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Resul ts ob ta ined f rom (p,2p) coplanar processes a re  presented as con- 

t ou r  diagrams o f  momentum d i s t r i b u t i o n s .  The influente o f  the  complex 

o p t i c a l  p o t e n t i a l  on such diagrams i s  discussed. E x p l i c i t  c a l c u l a t i -  

ons have been performed f o r  the  r e a c t i o n  ' 6 0 ( p , 2 p ) ' 5 ~  a t  200 and 380 

MeV . 

Resultados ob t i dos  em processos (p,2p) coplanares são apresentados 

através de diagramas de contorno das d i s t r i b u i ç õ e s  de momentum. E d i s -  

cu t i da  a i n f l u ê n c i a  do potenc ia l  õ p t i c o  complexo sobre t a i s  diagramas. 

Cãlculos e x p l í c i t o s  foram rea l izados para a reação 160 (p ,2p )15~ ,  200 

e 380 MeV. 

1. INTRODUCTION 

Quas i- f ree  reac t ions  g i ve  va luab le  i n fo rma t ion  on nuclear s t r ~ c t u r e " ~ ,  

such as momentum d i s t r i b u t i o n s  o f  i n d i v i d u a l  nuc lear  ho le  s ta tes  w i t h  

complex3 b i  nd i  ng energies . 
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The usual representa t ion  o f  such r e s u l t s  i s  done i n  the  f'orm o f  energy 

spectra (cross sec t i on  versus energy) and d i s t o r t e d  momentum d i s t r i  bu- 

t i o n s  (cross sec t i on  versus momentum o r  angle. 

I t  has been suggested4 t o  present the in format ion on (p,2p) d i s t o r t e d  

momentum d i s t r i b u t i o n s  i n  the form o f  contour diagrams o f  these d i s -  

t r i b u t i o n s ;  such a presenta t ion  could be h e l p f u l  i n  ob ta in ing  i n f o r -  

mation on the nuclear o p t i c a l  p o t e n t i a l  . 

The purpose o f  t h i s  paper i s  t o  present some t h e o r e t i c a l  r e s u l t s  on 

the proper t ies  o f  such diagrams. Ca lcu la t ions have been kept as sim- 

p l e  as poss ib le  and have been performed f o r  160 wi t h  pro ton i nc iden t  

energies o f  200 and 380 MeV. 

I n  Sect ion  2, t he  method o f  

and i n Sect ion  3 these resul  

drawn. 

c a l c u l a t  

t s  are  d 

i on  and the r e s u l t s  are  presented, 

iscussed and some conclusions are  

2. CONTOUR DIAGRAMS OF DISTORTED MOMENTUM DISTRIBUTIONS 

This Sect ion  s t a r t s  w i t h  a sho r t  o u t l i n e  o f  suggestions and arguments 

from Ref. 4 on contour diagrams, 

Consi der a coplanar (p,2p) reac t i on  i n  which a medi um-energy pro ton 

(150-1000 M ~ V )  knocks ou t  a nuclear proton.  The res idua l  nucleus ha- 

v ing  a r e c o i l  momentum $, the d i s t o r t e d  momentum d i s t r i b u t i o n  wi11 be 

given i n  the D i s t o r t e d  Wave lmpulse Approximation (DWIA) by 

(1 

-+ 
where qJ ((r) i s  the over lap i n t e g r a l  between the i n i  t i a 1  and f i n a l  

A A  
s ta tes  (a nuclear ho le  wavefunct ion) , and the sum exterids over a1 1 

s ta tes  wi t h i n  one energy peak. Using the WKB approximation, i n  order  
-+ -+ -f 

t o  take d i s t o r t i o n  by the o p t i c a l  p o t e n t i a l s  V . ( r )  = ~ . ( r )  + i ~ . ( r )  i n -  
3 3 3 



-t 
t o  account, the d i s t o r t i n g  funct ions ~ . ( r )  f o r  

3 
the two outgoi ng (j=1,2) protons are .g i  ven by 

+ 
o 3 . (r)  = exp (- i ( ~  3 ./Ti2e2kj) 

the incident ( j = O )  and 

v . ( ; + s L ) d s ) ,  (2) 
3 3 

the in tegrat ions being taken along the c lass ica l  paths. 

