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A quantum formalism, inc lud ing phenomenological d iss ipat ion,  i s  deve- 

loped from an extension of the c lass ica l  canonical formalism proposed 

by Morse and Feshbach and appl ied t o  the time evolut ion o f  a Gaussian 

wave-packet. 

Desenvolvemos neste trabalho um formal ismo quânt ico que i nc l u i  feno- 

menologicamente e fe i t os  de dissipação. Esse formalismo % obt ido a 

p a r t i r  de uma extensão do fo rma l i sm canõnico c láss ico proposto por 

Morse e Feshbach e aplicado ã evolução temporal de um pacote de ondas 

gaussiano. 

1. INTRODUCTION 

The observation o f  s t rongly  i ne l as t i c  co l l i s i ons  between heavy íons 

a t  en 

aga i n 

The h 

c i  t a t  

rg ies wel l  above the Coulomb ba r r i e r  has k ind led in te res t  once 

on the descr ip t ion o f  d i ss ipa t i ve  processes i n  quanta1 systemsl. 

gh leve1 dens i t ies  o f  the c o l l i d i n g  nuclei  a t . t he  relevant ex- 

on energies suggest moreover that  the t ransfer  o f  energy from 
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the r e l a t i v e  mot ion t o  o the r  modes may t o l e r a t e  a phenomenological 

d e s c r i p t i o n  i n  terms o f  some quantum extens ion o f  the c l a s s i c a l  con- 

cept  o f  v i scos i  t y .  

A c l a s s i c a l  de te r rn in i s t i c  t reatment o f  v iscous e f f e c t s  f i t s  n a t u r a l l y  

i n  the scherne o f  Newtonian mechanics, by means o f  the inéroduct ion  o f  

fo rces  t h a t  cannot be der ived from a p o t e n t i a l  f unc t i on .  This very 

f a c t ,  however, tends t o  rnake i t  a l i e n  t o  quantum mechanics, a t  l e a s t  

i n  so f a r  as i t  i s  const ruc ted upon the  formal s t r u c t u r e  o f  t he  c las -  

s i c a l  canonical formalism. Th is  formal ism i s  p a r t i c u l a r l y  i 1 1  adap- 

ted t o  deal w i t h  nonconservative phenomena. I t s  essen t i a l  coherence 

i s  i r r evocab ly  broken by the i n t r o d u c t i o n  o f  ad-hoc devices such as 

the Rayleigh d i s s i p a t i o n  func t ion .  E x p l i c i t l y  time-deper~dent Lagran- 

g ians,  on  the  o the r  hand, a re  known t o  lead, upon quan t i za t i on ,  t o  

d i f f i c u l t i e s  r e l a t e d  t o  the r e s u l t i n g  e x p l i c i t  time-deperidence o f  the 

canonical va r i ab les 2.  

I n  t h i s  paper we want t o  exp lore  w i t h i n  a quantum context ,  a poss ib le  

gap i n  the irnperviousness o f  the canonical formal ism t o  phenorneno- 

l o g i c a l  d i s s i p a t i o n .  I  t has been po in ted o u t  by Morse ar~d ~ e s h b a c h ~  

t h a t  a b i l i n e a r  Lagrangian i n  the  two degrees o f  freedom, x and y, 

leads, by means o f  the l e a s t  a c t i o n  p r i n c i p l e ,  t o  two independentequa- 

t i o n s  f o r  x(t) and y ( t )  which con ta in  v e l o c i  ty-dependent d i s s i p a t i v e  

forces : 

R standing f o r  the f r i c t i o n  c o e f f i c i e n t .  

Since LB i s  a time-independent Lagrangian, one might  use the  standard 

canonical  quan t i za t i on  procedure t o  o b t a i n  a theory t ha t  would, a t  

l eas t ,  con ta in  i n  i t s  c l a s s i c a l  l i m i t  the behavior  o f  a l i n e a r l y  dam- 

ped systern under l i n e a r  conservat ive  fo rces .  



