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We have obtained new so lu t ions o f  a r e l a t i v i s t i c ,  c iass ica l ,  F i e l d  

Theoret ical  Model having logari thmic nonl inear i t ies .  Some o f  t h e s e  

so lu t ions correspond t o  f i e l d  not bounded i n  time but  having f i n i t e  

Energy and Charge. There are no bounded so lu t ions (bound states and 

resonances i n  pa r t i cu l a r )  i f  the charge exceeds a ce r t a i n  v a l e .  This 

e f f ec t  i s  due t o  the existance o f  a " cha rge  b a r r i e r "  i n  t h i s  f i e l d  

theoret icaf  model. A l l  ca lcu la t ions are pe r f o rmd  Cn any number o f  

spa t i a l  dirnensions. 

Obtêm-se novas soluçÓes de uni modelo r e l a t i v í s t i c o  em Teoria Clássica 

de Campos que apresenta não-linearidades logarÍ tmicas- Algumas dessas 

soluções não são 1 i m i  tadas no tempo mas têm carga e energia f i n i  tas . 
Não existem sol uçÕes 1 imitadas (estados 1 igados ou ressonâncias) se a 

carga excede um ce r t o  va lo r  c r í t i c o .  Esse e fe i  t o  6 devido a um meca- 

nismo de "barrei r a  de carga". Todos os &icutos são f e f  t os   RI um nÚme- 

r o  qual quer de d i mensÕes espac i a i S. 

Hadron-like proper t ies  exhib i ted by some so lu t ions o f  mFPnear  F i e l d  

Theoret ical  Hodels have motivated an increasing search for c lass ica l  
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solut ions o f  r e l a t i v i s t i c  nonlinear F i e l d  Theories. Up t o  now, 

ver, e x p l i c i t  so lu t ions having dynamical time dependence and 

energy have been obtained mainly i n  the realm o f  1+1 dimensiona 

Concerning t h i  s  l a s t  remark, t h e  model proposed by B i ru  

howe- 

f i n i t e  

1 d e l s .  

l a  and 

~ ~ c i e l s k i " ~  const i  tutes an exception. I n  t h i s  paper, we w i  11 enlarge 

the class o f  so lu t ions o f  the r e l a t i v i s t i c  version o f  the B i ru la -My-  

c i e l s k i  model. 

Based upon an Ansatz solut ion, the problem o f  ge t t ing  sa lu t ionsof  t h i s  

nonl inear F i e l d  Theoretical Model reduces t o  that  o f  f i ndi ng sol ut ions 

o f  a  c lass ica l  mechanical system having on ly  two degrees, o f  freedom. 

Due t o  charge conservation, t h i s  system i s  integrable. 

Another in te res t ing  feature which can be abstracted f rom 'óur anal ys i  s  

i s  that,  i n  t h i s  c lass ica l  mechanical analog model, the charge i s  re- 

presented by the angular momentum. Then, there ex is ts  a con t r ibu t ion  

t o  the energy due t o  a  "charge ba r r i e r  " (analog t o  the cen t r i fuga l  

ba r r i e r  i n  c lass ica l  mechanics) . A consequence o f  the existence o f  the 

"charge bar r ie r"  i s  tha t  there are no wel l behaved sol ut ions ( bound 

s ta tes3 or resonances4 w i t h i n  the usual in terpretat ion)  w i th  too l a r -  

ge a charge. We have wel l  behaved so lu t ions as long as the charge does 

not exceed a c r i t i c a 1  value. 

Besides energy and charge, c lass ica l  solut ions d i f f e r  one from another 

i n  that  some o f  them are bounded i n  time whi le others are not.  

We discuss the s t a b i l i t y  o f  some o f  these solut ions i n  the l i g h t  o f  two 

c r i t e r i a  o f  s t a b i l i t y .  From our study,we conclude tha t  these c r i t e r i a  

are not equívalent.  

The p lan o f  t h i s  paper i s  as fol lows: i n  sect ion l i  we present B i ru la -  

-Mycielski mode1 as we l l  as the s imp l i f y i ng  Ansatz  solut ions.  I n  %c- 

t i o n  I l l ,we discuss the so lu t ions o f  t h i s  model, exh i b i t i ng  e x p l i c i t l y  

some "almost" per iod ic  solut ions. Questions re la ted t o  the s t a b i l i t y  

o f  c lass ica l  so lu t ions are discussed i n  Section IV .  Conclusions are 

l e f t  t o  Section V. 



