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The OPW method i s  associated w i t h  a general eigenvalue problem o f  type 

(A - X B ) ;  = O, i n  which the  m a t r i x  B and i n  p a r t i c u l a r  i t s  lowest e i -  

genvalue decide upon the  s t a b i l i t y  o f  the  so lu t i ons  X and, t he re fo re  , 
upon the a p p l i c a b i l i t y  o f  t he  method which may become very quest ionable 

f o r  heavier  substances. A n a l y t i c a l  p roofs  as w e l l  as e x p l i c i t  numerical 

est imates f o r  severa1 s o l i d s  are given.  

O método "OPW" (ondas planas or togonal  i zadas) re lac iona- se com um pro- 
-+ 

blema gera l  de autovalores do t i p o  (A - XB)X = 0, onde a ma t r i z  B e, 

par t icu larmente ,  seu menor autova lor  decide sobre a es tab i l i dade  das so- 

luções h e, por tan to ,  da ap l  i cab i  l idade do método, o que poder ia t o r -  

nar-se quest ionável  no caso de substâncias mais pesadas. Apresentamos 

provas anal í t i c a s  e aval  iações numéricas expl  í c i  t as  para vá r i os  só1 idos. 

1. INTRODUCTION 

I n e  method o f  or thogonal  ized plane waves (OPW) has been used f o r  the 

c a l c u l a t i o n  o f  t he  e l e c t r o n i c  band s t r u c t u r e  o f  almost a11 types o f  so- 

l i d s .  I t  has been success fu l l y  app l ied  t o  metals, most ly  i n  t he  sim- 

p l i f i e d  vers ion  o f  the  pseudopotent ia l  methodl'* which neglects non- 

l oca l  e f f e c t s .  Most appl i c a t i o n s  have been made t o  semiconductors 3, whe- 

* Postal  address: I l h a  do Fundão. Cidade U n i v e r s i t á r i a ,  Bloco A-3? e 40, 

Rio de Jane i ro  RJ. 



re  i t  i s  known t o  be super io r  t o  o the r  methods o f  band 

l a r l y  i n  the case o f  covalent  b ind ing  where the  potent  

approximated by the  convent ional  m u f f i n  - t i n  construc 

even f o r  i n s u l a t o r s  w i t h  l a rge  gaps, s u r p r i s i n g l y  good 

ob ta i  ned5 . 

theory, p a r t i c u -  

ia1  cannot be well  

t i o n 4 .  F i n a l l y  , 
resu l  t s  cou ld  be 

Arnong many at tempts t o  improve the o r i g i n a l  ve rs ion  o f  ~ e r r i n ~ ~  as w e l l  

as the  procedures o f  p r a c t i c a l  computation, t he re  i s  one o u  t s  t a n d  i n g  

example o f  p e r f e c t i o n  due t o  Euwema e t  a2.' who even got  se l f - cons i s -  

tency o f  the c r y s t a l  p o t e n t i a l .  The approach o f  these authors provides 

the most soph i s t i ca ted  s t a t e  o f  the method a t  present.  

Summarizing,one can say t h a t  t he  OPW m t h o d  i s  a powerful to01 o f  gene- 

r a l  v a l i d i t y  f o r  the c a l c u l a t i o n  o f  band s t ruc tu res  o f  a11 k inds  o f  

substances. Moreover, i t  i s  ra the r  p r a c t i c a l  and t ime-saving f rom the 

computational p o i n t  o f  view since i t  leads t o  an eigenvalue problem i n -  

v o l v i n g  m a t r i x  elements which do no t  depend on the  eigenvalues, as i n  

o ther  methods o f  band theory.  Therefore, the e igenso lu t ions  can be 

found e a s i l y  by convent ional  methods o f  l i n e a r  a lgebra.  

I n  a11 the above-mentioned app l i ca t i ons ,  very l i t t l e  has been s a i d  about 

the 1 i m i  t a t i ~ n s * ' ~  o f  the methods. For instance, there  i s  a well-known 

example where the  OPW method f a i l s ,  namely i n  the  case o f  sd-hybr id i -  

z a t i o n  i n  c r y s t a l s  o f  t r a n s i t i o n  e lements lO,  whose p o t e n t i a l s  may exh i -  

b i t  resonances4. Th i s  f a i  l u r e  i s  c l e a r l y  due t o  t he  s t r u c t u r e  o f  the  

secular  problem a r i s i n g  i n  the OPW formal ism which can br: r e l a t e d  t o  a 

Born-series expansion, and i t i s  known i n  s c a t t e r i n g  theo ry l1  t h a t  re -  

sonances cannot be app rop r i a te l y  accounted f o r  i n  any order  o f  such an 

expansion. 