2. THE ACTION FOR THE BILINEAR LAGRANGIAN 

It turns  out ,  however, t h a t  such a s t ra igh t fo rward  procedure meets 

w i  t h  severa1 problems. I n  order  t o  see what they are, we may take 

the s impl i f i ed Lagrangian 

f rom which the  l inear  conservat ive fo rces  have been omi t t e d ,  and s tu-  

dy the  behavior  o f  the  corresponding a c t i o n  func t i ona l  

f o r  su i  t a b l y  parametrized fami 

p a r t i c u l a r ,  t ak ing  a fam i l y  o f  

ted mot ions wi t h  acce le ra t  ions 

the  1 i m i  t i n g  case when R=O, 

1 i es  o f  space-time paths x ( t )  , y ( t ) .  I n  

f i x e d  end-points, un i f o rm ly  accelera-  

yx and yy respec t i ve l y ,  one gets,  i n  

wh i l e  the  usual quadra t ic  Lagrangian f o r  two f r e e  p a r t i c l e s  

g i ves 

Th is  i l l u s t r a t e s  the f a c t  t h a t ,  w h i l e  being both  s t a t i o n a r y  a t  the 

un i fo rm mot ion t r a j e c t o r i e s  w i t h  y = y = 0, these two a c t i o n  func- 
x Y 

t i o n a l s  have d i f f e r e n t  p rope r t i es  f o r  paths d i f f e r i n g  f rom the c las -  

s i c a l  space-time path.  Since quantum propagat ion can be descr ibed i n  

terms o f  the behavior o f  such a c t i o n  func t i ona l s  f o r  a1 1 space - t ime - 
paths between the chosen end-points, and given t h a t  S leads t o  the Q 
usual quantum mechanical d e s c r i p t i o n  o f  two non in te rac t i ng  p a r t i c l e s ,  

i t  fo l l ows  tha t  one should not  expect t o  o b t a i n  a proper quantum me- 



chanical d e s c r i p t i o n  by quant iz ing L even i n  the f r i c t i o n l e s s  (i.e., B '  
RIO) 1 i m i t ,  wi  thout any f u r t h e r  considerat ions.  

I t should be borne i n mind, however, t h a t  the  y degree o f  freedom 

introduced i n  the b i l i n e a r  Lagrangian LB i s  not  meant t o  be phys ica l -  

l y  meaningful i n  the same sense as x. I n  f a c t ,  t he  c l a s s i c a l  equat ion 

o f  motion gives unphysical exponent ia l ly  growing so lu t i ons  f o r  t h i s  

v a r i a b l e  when R i s  not  zero. I n  a pure ly  c l a s s i c a l  contex t ,  t h i s  i s  

o f  1 i t t l e  consequence as the Euler-Lagrange equations f o r  t h e  two de- 

grees o f  freedom are completely independent. Quantum-mechanically , 
however, t h i s  separat ion argument i s  no longer appl i cab le  (as can be 

seen e.g. from the non- separab i l i t y  o f  t he  Lagrangian i n  theva r iab les  

x and y) and one has t o  p rope r l y  spec i f y  t he  r o l e  o f  y. 

I n  order  t o  do tha t ,  we reca l l  t h a t  what we would l i k e  t o b u i l d  c u t  o f  

LB i s  a quantum formalism f o r  a s i n g l e  degree o f  freedorn t h a t  would 

inc lude the  e f f e c t s  o f  a l i n e a r  viscous force.  I n  a d d i t i o n  t o  having 

the  c o r r e c t  c l a s s i c a l  1 i m i t  (by which we mean t h a t  t he  s o l u t i o n  can 

be described i n  terms o f  t ha t  o f  t he  c l a s s i c a l  Euler-Lagrange o r  New- 

ton  equations w i t h  a l i n e a r  damping fo rce  when the a c t i o n  involved 

are l a rge  i n  u n i t s  o f  6 ) ,  we requ i re  the  theory t o  reproduce the 

usual f r e e  p a r t i c l e  quantum mechanics i n  the l i m i t  o f  zero f r i c t i o n  . 
We w i l l  show next  t h a t  t h i s  add i t i ona l  correspondente requirement 

spec i f i es  t o  a la rge ex tent  the  r o l e  played by y. 