2. THE BIRULA-MYCIELSKI MODEL 

Motivated by a formula t ion  o f  a non l inear  Quantum Mechanics which w i n -  

t a i n s  the f a c t o r i z a t i o n  proper ty  o f  wave funct ions f o r  composed sys- 

tems, B i r u l a  and ~ ~ c i e l s k i '  were l e d  t o  a model whose r e l a t i v i s t i c  ex- 

tens ion i s  described by the Lagrangian dens i ty :  

-t 
where $ ( ~ , t )  i s  a sca lar  complex f i e l d ;  R, 1 and a a re  dimensional pa- 

rameters, and n stands f o r  the number o f  s p a t i a l  dimensions. 

The Euler-Lagrange equat ion der ived f rom (2.1) i s  

The conserved q u a n t i t i e s ,  Energy and Charge, are obtained by i n teg ra -  

t i n g  t h e i r  respect ive  dens i t i es :  

The s t r i k i n g  fea tu re  o f  t h i s  model i s  t h a t  i f  one looks f o r  an Ansatz 

s o l u t i o n  o f  the form 

-+ 
$ ( x , t )  = f ( t )  exp ( -  g2/2k2) , 

one can reduce the study o f  c e r t a i n  so lu t i ons  o f  a system w i t h  an i n -  

f i n i  t e  number o f  degrees o f  freedom t o  the study o f  s o l u t i o n s  o f  a 

sys tem wi t h  two degrees o f  f reedom. Charge conservat ion  makes tha t  sys- 

tem in teg rab le .  I n  order  t o  show t h i s ,  we s h a l l  w r i t e  f i r s t  the  equa- . . 



t i o n  s a t i s f i e d  t o  by f(t). From (2.2) and f romour  Ansatz (2.5), we 

sha l l  get 

where u2 i s  
o 

By using (2 .3 ) ,  we can f i n d  the c lass ica l  energy associated t o  solution 

(2.5). It i s  given by 

whi le i t s  charge i s  (see equation (2.4)) 

where cn i s  given by 

Equation (2.6) can be integrated i f  we make use o f  energy and charge 

conservation. This i s  a very c o m n  procedure i n  c lass ica l  mechanics 

where one exp lo i t s  energy and angular momentum conservation i n  order 

t o  in tegrate the equations o f  motion o f  a p a r t i c l e  under the ac t ion  o f  

a conservative cen t ra l  force. That can be achieved more eas i l y  by 

introducing new real  var iables p(t) and ~ ( t ) ,  def ined by 

In terms o f  these new variables, we sha l l  get, a f t e r  ~ u b ~ s t i t u t i n g  (2.11) 

i n t o  (2.91, 



and, f o r  the Energy, 

Equations (2.12) and (2.13) j u s t i f y  our e a r l i e r  statements on ob ta i -  

n ing a very large class o f  solut ions. As we sha l l  see shor t ly ,  solu- 

t ions  obtained e a r ~ i e r " ~  are vecy special cases o f  t h i s  general class. 

Looking t o  (2.12) and (2.13), we can see t ha t  f o r  a f i xed  value o f  E 

and Q t h i s  system o f  equations i s  integrable. Some e x p l i c i t  solutions, 

as wel l  as discussions concerning t h e i r  general features, w i l l  be pre- 

sented i n  the next Section. 

3. CLASSICAL SOLUTIONS 

What we have achieved i n  the l a s t  Section was, u l t imate ly ,  t o  reduce 

the problem o f  obta in ing some c lass ica l  so lu t ions o f  a r e l a t i v i s t i c  

F i e l d  Theoretical Model t o  tha t  o f  obta in ing so lu t ions o f  a c lass ica l  

mechanical system, namely, the motion o f  a p a r t i c l e  whose mass i s  2 i n  

a cen t ra l  f i e l d  whose "ef fect ive"  po ten t ia l  i s  

I n  ~ i ~ . ( l ) ,  we p l o t  Veff vs. p . From t h i s  f igure,  one can i n f e r  most 

of the general features o f  the solut ions. 

The so lu t ions f o r  (2.6) can be c l a s s i f i e d  i n t o  two categories: the 

bounded ( i n  time) so lu t ions and the unbounded ones. The bounded solu- 
-+ 

t i ons  are those that,  f o r  a f i xed  x ,  and f o r  any time, s a t i s f y  



E f f e c t i v e  ~ o t e n t i a l  f o r  d i  f f e r e n t  values o f  the  charge. 



From (2.12) and (2.131, we can rea l  i ze  the existence o f  the "charge 

barr ier " .  I n  Fig.1, we p l o t  Veff (p) f o r  various values o f  the charge. 