+ 
l n  the absence o f  d i s t o r t i on ,  Dj(r) = 1 (j=0,1,2) and (g' 1 would de- 

pend only  on I%l, i.e., would be r o t a t i ona l l y  symmetric i n  %-space. I n  
2 

general, lg'I2 i s  not r o t a t i ona l l y  simmetric because .H D. introduces 
3=0 3 

addi t i ona l  momentum components whi ch are asymmetri c and depend strongl y 

on the geometry. 

For the energies which are considered, the r eco i l  momentum % i s  i n  ge- 

neral much smaller than the momenta o f  the inc ident  and outgoing pro- 

tons; thus, s t a r t i ng  from a ce r t a i n  geometry, i t  i s  possible to  scan 

the momentum d i s t r i bu t i ons  changing the geometry only,sl ightly. In  such 

a s i tua t ion ,  the D.'s, and consequently the product .! ~ . ( a ,  i n  Eq. 
3 3-0 3 

(1) , are approximatel y independent o f  the d i  rec t ion  o f  the recoi  1 mo- 

mentum. As seen from Eqs. (1) and (2), the real  par ts  o f  the V.'s 
+ +  + 3 

wi 1 1  introduce phase factors  o f  the forma exp(ia..r), a .  being re la ted 
3 3 

to  u .(a, and the  imaginary par ts  w i  1 1  introduce factors  o f  the type 
3 

exp(- gj.a, 5 being re la ted t o  ~ ~ ( 3 .  
3 

Consider now the diagrams o f  constant values o f  the rnomentum d i s t r i bu -  

t ions i n  the plane o f  the recoi  l momentum components (contour diagrams 

i n z-space) . The ideal i zed s i  tua t ion  o f  undistorted momentum d i s t r i -  

butions ( l g ' I 2  r o t a t i ona l l y  symmetric) would lead t o  c i r c l e s  around the 

o r i g i n  f o r  these contour diagrams. I n  the actual  s i tua t ion ,  due t o  the 

e f f e c t  o f  the op t i ca l  potent ia ls ,  the contour diagrams w i l l  not be ro- 

ta t iona l  l y symmetric anymore. 

As compared t o  the ideal ized undistorted p l o t s ,  the actual contour d i -  

agrams w i l l  show a s h i f t  i n  the o r i g i n ,  due t o  the e f f ec t i ve  momenta 

o f  the inc ident  and outgoing pa r t i c l es  ins ide the nucleus (caused by 

the rea l  par ts  o f  the op t i ca l  po ten t ia l s ) ,  and a change i n  magnitude, 

due mainly t o  the absorption o f  the protons by the residual n u c l  eus 



- 
(caused by the imaginary pa r t s  o f  the  o p t i c a l  p o t e n t i a l s )  . Both e f f e -  

c t s  are, o f  course, energy dependent and the ana lys is  o f  contour d ia -  

grams could he lp  i n  b e t t e r  v i sua l  i z i n g  the in f luence o f  the o p t i c a l  

p o t e n t i a l s .  Gustafsson and ~ e r ~ ~ r e n ~  have s tud ied the e f f e c t  o f  the 

d i s t o r t i o n  on contour diagrams i n  con f i gu ra t i on  space. 

To show these e f f e c t s ,  ca l cu la t i ons  have been performed f o r  t he  reac- 

t i o n  160 (p ,2p )15~ ,  as mentioned i n s e c t i o n  1 .  The ovet lap i n t e g r a l  
-+ 

'JAMA 
(r) has been taken as a s i n g l e  p a r t i c l e  wavefunction generated by 

an i n f i n i  t e  harmonic o s c i l l a t o r  p o t e n t i a l  (w i thout  s p i n - o r b i t  coupl ing) 

and the d i s t o r t i n g  p o t e n t i a l s  have been taken as square w e l l s .  

The geometry, g iven i n  F ig .  1, i s  coplanar, approximately symmetric, 

t he  momentum o f  the  i nc iden t  pro ton being p a r a l l e l  t o  the kX d i r e c t i -  

on; dev ia t i ons  from the symmetric s i t u a t i o n  have been achieved by va- 

r y i n g  the  angles and @,, t he  energies o f  the  outgoing protons being 

kept equal. Care has been taken tha t ,  i n  general, not  too s t rong de- 

v i a t i o n s  from the symmetric s i t u a t i o n  occur. 

