acau- 
23 

sality of physical events. 

The nu11 geodes.ics of the Riemannian metric given by g..(x) allow us 
23 

to define at a point x the 1 ight-cone K(X) , in the domain N(x) of exis- 
tente of its systems of normal coordinates with origin at x. We have 

the follwing physical law: 

L;uw of AwusaZity: There is a relation of Acausality between any event 

at a point x and any event at a point i of ~ ( x )  lying outside thelight- 
-cone K(x), for any choice of G. 



l n  the case o f  the f l a t  Space-Time of Special Relat ivi ty, N(x) i s  the 

whole manifold, and the points outside K(X) are those for  which the 

intervals t o x  are imaginary numbers. Thereby the Law o f  Acausality i s  

a generalization o f  the condition fo r  the posit ional irrpossibi l i ty d a  

causal re la t ion  between events a t  3: and ;, for  any order o f  causation, 

wel l  known frm Special Relat ivi ty. 

The passage o f  an observer a t  a point x o f  i t s  l i n e  i s  a physicalevent 

i n  a re la t ion  o f  Acausality w i th  any event a t  a point 2 o f  i t s  "space" 

a t  x, since 2 i s  a point o f  N(x) ly ing  outside the light-cone K ( x ) .  

ThePeby, ~ w u s a t i t y  appeaps as the naturuzz f a o r d a t h  of Space, a n d k  

of S h t t r m e i t y .  

We shal l  naw go over t o  a higher level o f  the theory o f  Causality by 

asswning the existence o f  a structure o f  physical f i e l d  having the 

gZj(x) as i t s  variables. This i n f z o d u c t h  of the physi6aZ fisM of 

Causatity i s  anuhgous to  thd of a p h y h t  f i e M  described by the 

eonrponents of the R&mann&m metr i c  .in GenemZ Rekt i t t i t y .  

The higher level o f  the theory o f  Causality i s  characterized by the 

central ro le played by the Riernann-Christoffel tensor associatedto the 

Riemannian metr i c  def ined by the tensor g . .(x) o f  Causal i ty, which wi  11 

be denoted by PM(z). By -ns o f  the Ricci tensor, R&(=), and the 

curvature scalar R(%), we can bu i ld  the syrmnetric Einstein t e n s o r ~ ~ ( x ) :  

The theory of the physical f i e l d  o f  Causality requires the introduction 

o f  a dimensional constant K i n  order.to define i t s  action integral =c 
by means "o g(z) and R(%) : 



We shall now introduce the following physical law: 

Lm of CauscZity and Energy: The physical field of Causality determines 

the energy tensor T (x) of matter and ordinary f ieids by means of the ij 
Einstein tensor G~~(X), 

The equations (9-3) are a system of partial differential equations for 

the g (x), with the same form as the Einstein partial differential e- .i' 
quations of General Relativity. Thereby we have the following theorem: 

Theorem of CausaZity and Gravitation: Thewhole theoryof Space-Timeand 

Gravitation of General Relativity can be naturally obtained from the 

higher leve1 of the theory of Causality. in particular, the components 

of the gravitational f ield of General Relativity are given by the 

Christoffel symbols of the tensor g (x) of Causal ity. i j 

The equations (9-3) can be obtained from a variational principle 

with I denoting the action of matter and ordinary physical fields, by 

assuming the following physical law: 

W of Action and Energy: The energy tensor Tij(x) of matter and the 

ord 

wit 

nary physical fields is given by the equat;on 

T . . (x) = - 61/6~~'(x) , 
23 

e .  

h 61/6~"(3c) denoting the functional derivative of I wi th respect to . . 
the variable g2d(x) of the physical field of Causality. 

The equations (9-3) expressing the law of Causal i ty and Energy are 

those given by the variational principle (9-h), correspond i ng to the 

variation of the gi'(x) as variables of the physical f ield of Causal i-  

ty. We have the following theorem: 



T h e o r m  of Detemninism and CausaZ i ty :  The v a r  i a t  i ona l  p r  i n c i p l e  (9 -4 )  

expresses t h e  law o f  Determin ism o f  t h e  C l a s s i c a l  Phys ics .  I t  shows 

t h a t  t h e  C l a s s i c a l  Determin ism i s  r e l a t e d  t o  C a u s a l i t y  by t h e  depend- 

ente o f  t h e  a c t i o n  I o f  m a t t e r  and t h e  o r d i n a r y  phys ica l  f i e l d s  on t h e  . . 
t e n s o r  gZ3 ( x )  o f  Causal i  t y .  

10. THE ELECTROMAGNETIC ENERGY TmSOR 

We s h a l l  na r  d i s c u s s  t h e  o r i e n t e d  tensor  Tab,cd(x) d e f  ined by (5->),  i n  

o r d e r  t o  g e t  a  c l e a r e r  unders tand ing  o f  t h e  r e l a t i o n s  between C a u s a l i -  

t y  and Energy i n  Elect romagnet ism,  s i n c e  t h a t  tensor  can a l r e a d y  be de- 

f i n e d  a t  t h e  pre-causal l e v e l  o f  e l e c t r o m a g n e t i c  t h e o r y .  