As the charge increases, the depth o f  the "e f fec t i ve  wel l "  diminishes. 

As a consequence, there are no bound so lu t ions i f  the charge exceeds a 

c r i t i c a 1  value Qc . 

Periodic so lu t ions are examples o f  bounded solut ions. One can always 

f ind, f o r  the po ten t ia l  (3.1), simple per iod ic  so lu t ions corresponding 

t o  the " c i rcu la r  motionii. These so lu t ions are obtained by imposing 

t ha t  

P ( t )  = R = constant . (3.3a) 

From (2.12) and (3.3a) i t f o l  lows t ha t  

The constant R, in Eq.(3.3a), can be expressed i n  terms o f  the constants 

of the theory and the "angular momentum" L. In  the po in ts  o f  extremum 

o f  the e f f ec t i ve  po ten t ia l ,  we have 

These per iod ic  so lu t ions correspond t o  the ones obtained by the authors 

o f  Refs.(l) and (2). I n a  recent paper, we studied4 the s t a b i l i t y  o f  

these so lu t ions.  Here, we sha l l  tack le  the s t a b i l  i t y  o f  (3.'5) by using 

a procedure which exp lo i t s  the study o f  the s t a b i l i t y  o f  c lass ica l  me- 

chanical solut ions. 

This question of mechanical s t a b i l i t y  i s  re la ted t o  the p r o b l e m  o f  

obta in ing expl i c i t  (but approximated) solut ions o f  (2.6), o r  equiva- 



l e n t l y  (2.2), by cons ider ing  small o s c i l l a t i o n s  around a c i r c u l a r  o rb i t  

Keeping the charge (angular  momentum) f ixed, and def  i n ing  

= &(1'/R')- 21-' = J z - F  , 
r 

these new s o l u t i o n s  can be w r i t t e n  as 

p ( t )  -: R + &coswrt , 

and (assuming € / R  << 1) 

6 (t) = w [1 - 2 ( E I R )  cos w r g  . 

Frofi  equat ions (3.7) and (3.8), we get  

W 
k since i n general 5 + ( k  and m be ing in tegers) ,  so l  u t  ions (3.9) a re  

not  p e r i o d i c .  Based upon them, we s h a l l  study the  s t a b i l i t y  o f  solu-  

t i o n s  (3.5). We s h a l l  postpone t h i s  d iscuss ion u n t i l  next: Sect ion.  

Up to  now, we have g iven e x p l i c i t  examples o f  p e r i o d i c  arid nonper iodic 

bounded s o l u t i o n s  o f  (2.6). An example o f  an unbounded ço lu t i on ,  w i t h  

zero energy and charge, was presented by Bi r u l a  and ~ ~ c i c t l s k i  ' and was 

discussed i n  Ref. (2). I n  our  scheme, t h i s  s o l u t i o n  i f  o f  the form 

The constant  A can be f i x e d  by s u b s t i t u t i n g  (3.10) i n t o  12.13) and re-  

membering t h a t  i t  corresponds t o  L=O=E. 

Although a11 unbounded so lu t i ons ,  and i n  p a r t i c u l a r  (3.1C1), have a pe- 

c u l i a r  behavior i n  time, we have no t  found any reason ( o n  p h y s i c a l  

g i Junds )  f o r  r u l i n g  them o u t  i n  the contex t  o f  C lass i ca l  F i e l d  Theory. 



I n  ~ i ~ . ( 2 ) ,  we p l o t  E vs. Q. I n  t h i s  f i gu re ,  we have c a l l e d  the a t ten -  

. t i o n  t o  the curves corresponding t o  " c i r c u l a r  motions". The dashed cur- 

ve shows the I1ci r c u l a r  mot i ons" wi t h  h i  gher energy resonances4, whereas 

the cont i nuous curve shows "c i  r c u l a r  mot ions" havi ng lower energy baind 

sta tes .  A1 1 bounded c l a s s i c a l  so lu t ions,  i n  the sense o f  (3 .21,  have 

energies l y i n g  w i t h i n  the reg ion l i m i t e d  by the resonance and bound 

s ta tes  curves. The remaining p a r t  o f  the  E-& plane i s  occupied by the 

unbounded so lu t ions.  

F i n a l l y ,  i n t e g r a t i n g  e x p l i c i t l y  the  system o f  equations (2.12) and (2 .  

