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We modify the basic model o f  the phase t rans i t i on  i n t h e  hydrogen-bonded 

layered c r y s t a l  SnCR2.2H20 t o  account f o r  the presence o f  ionic defects.  

I t  i s  easy t o  ob ta in  a ser ies  expansion f o r  the high-temperature ent ro-  

py o f  the i o n i c  model i n  terms o f  closed subgraphs, w i t h  ve r t i ces  o f  

degree two, o f  the o r i g i n a l  three-coordinated 4-8 l a t t i c e .  We a l so  show 

tha t  the high-temperature entropy o f  the  i o n i c  model i s  i d e n t i c a l  t o  tk 

residual  entropy o f  a simple ant i ferromagnet ic I s i ng  model i n  a 3-4 - 8 

l a t t i c e .  This l a t t e r  model can be solved exact ly  by a se t  o f  t r ans fo r -  

mations which lead t o  a we l l  s tudied I s i ng  model i n  a Union Jack l a t t i -  

Modificamos o modelo básico para a t rans ição de fase no c r i s t a l  SnCR,. 

2H,O, que apresenta 1 igações de hidrogênio dispostas em camadas, a f i m  

de levar  em conta a presença de de fe i t os  iônicos. E f á c i  1 ob ter  uma ex- 

pansão em s é r i e  para a ent rop ia  de t rans ição deste modelo i õn i co  em ter-  

mos de subgráf icos fechados, com vé r t i ces  de grau dois, de f in idos  na re- 

de 4-8 o r i g i n a l ,  de coordenação t rês .  Também mostramos que a ent rop ia  

de t rans ição do modelo i ôn i co  é i dên t i ca  â ent rop ia  res idua l  de um mo- 

de lo  ant  i ferromagnét ico de I s i n g  d e f i n i d o  numa rede 3-4-8. Este mode- 

l o  pode ser reso lv ido  exatamente por um conjunto de transformações que 

o reduzem a um modelo de I s i n g  bastante estudado, numa r e d e  do t i p o  

"Union-Jack". 

* Postal address: C.P. 20516, 01000-São Paulo SP 



1. INTRODUCTION 

Stannous chloride dihydrate (SCD) is a 

which exhibits an order-disorder trans 

re 1 depicts the schematic topology of 

ding to X-ray2 and neutron diffraction 

layered hydrogen-bonded crystal 

ition at Tc = 218~, Ref.1. Figu- 

a layer of hydrogen bonds, accor- 

results 3 .  The water mlecules 

are of two types. An oxygen of type I has both its proximal protons on 

hydrogen bonds joining this oxygen to other oxygens. An oxygen of type 
I 1  has only one of its proximal protons on one of the three hydrogen 

bonds joining it to other oxygens; the remaining proton proximal to a 

type I1  oxygen points toward a chlorine atom. The phase transition has 

been definitely shown to be associated with the ordering of the protons 

on the hydrogen bonds 3 .  

The two-dimensional character of the hydrogen bonds in SCD is particu- 

larly attractive because it has been possible to obtain exact solutions 

for severa1 two-dimensional statistical mechanical models. Salinas and 

~ a ~ l e ~  have solved basic protonic model of the phase transi tion in SCD, 

which had been previously proposed by Matsuo et aZ.'. This basi 

assumes the socalled "ice-rules" in the context of SCD: 

(i) each hydrogen bond has precisely one proton located i n one 

off-center positions on the bond; 

(i i )  there are no ionic defects. That is, each oxygen of type I 

cisely two proximal protons and one distal proton on its three 

c mdel 

of two 

has pre- 

hydrogen 

bonds. Each oxygen of type I1 has precisely one proximal and two distal 

protons on its three hydrogen bonds. 