3. THE BILINEAR PROPAGATOR: CORRESPONDENCE WITH STANDARD 
QUANTUM MECHANICS OF  A FREE PARTICLE 

For reasons t o  be made c lea r  below, we choose t o  descr ibe the x-sys- 

tem i n  terms o f  a densi t y  ma t r i x  p (z, zl;t). ~ h e  t ime evo lu t i on  o f  x 
t h i s  dens i ty  ma t r i x  i n  the f r i c t i o n l e s s  l i m i t  i s  more simply expres- 

sed i n  momentum space by using the standard quantum mechanical propa- 

gator  f o r  a f r e e  p a r t i c l e :  



where now c i s  j u s t  the double Fourier transform o f  p .  I f  one wants 

t o  use the b i l i n e a r  Lagrangian, i n  the f r i c t i o n l e s s  l i m i t ,  one gets, 

f o r  a two p a r t i c l e  densi ty mat r i x  c(kxk>,Yk i ; t ) ,  

a t  ' 2 ' - k  k ) 
~ ( k x  y 

c(kxk;, k k'; t ) = e 
" 

F(kxk;, k L' O) . 
Y Y  Y Y' 

Since, however, a11 we want t o  describe i s  system x,  we may requi re  

i n  add i t i on  that  

provided that  the i n i t i a l  densi ty has been a lso so chosen that  

Use o f  the e x p l i c i t  form o f  the two propagators and o f  thesymet r ies  

o f  fi leads a t  once t o  the condi t ion that  the densi ty i n  the two de- 

grees o f  freedom be o f  the form 

where G(z)  i s  a properly normalized, a rb i t r a r y ,  even funct ion o f  i t s  

argument. By Fourier transforming back i n t o  conf igurat ion space we 

get, correponding t o  the i n i t i a l  densi ty f o r  x, ~ ~ ( r n ' ; O ) ,  a dens i t y  

for x and y which i s  o f  the form 

where again g ( z )  i s  any properl y normal ized even funct ion o f  i t s  ar-  

gument. This funct ion (or equivalent ly,  the funct ion G(z)) are e n t i -  



r e l  y redundant i n the f r i  c t  ion less  1 i m i  t we j u s t  cons i dered. However, 

as we w i l l  show below, i t  plays an important  r o l e  when f r i c t i o n a l  e f -  

f ec ts  are  included. 

We see, thus, t h a t  i t  i s  poss ib le  t o  do o rd ina ry  one p a r t i c l e  quantum 

rnechanics by using the b i  1 inear  Lagrangian LB (wi t h  R =  O )  and consi-  

der ing dens i t i es  i n  two degrees o f  freedom of  the  p a r t i c u l a r  form g i -  

ven above. What we at tempt t o  do next  i s  t o  inc lude f r i c t i o n a l  e f f e c t s  

by merely tu rn ing  on the R-term o f  LB i n  the b i l i n e a r  propagator. Be- 

cause o f  the spec ia l  form o f  LB, t h i s  may be done by d i r e c t l y  evalua- 

t i n g  the corresponding path i n t e g r a l  

which i s  

Propaga t 

o f  the Gaussian type and can thus be worked o u t  expl  i c i  t l y4.  

on i nc lud ing  f r i c t i o n  would then appear as 

where the e f f e c t i v e  propagator K can be expl i c i  t l  y w r i  t t e n  as 
e f f  

where 



The l a s t  factor,  rt(x-x'), or ig inates from the funct ion g and i s  g i -  

ven by  

It i s  constant f o r  the diagonal pa r t  o f  the densi ty mat r i x  ( ~ r o b a b i -  

i i t i e s ) ,  but  e f f ec t s  the time propagation o f  t h e o f f  diagonal pa r t  

(corre la t ion) .  I n  par t i cu la r ,  i f  g(z) i s  a Gaussian, rt w i l l  a t t e -  

nuate and eventual l y  destroy a1 1 co r re la t ions  i n  conf igu ra t ion  space. 