131, we o b t a i n  

and 

Q dt' 8 -  0, = -  - 

4. STABILITY OF CLASSICAL SOLUTIONS 

If one wants t o  associate c l a s s i c a l  so lu t i ons  o f  f i e l d  theor ies  t o  ex- 

tended Hadrons, the  quest ion o f  s t a b i l i t y  o f  these so lu t i ons  i s  the  

one which must be invest iga ted f i r s t .  Concerning t o  the s t a b i l i t y  o f  

so lu t i ons  o f  c l a s s i c a l  f i e l d  t h e o r e t i c a l  models, there are, i n  the l i- 

te ra tu re ,  two wide ly  used c r i t e r i a  o f  s t a b i l i t y .  

The f i r s t  one was proposed by Poincaré , about seventy years ago .  

According t o  Poincaré, a given c l a s s i c a l  s o l u t i o n  i s  s tab le  i f  the as- 



Fig.2 - E-Q plane: the shaded reg ion shows the h a b i t a t  oF the bounded 

so lu t i ons .  



soc ia ted canonical  Energy-Momentum Stress tensor has van ish ing compo- 

nents corresponding t o  se l f - s t resses ,  namely, 

The canonical  Energy-Momentum Stress tensor associated which the La- 

grangian (2.1) i s  

So lu t ions  (3.5), and those corresponding t o  (3.10), a re  no t  s tab le  i n  

the sense o f  (4.1). However, B i r u l a  and Myc ie l sk i  d iscovered an impro- 

ved Energy-Momentum Stress tensor g iven by 

such t h a t  

imp ly ing  tha t ,  a t  l eas t  i n  the  sense o f  (4.4), s o l u t i o n s  (3.5) and (3. 

10) are s tab le .  

Another method o f  s tudy ing s t a b i l i t y  i s  t h a t  o f  the  " i n f i n i t e s i m a l  s t a -  

b i l  ity1I6. I t  r e l  i es  upon the  study o f  the  behavior  o f  a srnall f l u c t u a -  

t i o n  about a c l a s s i c a l  s o l u t i o n .  I n  t h i s  way, i f  mC(zJt)  i s  a c l a s s i -  
+ -+ 

ca l  s o l u t i o n ,  and @(x,t) i s  another s o l u t i o n  c lose t o  @c(xJ t ) ,  we can 

wr i t e  

Now, i f  we i n s e r t  (4.5) i n t o  (2 .2) ,  and 1 i n e a r i z e  the resu l  t i n g  equa- 
-+ -t -f 

t i o n  f o r  $ ( x , t ) ,  we say t h a t  @c(x , t )  i s  s tab le  i f ,  f o r  a f i x e d  x , 
n (z , t )  i s  bounded f o r  a1 1 t. 



The procedure j u s t  sketched leads, f o r  the so lu t ion (3.10), t o  t h e f o l -  

lowing equation fo r  the f l uc tua t ion :  

From (4.6), i t  i s  not d i f f i c u l t  t o  see that  there e x i s t  f l uc tua t ions  
-3. 

o ( x , t )  not bounded i n  time. Then, under the l a t t e r  c r i t e r i on ,  the so- 

l u t i o n  (3.10) i s  unstable. This r esu l t  i s  essen t ia l l y  the one which 

we have reached by using the c r i t e r i o n  (4.1). We mention that  i f  ins-  

tead o f  (3.10) we had looked f o r  another unbounded solut ion, the con- 

clusions, concerning s t a b i l i t y ,  would be the same. 

The s tab i  1 i t y  o f  so lu t ion  (2.5), i n  the sense o f  ( 4 . 5 ) ,  fias been d is -  

cussed i n  ~ e f  . ( 4 ) .  Here, one observes tha t  a mechanical study7 o f  the 

s t a b i l i t y  of the " c i rcu la r  m t i ons "  (3.3a) and (3.3b) happens t o  exhi-  

b i t  the main features o f  our analysis o f  Ref. ( 4 ) .  

Pursuing the analogy w i t h  the two dirnensional system a l i t t l e  fur ther ,  

l e t  us study the s tab i  1 i t y  o f  the " c i rcu lar  motions", so lu t ions (3.3a) 

and (3.3b). As can be seen from (3.6) and (3.7), the r a d i a l l y  per tur -  

bed motion i s  bounded i f  w i s  r ea l .  This implies that  .the " c i rcu la r  
r 

rnotion" i s  stable i f  

The main consequence o f  the condit íonal s t a b i l  i t y  (4.7) i s  that,  f o r  a 

given charge (not greater than the c r i  t i c a l  value there are two 

c lass ica l  states d i f f e r i n g  i n  i ts  energies. The one wi t h  the greatest 

energy i s  unstable (which we have in terpreted as a resonance4) whi l e  

the lowest i s stable.  I n  Ref. ( h ) ,  we reached the same conclusions by 

using the " in f in i tes ima l  s t a b i l i t y " .  