Rules ( i )  and ( i  i )  determine a1 1 a1 lowable protoni c conf igurations on 

the hydrogen bonds. In order to calculate a partition fui~ction, and the 

thermodynamic properties as a functions of temperature, Salinas and 

Nagle have chosen a set of phenomenological vertex energies, just as 

Slater had done for KH2P04, Ref.6. The total entropy of transition of 

the basic model, which had been previously obtained by ~a~le', could be 

easily calculated as a by-product, making a11 vertex energies equal in 

the expression of the partition function. This theoretical value, ho- 



F i g .  1  - Topology o f  t h e  hy- 

drogen-bonded network wi t h  

t h e  two d i f f e r e n t  t ypes  o f  

ox igens .  Oxygens o f  t ype  I I  

have one hydrogen f i x e d ,  po- 

i n t i n g  toward a  CR atorn. Ths  

r e  a r e  t h r e e  inequ i v a  l e n t  

bon types,  h o r i z o n t a l ,  v e r -  

t i c a l ,  and d i a g o n a l .  
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( b )  

F i g .  2 - (a )  Hydrogen c o n f i g u r a t i o n s  around an oxygen v e r t e x .  The d i -  

r e c t i o n  o f  the  a r r o w  des igna tes  wh ich  o f  the  two o f f - c e n t e r  p o s i t i o n 5  

on each hydroqen-bond i s  O C C I I ~ ~ P ~  hy 2 p r o t s n .  ( b )  The S ; A  a1 l ~ i a b l c  

v e r t e x  c o n f i g u r a t i o n s ,  i n  terrns o f  ha l f - edges ,  wh ich  occur  i n  t h e  weak- 

g raph  s e r i e s  expansion f o r  t h e  i o n i c  rnodel. 



wever, i s  a b i t  small compared t o  experiments, so i t  i s  worth conside- 

r i n g  some refinements o f  the bas ic  m d e l .  

Our aim i n  t h i s  work i s  t o  propose an i o n i c  model f o r  SCD, and t o  per-  

f o r n  an exact  c a l c u l a t i o n  o f  i t s  high- temperature entropy.  l o n i c  models 

a l l ow  v i o l a t i o n s  o f  e l e c t r i c a l  n e u t r a l i t y ,  r u l e  ( i i ) ,  bu t  do no t  a l l o w  

the  presence o f  Bjerrum f a u l t s ,  t h a t  i s ,  o f  v i o l a t i o n s  o f  r u l e  ( i )  . 
Thus, the ex is tence o f  no protons per bond o r  o f  two protons per bond 

i s  supposed t o  be very r a r e  and no t  t o  i n f  luence the equi l ib r i um pro-  

p e r t i e s  o f  SCD, as i t  i s  the  case f o r  ice.  On the  o ther  hand, we suppo- 

se t h a t  i o n i c  de fec ts  are  q u i t e  nunerous, as i n  KH,PO,, desp i t e  being 

r a r e  i n  i ce .  Th is  i s  suggested by the  l ack  o f  symmetry between oxygens 

o f  type I and oxygens o f  type 1 1 ,  and seems t o  be compat ib le w i t h  recent 

neutron d i f f r a c t i o n  r e s u l t s 3 .  

The ,pa r t i cu la r  i o n i c  model we consider a l lows the  th ree  " f ree" hydrogens 

t o  be shared by both  oxygens. Thus, oxygens 01 and 011 have e i t h e r  two 

o r  one hydrogen near by, which g ives  the  s i x  hydrogen c o n f  i g u r a t i o n s  

around each oxygen v e r t e x  shown i n  f i g u r e  2. The therma'l behavior o f  

t h i s  s i x- ve r tex  model i n  a three- coordinated l a t t i c e  has some t h e o r e t i -  

ca l  i n t e r e s t  on i t s  own. However, i n  what f o l l ows  we asriume t h a t  a l l  

v e r t e x  con f i gu ra t i ons  a re  equa l l y  probable, and evaluate the i n f i n i t e  

temperature entropy on l y .  