On the o the r  hand, when app l y ing  the OPW method t o  heavy substances, i t  

becomes apparent t h a t  there  must be a bas ic  u n r e l i a b i l i t y  inherent  i n  

the  formal i sm which gets worse i n  going f rom 1 i g h t e r  t o  heav ier  elements. 

i t  i s  the  purpose o f  the present paper t o  c l a r i f y  t h i s  p a r t i c u l a r  pro-  

blem and t o  e s t a b l i s h  some c r i t e r i a  t o  gauge the  a p p l i c a b i l i t y  o f  the  

method. 



2. THE OPW EIGENVALUE PROBLEM 

Assume we know the exact Hamil tonian H inc lud ing  the t r u e  c r y s t a l  poten- 

t i a l ,  and denote by íf the  corresponding H i l b e r t  space spanned by a11 

exact  one- par t i c l e  eigenstates.  The idea o f  the  OPW method i s  based on 

the decomposition o f  H i n t o  the d i r e c t  sum o f  th ree orthogonal comple- 

ments : 

HC i s  the  f -d imns iona l  subspace o f  the  so-cal l ed  core s ta tes ,  H'S) the  
P 

g-dimensional subspace o f  band s ta tes ,  and HR a r e s t  due t o  the  t runca- 

t i o n  of  a t  f i n i t e  g. The core s ta tes  wi I 1  be denoted 
P 

a denotes the set  o f  re levant  quantum numbers o f  a p a r t  
-t 

and the plane waves by 17: + K.>, w i t h  being the reduced 
-+ J 

and K .  (i= 1,2, ...,g ) a reciproca1 l a t t i c e  vector .  Under 
3 

t ha t  the  basis o f  5 i s  a l  ready known, the  i n t e r e s t  1 ies  i 

basis l i >  f o r  s t a r t i n g  w i t h  ord inary  planewaves. This i r  done 
P 

by a p a r t i t i o n  o f  the Hamiltonian H i n t o  

by Ia>, where 

cu la r  s ta te ,  

wave vector,  

the  assumpt ion 

n f i n d i n g  the 

where H contains the k i n e t i c  and the a t t r a c t i v e  as we l l  as non- local A 
repu ls i ve  p o t e n t i a l  terms, which w i l l  no t  concern us i n  the fo l lowing;  

HB incorporates the terms a r i s i n g  from the o r thogona l i za t i on  t o  Hc ( f o r  

deta i  1s see Refs. 9,12), and A stands f o r  the se t  o f  band eigenvalues. 

I n  t h i s  way, the o r i g i n a l  eigenvalue equation, r e s t r i c t e d  t o  H (9) 
P 

. . 

H l i >  = A .  l i > €  HLg) , for every i , 
Z P 

i s  transformed i n t o  



where 12, i s  t h e  pure p lane wave p a r t  of  li> wi thou t  o r t h o g o n a l  i ty ,  

terms . We may wr i t e  

and, a f t e r  t a k i n g  matrix e l e m n t s  o f  HA and ( I  - H ~ ) ,  we a r e  l e f t  w i t h  

t h e  general a l g e b r a i c  e igenvalue problem 

-6 The a d d i t i o n a l  index i, i n  h .  and x , 
Z 

For p s i t i u e - d e f i n i t e  B ,  t he  sho r tes t  

so lve  ( I )  i s  a Cholesky f a c t o r i z a t i o n  

l abe l s  the g s o l u t i o n s  t o  (1) . 
and m s t  s tab le  numerical way t o  

w i t h  R being a regu la r  r i g h t - t r i a n g u l a r  mat r ix ,  and a subsequent reduc- 

t i o n  t o  a spec ia l  e igenvalue problem 

by means o f  the t rans format ions  

Eq.(2) i s  then numer ica l ly  solved by standard techniques, as descr ibed 

i n  W i  l k i n s o n  and ~ e i n s c h ' ~ .  The use of t he  inverse o f  R should make i t 

c l e a r  t h a t  i t  i s  important  t o  know something about the  spectrum o f  B, 

p a r t i c d l a r l y  about i t s  lower l i m i t .  

3. THE SPECTRUM OF B 

The spectrum o f  B i s  o f  bas ic  irnportance f o r  r e l i a b l e  s o l u t i o n s  o f .  ( 1 ) .  