The wavefunct ions f o r  160 have been taken as h a r m n i c  osc i  1 l a t o r  ones, 

wi f h  the parameter y =(?)l/' f i xed so as t o  f i  t the radius obtained by 

e lec t ron  sca t te r i ng :  y = 0.568 fm - ' .  The separat ion enet-gies S, and 

S, o f  the s i n g l e  proton s ta tes  have been taken, as S,  = 16.3 MeV ( the  

weighted average o f  the  two lp energies) and S, = 44.0 MeV. 

The rad ius  o f  the square w e l l  o p t i c a i  p o t e n t i a l  has been taken equal 

t o  t h e  equ iva lent  un i fo rm rad ius  o f  160, R  = 3.41 fm, and the  form 

fac to rs  o f  the  rea l  and imaginary pa r t s  have been taken equal, so t h a t  

f o r  r < R  

-+ 
a. being independent o f  r . 
3 

Thus, one obta ins  f o r  Eq. ( 2 )  t he  sbmple form 



Fig. 1. The geometry of the process. 



-+ 
D . ( F )  = exp [I (i> - 1) dj(;i] , j = 0,1,2 , '  
I 2kJ 

(4) 

d2@) being the c l a s s i c a l  paths o f  the  protonç.  The imaginary p a r t  of 
J 
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-+ 
o p t i c a l  p o t e n t i a l  i s  r e l a t e d  t o  h .  by W.(r) = - f i2c%./2~.1 i n  

3 J a a i' 
case o f  the square w e l l ,  h .  i s  the  mean f ree path o f  the  p ro ton  i n  

3 
nucl  eus . 

parameters o f  the  o p t i c a l  p o t e n t i a l s  have been f ixed between 180 

380 MeV using the  resul  t s  o f  Ref. 7 f o r  a. and W and between 80 
3 i' 

300 MeV using the r e s u l t s  o f  Ref. 8 f o r  V .  and W , cor rec ted f o r  
3 j 

d i f f e rence  i n  r.  ( ro  = R A - " ~ )  f o r  160 and f o r  nuclear matter  by 
1.10 r a t i o  3 .  The resu l  t s  o f  the  two determinat ions agree we l l  i n  
.35 

reg ion where a comparison i s  possible.Table 1 shows the  values o f  

parameters used i n the  c a l c u l a t  ion. 

I n  Figs.  2 and 3, we present the resul  t s  f o r  the  1s and l p  s ta tes  o f  

160 respect ive ly ,  a t  an i nc iden t  energy o f  380 MeV, cons ider ing o n l y  

the rea l  pa r t s  o f  the  o p t i c a l  p o t e n t i a l s  (dashed l i n e s ) ,  on l y  the ima- 

g ina ry  par ts  ( t h i n  f u l l  l i nes )  and the  complete complex p o t e n t i a l s  

( t h i c k  f u i  1 1 ines) ; the po in ts  are  the  ca l cu la ted  ones. The curves are  

symmetric around the kx l ine, as expected from the behaviour o f  t he  

integrand of  ~ q . ( l )  under the exchange $ + 2~ - +. I n  F igs .  4 a.nd 5, 

s i m i l a r  r e s u l t s  f o r  an i nc iden t  energy o f  200 MeV are presented. 

a f o r  t he  a f o r  the A f o r  the 
incoming outgoing incoming 
proton protons proton (fm) ... - I ncident 

k i n e t i c  
energy 
( M ~ V )  

380 

20 0 

X f o r  the  
outgo i  ng 

protons (fm) 

Nuclear 
s t a  t e  

I s 

IP 

1 s 

IP 

TabZe I .  Parameters used i n  the c a l c u l a t i o n .  
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F i g .  2. Contour diagrams o f  the d is to r ted  momentum d i s t r i bu t i ons  f o r  

the 1s s t a t e  o f  160, a t  an inc ident  energy o f  380 MeV, considering only 

the rea l  pa r t  o f  the op t i ca l  po ten t ia l s  (dashed l ines) , on ly  the ima- 

ginary pa r t  ( t h i n  f u l l  1 ines) and the complete complex potentials (thick 

f u l l  1  ines) . The nurnbers are the values o f  the momentum d i s t r i bu t i ons  

i n  f m 3 .  
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F i g .  3. Same as F i g .  2, for the Ip state.  