The d e f i n i  t i o n  (5- 3)  can be appl  ied f o r  any v a l u e  N 2 3 o f  t h e  dimen- 

s i o n a l i t y ,  
because Tab,cd 

(4 i s  a n t i s y m m e t r i c  wi  t h  respec t  t o  t h e  two 

i n d i c e s  o f  each p a i r ,  and s a t i s f i e s  a l s o  t h e  c o n d i t i o n  

N = 4 i s  t h e r e b y  t h e  Zowest m e n  uaZue of N f o r  w h i c h  o r i e n t e d  t e n s o r s  

w i t h  t h e  symmetr ies of Tab c d ( x )  may e x i s t .  
J 

For N = 4 ,  t h e  o r i e n t e d  tensor  Tab,cd(x) i s  e q u i v a l e n t  t o  an o r i e n t e d  

a f f i n o r - d e n s i t y  T ! ( x ) ,  w i  t h  t r a c e  T! (x)=o,  g i v e n  by 
3 Z 

We have t h e  f o l l o w i n g  theoreni:  

T h e o r m  of T (x) : The d i m e n s i ~ n a l  i  t y  N = 4 o f  t h e  DN o f  t h e  phy- 
ab, cd 

s i c a l  cont inuum i s  determined by t h e  e q u i v a l e n c e  o f  Tdaai(x) t o  an 

o r i e n t e d  a f f i n o r - d e n s i t y  w i t h  z e r o  t r a c e ,  a t  t h e  DN l e v e l  o f  t h e  geo- 

metry  o f  t h e  p h y s i c a l  c o n t i n h m .  

The e q u a t i o n  (10-2) does n t depend on t h e  s p e c i a l  a l g e b r a i c  s t r u c t u r e  P 
387 



of Taõ,cd(x) given by (5-3). simi lar to that of a Grassmann outer pro- 

duct of two six-dimensional vectors, which leads to the equation 

A ( x )  and B(x) denot i ng covar iant bivectors at x. 

T$X) b e c m s  the oriented affinor-density of electromagnetic energy 

when D(X) is taken as the dual *P(X), with respect to the g . .(x) me- 
23 

tric of Causality. It follows from (5-3) and (4-4) that 

T . .(x) denot ing the usual electromagnet ic energy tensor, expressed in 
23 
terms of the components of F(x) and the g*(x) by 

which satisfies the three well known Rainich algebraic conditions. 

It is interesting to note that the tw Rainich conditions notdepending . . 
on the signature of g..(x) d;cZ d8 are related to the pre-causal pro- 

perties of ~:(z) given by the second equation (10-2) and the equation 

(10-3). We may therefore see T$(x) as a kind of pre-causal oriented 

affinor-density releted to electromagnetic energy-momentum-stress. The 

sylrplietric energy tensor T . . (x) of EZectrmagnetim can a Z y  be obtáned 
ZJ 

by the Zntroductwn of the tensor g* (x) of CausaZity. 

The introduction of the electromagnetic action integral I. 



and the equation (9-5), applied to the case in which there is only the 

electromagnetic field in interaction with the field of Causality,leads 

to the expression (10-7) of T. .(x). In the present case, the equations 
33 

(9-3) become s impl y 

It is interesting to note that the expression (10-8) of the electro- 

magnetic action can be obtained from its pre-causal primary form 

/ P(D,P) d,x by taking D(X) = *F(x), with *F(x) denoting the dual of 

F(X) corresponding to the Riemannian metric g . .(x) of Causal i ty. 
23 

The existence of an oriented scalar-density bui lt only with D(X) and 

F(X) is possible only for N = 4. Thereby the &stence of a p r h m y  ' 

fom of the eetectronagnet* ac twn  I g+es a rsnarkabty s.inrpte physi- 

ca2 fowrdatwn of the four-dUnens2aaZity. 

11. CAUSAUTY ANO ELECTROMAGNETIC PERMEABILITY 

ik introduce in ouur paper (Schõnberg 1971) an oriented tensor L$&), 
antisymnetric with respect to the two indices of each pair, such that 

for any bivector A(=), 

cd Láb(x) will be called the oriented tensor of electromagnetic permeabi- 

lity of the vacuum because 

It follows from (4-4) that 

(1 1-31 

Thus, we have the following theorem: 



Theorem of CausaZity and PemeabiZity: The electromagnetic permeabil i- 

t y ' o f  the vacuum i s  determined by the f i e l d  o f  Causality, by means o f  

i t s  quan t i t i es  C (x).  ab 

Equation (1 0-6) shows that  the e1 ectromagnet i c  energy tensor T< ( x )  

cannot be defined only i n  terms o f  F(x) and the components Cab(x) o f  

the conforma1 metric, but requi res a lso  the determinant g (x ) .  The def i - 
n i t i o n  o f  T .  .(x) by means o f  the equation (9-5) applied t o  the f i e l d  

23 
F(X) requires tha t  P(D,F) be expressed i n  terms o f  F(X) and the tensor 

o f  Causal i ty ,  a1 though P(D,P) can be wr i  t ten  i n  terms o f  Cab (x) and the 

f i e l d  F ( r )  , because i t i nvolves the f unct ional der i vat i ve 61/6~"(x). 