Since P i ( I  - i s  a p ro jec t ion  operator on H ( ~ ) ,  i t s  s p e c t r u n  '' 
P 

must Tie i n  the closed in te rva l  D, 11. l n  terms o f  the exact one-partí- 

c l e  eigenstates o f  H, the eigenvalues o f  P would be e i t h e r  O o r  1, but 

i n  our case we take mat r i x  elements o f  P between normalized plane waves, 

which always decompose i n t o  

where ]c> and (p> are normal ized appropriate 1 inear combinations o f  co- 

re  states la> and band states l i > ,  respect ively,  and l y  I *  + / z I 2  = 1 . 
Note i n  add i t i on  tha t  Plc> = 0, and as a consequence, we f i n d  f o r  t he  

B 
spectrum {Xi , i = 1,. . . ,g) o f  B (a t  l eas t  f o r  g-tm) the whole closed 

i nterva l  

B 
O I. Ai L 1 , fo r  every i . 

I n  foct ,  i n  an app l i ca t ion  t o  a concrete physical case, the lower l i m i t  

should not be attained, and hopefu i ly ,B does not d i f f e r  appreciably 

from t h e u n i t  matrix, becauseusual ly t heo r t hogona l i t y  coe f f i c ien ts  
+ <crlZ + K.> are small quanti t i e s  {campared t o  I), and 

3 

This m y  be t rue  as long as we deal w i th  l i g h t e r  elements. However, as 

can be seen from Eq. ( 3 ) ,  the or thogonal i ty  terms accumulate w i th  in-  

creasing f, and as a consequence, the heavier the elements the more B 

w i l l  d i f f e r  from uni ty .  The pos i t i ve  diagonal elements become smaller, 

and the modulus o f  the off-diagonal elements larger .  The diagonal do- 

m i  nance and wi t h  i t the "good" pos i t i  ve-def i n i  teness are goi ng t o  be 

lost15 and t h i s  i n  tu rn  means that  the lowest eigenvalue, hereafter re- 

fe r red  t o  as X i s  approaching i t s  1 im i t i ng  value zero. This i s  the 
min ' 

behavior t o  be expected when going from l i g h t  t o  heavy substances. The 

qual i t a t i v e  trend wi 11 be the same f o r  a1 1 k i  nds o f  substances but one 



expects d i f f e r e n t  d e t a i l s  formonoatomic and polyatomic c r y s t a l s  as w e l l  

as f o r  m t a l s  and i nsu la to rs ,  based on the  fac t  t h a t  the  e n e r g e t i c a l l y  

h ighest  core states,  which g i ve  r i s e  t o  the l a rges t  or thogonal iy  con- 

t r i b u t i o n s ,  may be d i f f e r e n t  f o r  these classes. I n  the fo l lowing,  we 

are i n te res ted  i n  a more q u a n t i t a t i v e  ana lys i s  o f  t he  s i t u a t i o n .  

4. QUANTITATIVE NUMERICAL ESTIMATES 

F i r s t ,  i t  i s  important t o  emphasize t h a t  c e r t a i n  eigenvalues o f  (A-XB)$= 
B O may "explode" f o r  small Xrnin, i n  which case the  whole eigenvalue pro- 

blem becomes extremely i l l - c o n d i t i o n e d  w i t h  respect t o  s l i g h t  changes i n  

the input  q u a n t i t i e s .  I n  any a p p l i c a t i o n  t o  a r e a l  phys ica l  s i t u a t i o n ,  

many appromations and s i m p l i f i c a t i o n s  have t o  be made and consequently, 

the  m a t r i x  elernents o f  A and B are a f fec ted  by e r r o r s  which reappear i n  

the  so lu t ions,  o f  course. The cen t ra l  quest ion t o  be asked concerns the 

r e l a t i o n s h i p  between a r e l a t i v e  e r r o r  6 o f  input  q u a n t i t i e s  and a cor-  

responding e r r o r  E o f  output  q u a n t i t i e s .  We would speak o f  a well-con- 

d i  t ioned eigenvalue problern, i n  f a c t  occurring i n  the casce o f  1 ight  subs- 

tances, i f  E were roughly equal t o  6. Unfortunately,  the  est imated be- 
B 

hav ior  o f  Xmin can lead t o  s i t u a t i o n s  l i k e  

al ready f o r  low-order matr ices,  and the  s i t u a t i o n  wi 1 1  get even worse 

i n  higher dimensions due t o  accumulation o f  numerical e r ro rs .  Once an 

i n s t a b i l i t y  o f  the above mentioned s t reng th  i s  present i11 a ca l cu la t i on ,  