-1.0 0.0 1 .o 
~ , í f ~ ' )  

F i g .  4. Same as F ig .  2 ,  for an incident energy o f  200 MeV. 



-1 .o 0.0 1.0 
~ , ( f r n - '  

F&J. 5. Same as F ig .  3 ,  f o r  an incident energy o f  200 MeV. 



3. DISCUSSION AND CONCLUSIONS 

As the average op t i ca l  po ten t ia l  has been taken as a square wel l ,  the 

ef ' fect ive momentum w i l l  be constant inside the we l l  and the resu l t s  

are somehow overs impl i f ied;  however, t h i s  w i l l  make the discussion o f  

the e f f ec t s  rather systernatic. General conclusions, o f  course, would 

ask f o r  varying the shapes o f  the po ten t ia l .  

The i n f  luence o f  the rea l  and o f  the imaginary parts o f  the o p t i c a l  

po ten t ia l s  w i l l  be analysed separately. The diagrams where the imagi- 

nary par ts  o f  the op t i ca l  po ten t ia l s  have not been taken i n t o  account 

are very approximately c i r c les ,  w i t h  the centres sh i f ted .  Dashed l i nes  

i n  Figs. 2-5 represent such c i r c l es .  As the rea l  pa r t  o f  the op t i ca l  

po ten t ia l  increases w i t h  decreasing energy, the s h i f t  a t  380 MeV i s  

smaller than the one a t  200 MeV. On the other hand, the s h i f t s  a t  one 

inc ident  energy f o r  the lp and 1s states are p rac t i ca l l y  the same a t  

380 MeV. I t should be noted that ,  a t  200 MeV, the geometry var ies a l -  

ready s i g n i f i c a n t l y  and thus the va r i a t i on  o f  the d i s t o r t i o n  w i t h  

i n f  luences the resul t s  s t rongl  y . 

The s h i f t  o f  the centre o f  the contour diagram can be compared with the 

vector addi t ion o f  the momentum var ia t ions  o f  the three protons cau- 

sed by the rea l  par ts  o f  the op t i ca l  potent ia ls .  For the 1s s t a t e  a t  

380 MeV. such a comparison i s  very favourable: the s h i f t  rneasured on 

the diagram i s  0.14 fm- '  whereas the vector addi t ion gives 0.13 fm-'. 

For the 1s s t a t e  a t  200 MeV these resu l t s  are much l e s s  favourable, 

mainly f o r  the reasons a1 ready stated; the f igures are, respect ively,  

0.43 fm- '  and 0.27 fm-' .  For the l p  s ta te  an addit ional problem occurs: 

as the d is to r ted  momentum d i s t r i b u t i o n  curves are very steep, i t  i s  

d i f f i c u l t  t o  construct r e l i a b l e  contour diagrams, due t o  the large va- 

r i a t i o n  o f  lg' 1 over small ranges o f  the momenta. Therefore, even f o r  
i one energy the sh i f t s  of the two contour diagrams tu rn  out t o  be d i f -  

ferent ( i n  one case, up t o  a fac to r  o f  two) . An average o f  the two 

values obtained f o r  the s h i f t s  seems to  be a be t te r  choice. 

The diagrarns where the real  parts of 

been taken i n t o  account ( f u l l  t h i n  1 

the op t i ca l  potent ia ls  have not 

ines i n Figs. 2-5) show the two 



expected e f f e c t s :  the  main e f f e c t  i s ,  o f  course, a reduct ion  o f  the 

values o f  lg ' I2 and, besides, a dev ia t i on  from the r o t a t i o n a l l y  sym- 

met r i c  form i s  observed. These diagrams are "centred" a t  the o r i g i n ,  

b u t  t he  form i s  not  c i r c u l a r  anymore, mainly as a consequence o f  t he  

e f f e c t  o f  the  imaginary p a r t  o f  the  o p t i c a l  p o t e n t i a l .  The dev ia t i on  

from the  c i r c u l a r  form i s  about the same f o r  a11 these diagrams, due 

t o  the r e l a t i v e l y  small v a r i a t i o n  o f  the imaginary p a r t  o f  the o p t i c a l  

p o t e n t i a l  w i t h  energy (Table 2). For the same reason, the v a l u e  of  

t h e  momentum f o r  which equal values o f  Ig' ( *  occur i s  ahout t he  same 

a t  the two energies f o r  diagrams wi t h  the same angular momentum. 