I n  Sect ion 2, we o b t a i n  an exact  se r i es  expansion f o r  the h igh- tempe-  

r a t u r e  entropy i n  terms o f  weak-graphs on the 4-8 l a t t i c e .  Severa1 terms 

o f  t he  ser ies,  which invo lves  c losed graphs w i t h  v e r t i c e s  o f  degree 2 

only,  can be e a s i l y  ca l cu la ted  t o  g i v e  an approximate value f o r  the en- 

t r opy  o f  t r a n s i t i o n .  The ze ro th  order  term o f  t he  se r i es  t u rns  ou t  t o  

be the  same as Pau l ing 's  approximat ion i n  the  contex t  o f  t h i s  model. l n  

Sect ion 3, which i s  completely independent o f  Sect ion 2, we show t h a t  

t he  high- ternperature entropy o f  our i o n i c  model i s  ident ' i ca l  t o  t he  ze- 

r o  temperature entropy o f  an ant i fe r romagnet ic  I s i n g  model i n  a 3-4-8 

l a t t i c e .  Th is  I s i n g  model can be solved by an a p p l i c a t i o n  o f  the s tar -  

- t r i a n g l e ,  and the  decora t ion  t rans format ion  t o  another I s i ng  model i n  

the  o r i g i n a l  4-8 l a t t i c e .  The approximate se r i es  resu l  t i s  very c lose  

t o  the exact  va lue  f o r  t he  entropy o f  t r a n s i t i o n .  



2. SERIES EXPANSION 

The s i x  hydrogen con f i gu ra t i ons  around each oxygen ve r tex  are  characte-  

r i z e d  as shown i n  f i g u r e  (2a);  t he  d i r e c t i o n  o f  t he  arrow designates 

which o f  the  two o f f - c e n t e r  p o s i t i o n s  on each hydrogen-bond i s  occupied 

by a proton.  Each c o n f i g u r a t i o n  o f  arrows i n  the 4-8 l a t t i c e  def ines  an 

a l lowab le  s t a t e  o f  the i o n i c  model. I f  W i s  the t o t a l  nurnber o f  states, N 
the high- temperature entropy i s  g iven by 

where k i s  the Boltzrnann constant, and N  the nurnber o f  v e r t i c e s .  

As the  4-8 l a t t i c e s  can be d i v i ded  i n t o  two s u b l a t t i c e s ,  there  i s  a  

one-to-one correspondence between hydrogen con f i gu ra t i ons  o f  t 

m d e l  and the subgraphs o f  c e r t a i n  type on the  l a t t i c e .  These 

are obtained i f  we associated an edge t o  each arrow d i r e c t e d  

oxygen o f  type I, f o r  example. The t o t a l  nurnber o f  subgraphs i 

he i o n i c  

subgraphs 

toward an 

s  W N .  

Let us now formula te  the  weak-graph expansion8 f o r  WN . The ve r tex  con- 

f i g u r a t i o n s  (ci; where i l abe l s  a  l a t t i c e  s i t e ,  and Si = 1 ,  ...., 6) a re  

shown i n  f i g u r e  (2b). Each o f  the s o l i d  l ines i nc iden t  t o  a  ve r tex  

may be throught o f  as a  hal f- edge i n  one o f  the  WN subgraphs. Each o f  

the dashed l i n e s  i nc iden t  t o  a  ve r tex  may be thought o f  as a  h a l f - e d g e  

o f  the  l a t t i c e w h i c h  i s  no t  inc luded i n  the  subgraph. Along the  l i n e s  

o f  weak-graph rnethod developed by ~ a ~ l e ~ "  we can w r i  t e  

1 w = n , + cij(ci)~..(5 J] , 
C edges 3% 3 

where the sum i s  over con f i gu ra t i ons ,  and the product  i s  over a11 bonds 

ij. Tha va r i ab les  C.  .(<.) are given by 
23 ?- 

C. .(< .) = a"' , i f 5; has a  hal  f-edge on edge ij, 
23 

= - a'/', i f  5. does not  have a  hal f- edge on 
Z 

edge ij. 