the  adjustrnent o f  parameters which have t o  be introduced i n  every appl i- 

c a t i o n  ( a t  l e a s t  the  zero th  Four ie r  c o e f f i c i e n t  o f  the  c r y s t a l  poten- 

t i a l )  and t h e i  r physical  i n t e r p r e t a t i o n  become meani ngleris. Even achie- 

v i n g  a reasonable adjustment, a t  a p a r t i c u l a r  p o i n t  i n  t he  B r i l l o u i n  

zone, would be no rea l  advantage because the  d ispers ion o f  the energy 

bands i s  too  un re l i ab le .  

I n  the fo l lowing,  we would 1 i k e  t o  i nves t i ga te  t rends o f  h:in f o r  va- 

r i ous  substances. Assoc ia t ing  a p a r t i c u l a r  a w i t h  the main-, angu la r-  

and magnetic quantum numbers (n,R,m) , respect i ve l  y, we note f o r  comple- 



teness that  the expl i c i  t form o f  the or thogonal i ty  coef f ic ients12,  i n  

(31, i s  given by 

f2 = ( ~ / ~ ) I T R ~  i s  the volume per pr imi  t i v e  c e l l ,  jR a spherical Bessel func- 

t ion,  P (r )  the rad ia l  pa r t  o f  a core wavefunction, and K . = I ~ +  2.1. nR 3 3 
Only s ta tes w i t h  m=O. w i l l  contr ibute. For s imp l i c i t y ,  we choose subs- 

tances which c r y s t a l l i z e  i n  the fcc-  o r  rocksal t  structure. The calcu- 

lat ion i s  based on an expansion i n t o  65 plane waves (unsymmetrized) and 

a group theore t i ca l  reduct ion o f  high order t o  low order matrices,aiming 

a t  the greatest possible numerical accuracy. Without loss o f  general i ty,  

we conf ine ourselves t o  the center I' o f  the   ri 1 l ou i n  zone, and consi- 

der on ly  the states o f  symmetry r l  which are the m s t  c r i t i c a l  and in -  

te res t ing  ones f o r  our purposes since they are af fected by the largest  

or thogonal i ty  contr ibut ions. l n  t h i s  case, the mat r i x  dimension i s  18. 

I t  i s  general l y  t rue  that  the spectrum of B i s  h igh ly  d e g e n e r a t e  o r  

quasi-degenerate, tha t  i s ,  almost a l l  eigenvalues accumulate i n  the 

po in t  1, and on ly  a very few o f  them are wel l  separated from the rest,  

and smaller than 1. The numerical problem i s  very de l i ca te  and,for t h i s  

reason, we used a Fortran version o f  a procedure which i s  the m s t  s ta-  

b l e  f o r  such a s i tua t ion16 .  

Table 1 gives a summary o f  the substance under consideration, t h e i r  l a t -  

t i c e  constants a and the number s o f  completely or  p a r t i a l l y  occupied 

core shel ls.  To complete the i n e r t  gas series, we have included a hy- 

pothet ica l  Rn-crystal. The diatomic compounds are labeled by the t o t a l  

nuclear charge per p r i m i t i v e  c e l l .  

B 
According t o  the previous analysis,  one would expect Xmin t o  be simply 

a monotonically decreasing funct ion o f  2, the t o t a l  nuclear charge per 

p r i m i t i v e  c e l l .  However, t h i s  behavior i s  obscured by the dependence o f  

the orthogonal i t y  coef f  i c i e n t  on the l a t t i c e  constant 1 i ke A - ' / ~ ,  where 

A = a 3 / 4 ,  furthermore by the de ta i l s  o f  the core wavefunctions f o r  which 

the ouerlap w i t h  plane waves may be ra ther  sensi t ive, as wel l  as by the 

modi f icat ion o f  the plane waves due t o  the change o f  the l a t t i c e  cons- 



TabZe 1. La t t i ce  constants and number o f  core she l l s  

tant.  l n  view o f  these facts ,  the fo l low ing  numerical r esu l t s  o f  the 

spectral  analysis o f  the mat r i x  B can be taken without tnuch ado. Tables 

2, 3 and 4 show a representat ive con t r ibu t ion  t o  the f i i - s t  diagonal e le-  

ment o f  B, namety, B<ifla><rYlif>, where 8 = (0,0,0) i s  the zero wavevec- 

Zor, and the lowest three eigenvalues as we l l  as the nurnber NA o f  e i -  

genvalues which 1 i e  i n  the in te rva l  A c lose t o  1. A was chosen t o  be 5% 
B of the t o t a l  length o f  the spectrum, i.e., 0.95 AA L 11. 