Equation (3.6) indicates that  solut ions with too large periods are uns- 

table, under the second c r i t e r i o n .  On the other hand, c r i  t e r i a  (4.1) 

and (4.3) d o n o t  impose any cond i t i onon  theper iods .  In t h i s  way, 



from the examples we s tud ied we can [ n f e r  t h a t  the  c r i t e r i o n  o f  Poin- 

caré and the one employing small f i v c c ~ d t i o n s  are not  equ iva lent .  We 

have e s s e n t i a l l y  two d i s t i n c t  c r i t e r i a .  This s i t u a t i o n  i s  common i n  

c l a s s i c a l  mechanics, where a given s o l u t i o n  can be s tab le  u n d e r  the  

"Orb i ta l  C r i t e r i a "  o f  s tab i  1 i t y ,  and be unstable u n d e r  "Lyapunov ' s  

c r i t e r i a " ' .  

5. CONCLUSIONS 

We have obtained a  very l a rge  c lass  o f  so lu t i ons  o f  a  non l inear  r e l a -  

t i v i s t i c  F i e l d  Theoret ica l  Model, i n  any number o f  dimensions. Some o f  

these so lu t i ons  have been obtained prev ious ly .  The most i n t e r e s t i n g  

features  which emerged from our ana lys is  are  given below. 

There e x i s t  c l a s s i c a l  so lu t i ons  no t  bounded i n  t ime whose associated 

energy and charge are  f i n i t e .  Among the bounded so lu t ions,  there  are 

p e r i o d i c  ones t h a t  can be associated t o  bound s ta tes ,  and o thers  which, 

being unstable and having h igher  energies than the s tab le  ones,we have 

associated t o  resonances. 

We have found a  "charge b a r r i e r "  which f o r b i  ds the occurrence of  boun- 

ded so lu t i ons  whose charge exceeds a  c r i t i c a 1  value. I f  one associa- 

tes  these bounded so lu t i ons  w i t h  extended hadrons, the existence o f  a  

"charge b a r r i e r "  has f a r  reach consequences s i  nce we cannot bui  l d  ha- 

drons w i t h  charge greater  than a  c r i t i c a 1  one. This c r i t i c a 1  value i s 4  

m312 (L/.) exp [: + [:)I 
where we have taken n=3 ( t he  phys ica l  wor ld)  . 

The conclusion i s  t h a t  e x o t i c  hadrons ( ~ a r t i c l e s  h a v i n g  v e r y  la rge 

charge) are  forbidden. Th is  i s  i n  agreement w i t h  experimental f a c t s  . 
We cou ld  speculate t h a t  t h i s  "charge b a r r i e r  mechanism" can a l s o  ope- 

r a t e  w i t h i n  more rea l  i s t i c  theor ies  lead ing t o  the non ex is tence o f  

e x o t i c  p a r t i c l e s .  



The study o f  the s t a b i l i t y  o f  c l a s s i c a l  s o l u t i o n s  has been c a r r i e d  o u t  

by us ing two s t a b i l i t y  c r i t e r i a .  We have po in ted  o u t  t h a t  these c r i t e -  

r i a  a r e  n o t  equ iva ient .  

These achievements were poss ib le  because the  i n t e r a c t i o n  Lagrangian o f  

the model i s  such tha t ,  i f  one seeks f o r  a  s o l u t i o n  l i k e  (2.51, one can 

reduce the search o f  c l a s s i c a l  f i e l d  t h e o r e t i c a l  s o l u t i o n s  t o  t h a t  o f  

a  c l a s s i c a l  mechanical system having two degrees o f  freedom. 

Som d i f f i c u  

I) - even a t  

po in ted ou t  

l t i e s  which we found i n  the  quan t i za t i on  o f  the  model (2.  

a  semi c l a s s i  ca l  leve1 (wKB approximation) - h a v e  been 

i n  ~ e f . ( 4 ) .  

I t  i s  wel l known3* t ha t ,  i n  the process o f  semi- c lass ica l  quant iza-  

t i on ,  the re levant  so lu t i ons  are  the p e r i o d i c  ones. This m i g h t  imply 

t h a t  our unbounded so lu t i ons  have no counterpar t  w i t h i n  the  quant ized 

theory . 
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