O f  course,  t h e  purpose o f  t h i s  c h o i c e  i s  t o  p r o v i d e  f o r  t h e  match ing  and 

t h e  mismatching o f  ha l f - edges .  We can now w r i t e :  

where t h e  w e i g h t  o f  a  graph G i s  g i v e n  by 

We a r e  u s i n g  t h e  s t a n d a r d  n o t a t i o n  o f  ~ a ~ l e ' ,  where q=3 f o r  t h e  4 - 8  

l a t t i c e ,  and Si i s  t h e  degree o f  t h e  ith v e r t e x  i n  g raph  6 .  Now i t  i a  

easy t o  w r i  t e  e x p r e s s i o n  (2.4) as 

where po and p, a r e  t h e  number o f  v e r t i c e s  o f  degrees O and 2 r e s p e c t i  - 

v e l y ,  and t h e  graph G has no v e r t i c e s  o f  degree 1 o r  3 .  So, we have 

-f 
where v = - 1/3, and ,(p) i s  t h e  number o f  subgraphs o f  t h e  4-8 l a t t i c e  

-+ + - + +  
d e f  i n e d  by t h e  v e c t o r  p = (p1,p2,p3) , t h a t  i s ,  w i t h  p v e r t i c e s  o f  de- i 
gree  Si f o r  i = 1,2,3. The l i n e  i n  t h e  sum i n d  

t r i c t e d  t o  subgraphs o f  v e r t i c e s  o f  degree two 

I n  z e r o t h  o r d e r ,  expansion (2.6) g i v e s  P a u l i n g  

c a t e s  t h a t  we a r e  r e s -  

o n l y ,  t h a t  i s ,  pl = p 3 = 0 .  

s  approx imat ion  

which y ie lds  the  f o l l o w i n g  v a l u e  f o r  t h e  e n t r o p y  per  v e r t e x :  

346 



Without too  much e f f o r t ,  we were ab le  t o  c a l c u l a t e  Rn WN up t o  terms o f  

o rder  V'  6, which amounts t o  one o f  the  longest  avai l a b l e  se r i es  f o r  

i ce- type models9 . So we have 

This se r i es  i n  v i s  i d e n t i c a l  t o  the usual high- temperature tanh K se- 

r i e s  expansíon ' f o r  the  I s i n g  rnodel i n  the  4-8 l a t t i c e .  The connect ion 

between the  i o n i c  model and an I s i n g  model i n  t he  4-8 l a t t i c e  w i l l  -b e  

f u l l y  exp lored i n  the next  Sect ion.  A simple ana l ys i s  o f  the  se r i es  

(2.9) y i e l d s  an impressive resu l  t f o r  high- temperature entropy,  which i s  

accurate up t o  a t  l e a s t  s i x  d i g i t s ,  

I n  Sect ion 3, we compare the approximate va lue (2.10) wi t h  the  exact  re- 

s u l t .  This w i l l  be another example o f  the p o t e n t i a l i t i e s  o f  the  s e r i e s  

me thod . 

3. THE EXACT RESULT 

The exact  s o l u t i o n  i s  obtained by observ ing  tha t ' the  high- temperature en- 

t ropy  o f  the i o n i c  model i s  i d e n t i c a l  t o  the  zero- temperature entropy 

o f  an ant i fe r romagnet ic  I s i n g  model ( w i t h  s p i n  1/2 and nearest-neighbor 

i n t e r a c t i o n s ) ,  i n  a 3-4-8 l a t t i c e .  ThPs 3-4-8 l a t t i c e  i s  ob ta ined from 

the bas ic  4-8 (o r  bathroom t i  l e )  l a t t i c e  ( ~ i ~ u r e  3a) by the  combinat ion 

o f  a d e c ~ r a t i o n ' ~ ' "  and a s t a r - t r i a n g l e  t rans format ion  ( ~ i g u r e  3c) Ref. 

1 1 .  We j u s t i f y  these asser t ions  i n  the  f o l l o w i n g  way: ( i )  suppose t h a t  

there  i s  a sp in  a t  the middle o f  each bond o f  the bas i c  4-8 l a t t i c e  



FIG.3 - (a) bas ic  4-8 l a t t i c e ;  (b) decorated 4-8 l a t t i c e ; ,  ( c )  3 - 4  - 8  

l a t t i c e .  The decora t ion  t rans format ion  app l i ed  t o  the  I s i n g  model i n t h e  

4-8 l a t t i c e  (a)  g ives  the I s i n g  model i n  the  decorated l a t t i c e  (b) .  The 

s t a r - t r i a n g l e  t rans format ion  appl i e d  t o  t he  I s i n g  rnodel i n  the  decora- 

ted 4-8 l a t t i c e  (b) g ives the  I s i n g  m d e l  i n  the 3-4-8 l a t t i c e  ( c ) .  