Thus we get the fo l lowing theorem: 

Theorem of T . .(x) : The energy tensor T (x) o f  Electromagneti sm i s as- 
23 i j 

sociated t o  a higher leve l  o f  the geometry o f  the physical con t i nuum 

than the propert ies o f  electromagnetic permeabi l i ty o f  the vacuum des- 

c r  i bed by L:: (x) . 

i t  i s  important t o  note t ha t  there are important re la t ions  betweenD(4 

and F(X) a t  the D leve l  o f  the geometry o f  the physical continuum, g i -  N 
ven by the fo l lowing law: 

L m  of D(x)and F(X) : The ranks o f  the b ivector  F(X) and the or iented 

bivector D(X) are the sametat any po in t  x ,  and t he i r  p fa f f i ans  sa t i s -  

f y  the condi t ion 

P(D) = - P(F) . (1 1-4) 

I t  i s  in te res t ing  t o  note that  the above law requires only tha t  the d i -  

mensionality N be even, i n  order t o  a l low f o r  the e x i s t e n c e  o f  the 

p fa f f i ans  o f  the bivectors.  

We have the fo l lowing theorem: 

Theorem of P ( D ) :  The dimensional i t y  N =  4 o f  the physical continuum i s  

determined by the condi t ion o f  the existence o f  a scalar-density bu- 

i l t  w i t h  the components o f  D(X) a t  the DN leve l  o f  the geometry o f  the 

physical continuum, which i s  P(D) up t o  a numerical factor.  



I t  fo l l ows  from (10-4) and (11-4) t h a t  

Q(D,F) i s  t he re fo re  always non negat ive as a consequence o f  the law o f  

D(x) and ~ ( x ) .  When Q(D,F) # 0, the ma t r i x  o f  the T;(x) hasdeterminant 

# O.  Since P(A) i s  quadrat ic  i n  the Aab(x) f o r  N = 4, t h e  s i g n  minus 

i n  (1 1-4) requi res the 1 inear independence o f  ~ ( z )  and ~ ( x ) .  Thereby 

Tab, cd (x) i s  a nonzero omented tensor for F(X) # O, as a consequence 

of the law of D(X) and F (x) . 

It  fo l l ows  from (4-4) and the r e l a t i o n  D(X) = *F(x) t h a t  

C(X) denot ing the determinant o f  the C x .  We get  f rom ( 1 1 -6 )  and 
ab 

(11-4) t h a t  C(X) = -1, so t h a t  the  absolute value o f  the  s ignature o f  

C.  .(x) &i &ci i s  2 as a consequence o f  the  minus s ign i n  the  r i g h t  
'L3 

hand s ide  o f  ( 1  1-4). Thus we see that the Zaw of D b )  and F ( x )  i s  c a -  

patibte onZy with a norma2 hyperbotic Riemannkn me tkc  of the physi- 

cal emtinuum. 

12. CAUSALITY AND THE "ALREADY UNIFIED FIELD 

The equat ion (10-9) w i t h  T. .(x) taken as the energy tensor o f  an e lec-  
23 

tromagnetic f i e l d  w i thou t  sources can be used t o  r e l a t e  the higher l e -  

ve l  of the  theory of Causg l i ty  t o  t h a t  o f  the  "already u n i f i e d  f i e l d  I' 

o f  Gravi t a t i o n  and Electromagnet i sm o f  Rainich, Misner and Whee 1 e r  

(Rainich 1925, Misner and Wheeler l957),  by  t h e  i n t roduc t i on  o f  the  

Rainich a lgebra ic  cond i t ions  and the d i f f e r e n t i a l  cond i t i on  o fRain ich ,  

Misner and Wheeler. 

We s h a l l  discuss t h i s  matter  i n  more d e t a i l  elsewhere. Now we s h a l l  

on l y  note that ,  i n  t he  r e l a t i o n  o f  the  higher leve1 o f  the  theory o f  

Causal i t y  t o  the "al readykuni f  ied  f ie ld" , i t i s  convenient t o  take the  

f i e l d  D(x) o f  displacement as the  bas ic  f i e l d  o f  Electromagnetism, ra-  



ther than ~(x), with F(x) defined in terms of D(z) and the tensor 

g . .(x) of Causal i ty. T h s ,  we get an "atready zuzified f i e M n  of  &usa- v 
Zity and disptacanent. ?%e d-imensionazity A can be now natmdly de- 

ternrined by .Unposing the cadition of  equivatence of D (z) and an o&- 

ented Mvectar-density D(x) o f  polamzation of the vacum as úr the The- 
oran of D(Z) o f  Section 5. 

The theory of the already unified field of Causality and Displacement 

requires also the topological refinements of the theory of flisner and 

Wheeler, instead of the sinpler topology of the primary differentiable 

nianifold D,. 
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