For the  i n e r t  gas series, i s w e l l  behavedandwi l l  not cause any 
'mi n 

trouble, not even f o r  the heavy hypothet ical  Rn-crystal. On t h e  other 

hand, the ion ic  and me ta l l i c  so l ids  show appreciably lower eigenvalues. 

This can be understood from the f ac t  orthogonal izat ion i n  the OPW method 

i s  required on ly  f o r  those states which do not form the valence states. 

Usually, the energet ica l ly  highest states (or the outerniost electrons) 

g ive the largest  or thogonal i ty  coe f f i c ien ts .  For the ineirt gases, the- 

refore, the s- and p-electrons o f  the octed she l l  do not cont r ibute t o  

the mat r i x  elements o f  B ,  whereas f o r  the other elements they do. I r r e -  
B 

g u l a r i t i e s  i n  the trend t o  decreasing Amin, f o r  increasing t o t a l  ruclear 

charge, may occur as i n  the case o f  KCR. I t  has already been mentioned 

tha t  there ex is ts  a complicated in te rp lay  between the change o f  l a t t i c e  



TabZe 2 .  Lowest eigenvalues for the inert gases 

TabZe 3. Lowest eigenvalues for insulators 

MgO 0.10427 0.09450 O. 4990 0.8305 15 

TabZe 4. Lowest eigenvglues for metals and heavy oxydes 



constant connected t o  the change o f  nuclear charge when going frorn one 

pa r t i cu l a r  substance t o  another. The most s t r i k i n g  s i t ua t i on  i s  found 

f o r  the heavy oxides Eu0 and UO i n  s t r i c t  cont rad ic t ion t o  the exact 

ana ly t i ca l  lower l i r n i t  f o r  the spectrum. 

5. CONCLUSIONS 

I t  was the aim o f  t h i s  paper t o  d isp lay a basic weakness o f  the OPW me- 

thod inherent i n  the formalism i t s e l f  and rather independent o f  p a r t i -  

cu lar  physical approximations used i n  concrete app1ications. This weak- 

ness i s  due t o  the lower l i m i t  o f  the spectrum o f  the mat r i x  B, i n  the 
3 

OPW-eigenvalue problem (A - AB)X = 0, which approaches zero f o r  heavier 

substances, a property which i n  add i t i on  i s  rather sens i t i ve  t o  the o r-  

dinary uncer ta in t ies  i n  the mat r i x  elements. I f  one assumes that,  i n  a 

hypothet ical  exact ca lcu la t ion,  a small lowest eigenvalue resu l ts ,  one 

knows that  already s l i g h t  e r ro rs  i n  B can d r i ve  i t  much closer t o  zero 

o r  even below zero, as i s  the case f o r  Eu0 and UO, f o r  instance. Under 

such circumstances, the mat r i x  elements o f  A which are much more af fec-  

ted by uncer ta in t ies  than those o f  B, because they contain the c rys ta l  

potent ia1 , blow up according t o  the so lu t ion  (2) .  These extreme insta-  

b i l i t i e s  w i l l  make a t  least  some o f  the solut ions e n t i r e l y  meaningless. 

The number o f  s tab le  so lu t ions i s  rougly equal t o  the number N A  shown 

i n  Tables 2,3 and 4. One could argue tha t  a random d i  s t r  i b u t  i o n  of 

er rors  over the mat r i x  B cannot account f o r  such i n s t a b i l i t i e s ,  since a 

coherent change o f  ce r t a i n  elements i s  necessary for  t h i s  mechanism. 

However, since the mat r i x  elements o f  B are nothing e lse  than overlap- 

-integrais between orthogonalized plane waves, an e r ro r  i n  any o f  these 

funct ions w i l l  propagate systematical ly through rows and columns, cau- 

sing exact ly  such a coherent change. For completeness, we would l i k e  

t o  mention that  ARin + O means tha t  ce r t a i n  rows o r  columns o f  B becom 

l i nea r l y  dependent, and that,  i n  turn, means tha t  by orthogonal iz ing the 

plane waves t o  the core states, quasi - 1  i nearl y dependent funct ions have 

been constructed. 

We hope tha t  our c r i t i c i s m  w i l l  cont r ibute i n  making fu tu re  appl ica- 

t ions o f  the OPW method more re l iab le .  
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