( t h i  s  leads t o  the decorated l a t t i c e  o f  Figure 3b) ; ( i  i )  suppose t h a t  

the sp in  i s  p o i n t i n g  up (plus) i f  the arrow along the bond i s  d i rec ted  

f rom an oxygen o f  type I towards an oxygen o f  type I I, and i s  poi  n t i  ng 

down (minus) otherwise; (i i i )  de f i ne  an ant i fe r romagnet ic  I s íng  model 

i n  "3-4-8" l a t t i c e  o f  f i g u r e  3c. I t  i s  easy t o  see t h a t  each a l lowable  

c o n f i g u r a t i o n  o f  arrows i n  the  basic bathroom t i l e  l a t t i c e  corresponds 

t o  a  c e r t a i n  conf i g u r a t i o n  o f  spins i n  the  ant i fe r romagnet ic  transforrned 

l a t t i c e  o f  Figure 3c; moreover, on l y  s p i n  con f i gu ra t i ons  such t h a t  the  

th ree  spins around any t r i a n g l e  do no t  have the same s ign  are going t o  

occur. But these can be recognized as the con f i gu ra t i ons  o f  t he  h i g h l y  

degenerate ground s t a t e  o f  the  ant i fe r romagnet ic  s p i n  -1/2 I s i n g  model 

def  ined i n  the "3-4-8" l a t t i c e  ( t h i s  degeneracy o f  the ground s t a t e  i s  

a  well-known f a c t  f o r  t he  I s i n g  l a t t i c e s  t h a t  do not  adrnit the subd iv i -  

s ion i n t o  two sub la t t i ces ;  f o r  example, the  zero-temperature ent rop ies  

o f  the  ant i fe r romagnet ic  t r i a n g u l a r  and the "kagomé" l a t t i c e s  are es ta-  

b l  i shed resu l  ts " .  

Our task then i s  t o  evaluate the p a r t i t i o n  func t i on  f o r  an a n t i f e r r o -  

magnetic I s i n g  m d e l  i n  the "3-4-8" l a t t i c e .  This w i l l  be achieved by 

wr i  t i  ng i t, through the s t a r - t r i a n g l e  and the decora t ion  transformations 

(as i nd i ca ted  i n  Figure 31, i n  terms o f  the  p a r t i t i o n  func t i on  f o r  an 

I s i n g  model i n  the 4-8 l a t t i c e .  

(a) The s t a r - t r i a n g l e  t ransformat ion" g ives 

where ZS and ZT are the p a r t i t i o n  funct ions f o r  t he  s t a r  ( ~ i g u r e  3b) and 

the t r i a n g l e  l a t t i c e s  (Figure 3c); K' and K" are  the i n t e r a c t i o n  para- 

meters o f  the l a t t i c e s  d i v ided  by kT;  i n  t h i s  p a r t i c u l a r  case, NS, t he  

number o f  s t a r  ve r t i ces ,  i s  the same as N, the t o t a l  number o f  sp ins  i n  

the basic 4-8 l a t t i c e .  



(b) The decorat i o n  t rans format ionl  ' gives 

N~ 
z ~ ( K ' )  = f zB(x)  , 

e x p ( 2 ~ )  = cosh 2K' , 

f2 = 4 cosh 2Kr . 

The decorated l a t t i c e  i s  our o l d  s t a r  l a t t i c e ,  t h a t  i s ,  Z = Z D S '  and 

the bas i c  l a t t i c e  i s  i n  F igure  3a. For t h i s  p a r t i c u l a r  case, the  fol- 

lowing holds:  

where ND i s  the number o f  spins i n  the decorated l a t t i c e  ( t h a t  i s ,  the  

number o f  bonds i n  the bas ic  4-8 l a t t i c e )  . 