The contour diagrams ca l cu la ted  w i t h  the complete complex o p t i c a l  po- 

t e n t i a l s ,  which could be compared wi t h  experimental resul  t s ,  are given 

by the t h i c k  l i n e s  i n  Figs. 2-5. One observes tha t  these diagrams are 

very c lose t o  the ones w i t h  a pu re l y  imaginary po ten t i a l ,  s h i f t e d  by 

an amount approximately equal t o  the one i n  the diagrams w i t h  a pure ly  

rea l  p o t e n t i a l .  This means tha t  the  e f f e c t s  o f  the rea l  and imaginary 

pa r t s  are t o  a l a rge  ex ten t  independent o f  each o the r .  The rea l  p a r t  

o f  a more r e a l i s t i c  p o t e n t i a l  would not  lead t o  a constant  e f f e c t i v e  

momentum and dev ia t ions from the  mentioned a d d i t i v e  e f f e c t  would show 

UP . 

I ncident - W 
k i  n e t i  c Nuclear I,, 

energy s t a t e  
(Mev) 

TdZe 2. Values o f  the square w e l l  o p t i c a l  p o t e n t i a l s  V = U + iW i i j  
( j  = 0,1,2). Index O r e f e r s  t o  the i nc iden t  proton.  Indic:es 1,2 r e f e r  

t o  the outgoi  ng protons (v1 = V,) . 



The s imple c a l c u l a t i o n s  presented i n  t h i s  no te  do n o t  a l l ow  t o  draw 

more q u a n t i t a t i v e  conclusions on the  contour diagrams. The square w e l l  

d i s t o r t i n g  p o t e n t i a l  i s  ra the r  unreal i s t i c  and f o r  ac tua l  comparison 

w i t h  experiments b e t t e r  o p t i c a l  p o t e n t i a l s  should be used. F o r  more 

r e a l i s t i c  p o t e n t i a l s ,  the  rea l  p a r t w i l l  i n  general a l s o  modi fy t he  

form o f  the diagram, which w i l l  dev ia te  more s t r o n g l y  f rom the c i r c u -  

l a r  form; the  e f f e c t  o f  the imaginary p a r t  on the  t a i l  o f  the  wave- 

f u n c t i o n  may a l s o  in f luence apprec iab ly  the r e s u l t s ,  s ince a more rea- 

l i s t i c  absorp t ion  w i l  l g ive  the proper weight  t o  t he  nuclear surface.  

Actual  l y ,  t he  main purpose o f  the  present work has been t o  understand 

semiquan t i t a t i ve l y  the usefulness o f  the  contour diagrams. Neverthe- 

less,  f rom the r e s u l t s  obtained,  i t seems t o  be c l e a r  t h a t  measurements 

lead ing t o  such contour diagrams would be welcome, because i f  compared 

t o  more r e a l i s t i c  c a l c u l a t i o n s  a b e t t e r  p i c t u r e  o f  d i s t o r t i o n  could be 

obtained. 

One f i n a l  remark i s  i n  p lace.  Because o f  the s h i f t  o f  the cen t re  o f  

the contour diagrams caused by the rea l  pa r t s  o f  the o p t i c a l  p o t e n t i -  

a l s ,  care  must be exer ted  when i n  (P,~P) experiments the  momentum d i s -  

t r i b u t i o n  i s  scanned i n  a d i r e c t i o n  or thogonal  t o ,  e.g., the  momentum 

t rans fe r .  I n  t h i s  case, due t o  the  addi t i o n a l  "momentum" introduced 

by the r e a l  p o t e n t i a l ,  one may be sweeping the momentum d i s t r i b u t i o n  

i n  such a way as t o  miss completely the rninimum (: zero) o f  a Ip d i s -  

t r i b u t i o n  on the maximum o f  a 1s d i s t r i b u t i o n ,  thus f a l s i f y i n g  the 

resu l  t s .  

We would l i k e  t o  thank D r .  Th. A. J .  Marís f o r  severa1 h e l p f u l  d iscus- 

s ions and suggestions, and C .  Schneider f o r  h i s  va luab le  assistance a t  

var ious  stages o f  t h i s  work. 
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