A f t e r  some s t ra igh fo rward  a lgeb ra i c  manipulat ions,  we have: 

whe r e  

I n  the l i m i t  P O ,  o r  Krr = - u+ -,,we o b t a i n  
kT 



From t h i s  expression, we have the ground s t a t e  energy 

and the zero- temperature entropy o f  the ant i fe r romagnet ic  I s i n g  

i n  the  "3-4-8" l a t t i c e ,  

(3.11) 

m d e  1 

(3.12) 

where Z N and K r e f e r  t o  the  bas ic  4-8 o r  bathroom-ti l e  l a t t i c e .  
6' 

As f a r  as we know, t he  I s i n g  m d e l  i n the  4-8 l a t t i c e  has been solved 

o n l y  i n  the  book by Hurst  and ~ r e e n ' ~ .  

However, the n o t a t i o n  o f  these authors i s  not  always very t ransparent ,  

and they do not  w r i t e  down the  p re fac to rs  o f  the  p a r t i t i o n  func t i on .  So 

we decided t o  use a dual t rans format ion"  which r e l a t e s  the  bathroom 

t i l e  l a t t i c e  t o  i t s  dual ,  a s o r t  o f  "Union Jack" l a t t i c e  (see F igure  4) 

worked o u t  i n  de ta i  1 by Vaks e t  aZ. 1 3 .  Before proceeding wi t h  t h i s  trans- 

format ion,  l e t  tis note t h a t  

( t h a t  is ,  the  bas ic  l a t t i c e  i s  loose packed, i t s  an t i fe r romagnet ic  ground 

s t a t e  be ing non-degenerate), and t h a t  

1 Rn 2 tanh K = - , f o r  K = - 
3 2 .  

(3.14) 

Now we can use the formula"  



FIG.4  - The 4-8 

l a t t i c e .  

l a t t i c e  (dashed l i n e s )  and i t s  d u a l ,  t h e  " U n i o n  J a c k "  



where 

o r  

exp(2x*) = cotanh K , (3.16) 

( s i nh  2xx ) ( s inh  2 ~ )  = 1 , (3.17) 

and the supe rsc r i p t  s t a r  (*) r e f e r s  t o  the  dual l a t t i c e .  The entropy 

(equat ion 3.12) can then be w r i t t e n  as: 

Using the r e s u l t s  o f  Vaks et aZ.,13 and eva lua t i ng  one o f  t h e i r  i n t e -  

g r a l ~ ,  we have: 

where 

a nd 

1 
x = tanh K* = - 

2 ' (3.20) 



The i n t e g r a l  o f  expression (3.19) was evaluated numer ica l ly ,  and the  

f i n a l  r e s u l t  f o r  the  entropy per ver tex ,  w i t h  s i x  d i g i t s ,  i s  

This value shows how accurate i s  the  se r i es  r e s u l t  (2.10). Indeed, 

Pau l ing 's  approximation, desp i t e  being a lower bound f o r  the  exact  va- 

lue,  a l ready gives a very good r e s u l t .  The entropy o f  t r a n s i t i o n  o f  the 

bas ic  mode14, which i s  o f  the  order  o f  the  experimental values,  i s  about 

f ou r  t imes smal ler  than the value f o r  the i o n i c  model. A too l a rge  en- 

t ropy  o f  t r a n s i t i o n  does n o t  r u l e  o u t  the i o n i c  m d e l .  However, i n  order 

t o  f u l l y  assess i t s  phys ica l  s i gn i f i cance ,  we have t o  go b e y o n d  t h i s  

h igh  temperature c a l c u l a t i o n  and de f i ne  ve r tex  energies f o r  computing 

the thermodynamic p rope r t i es  as a f u n c t i o n  o f  temperatura. This i s  a 

more d i f f i c u l t  task, which w i l l  be the sub jec t  o f  fur thei-  study. 

We thank John F. Nagle f o r  many discussions.  
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