This feature o f  the theory ac tua l l y  requires that  the descr ip t ion  o f  

the x-system be i n  terms o f  a densi ty matr ix .  I t  i s  an extremely re- 

asonable feature on physical grounds. I n  fac t ,  any viscous e f fec ts  

must be seen u l t ima te ly  as resu l t i ng  from the coupling o f  the exp l i -  

c i t e l y  retained degree o f  freedom t o  other degrees o f  freedom that  

remain unobserved. This s i t ua t i on  w i l l  lead i n  general t o t h e  increa- 

s ing occurrence of corre la t ions between observed and unobserved modes, 

which impl ies i n  the loss o f  i n i t i a l  quantum coherence i n  the obser- 

ved degree o f  freedom alone. This po in t  o f  v i m  h in ts ,  moreover, to  

the poss i b l e  i n te rp re ta t ion  o f  the funct ion  g(z) as a phenomenologi cal  

funct ion descr i  b i  ng the e f f e c t  iveness o f  the unobserved modes (here 

mocked up by the s ing le  degree o f  f reedom y) i n  destroy ing the quan- 

tum coherence o f  the i n i t i a l  s t a t e  i n  the x-variable.  

Wemay a lso ment ionother  eas i l y  v e r i f i e d  features o f  the t h e o r y .  

F i  r s t ,  the b i  1 inear Hami 1 tonian, associated wi t h  L being the gene- 
6' 

r a t o r  o f  time t rans la t ions and being i t se l f  independent o f  time, i s  a 

constant o f  m t i o n .  I t must not, however, be in terpreted as the ener- 

gy o f  the system. The l a t t e r  may be def ined by correspondence wi th  

the c lass ica l  energy, i .e., 

and i s  not a constant o f  motion unless R=O. I n  general, - Ex decays 
exponent ial ly w i t h  time. The Hamiltonians i s ,  on the other  hand, a 

Hermi t i a n  operator, leading t o  the conservation o f  the integrated pro- 



b a b i l i t i e s .  A more de l i ca te  po in t  concerns the pos i t i on- ve loc i t y  un- 

ce r ta in ty  re la t ions  f o r  the b i  1 inear theory. The canonical mornenta 

are, i n  fact ,  i n  the f r i c t i o n l e s s  1 i m i t ,  px = r@ and p = r&, so tha t  
Y 

the canonical comnutation re la t ions  (which are o f  course consistent 

w i  t h  the path- integral  quant izat ion) give, i n  general, 

This i s  a t  variance w i t h  what one should expect f o r  the proper quan- 

tum descr ip t ion  o f  E degrees o f  freedom. It can be ver i f i ed ,  how- 

ever, tha t  these comnutation re la t ions,  used i n  connection w i t h  densi- 

t y  matrices o f  the special form considered here, g i ve  r e s u l  t s  tha t  

agree w i t h  those obtained from the usual comnitator [x,&] = i&/m and 

s i  ngl e degree of f reedom dens i t i es pX(x,xt) . 

4. GAUSSIAN WAVE-PACKET WITH FRICTION 

We f i n i s h  by b r i e f l y  mentioning the r esu l t  o f  the app l i ca t ion  o f  the 

above theory t o  the  propagation o f  a Gaussian wave-packet given i n i -  

t i a l l y  by the densi t y  

The probabi l  i t y  d i s t r i b u t i o n  px(m;t), a t  time t, computed w i t h  the 

e f f e c t i v e  propagator Keff evolves i n  t ime re ta in ing  i t s  Gaussianshape 

and i n  such a way tha t  i t s  center o f  g rav i t y  obeys Newton's equation 

f o r  a p a r t i c l e  under the e f f ec t s  o f  a l i nea r  viscous force. The spre- 

ading o f  the wave packet i s  quenched by the f r i c t i o n a l  e f f ec t s  i n  

such a way tha t  i t s  width b ( t  ) tends t o  a constant f o r  large times. 

As shown i n  the Fig.1, t h i s  constant may ac tua l l y  be less than the -- 
i n i t i a l  w id th b(0) = b, i f  the f r i c t i o n  coef ic ient  R i s  largeenough. 

For one special  value R, o f  R, i n  par t i cu la r ,  one has b(m) = b,: the 

packet w i l l  therefore stop and freeze under the e f f ec t s  o f  f r i c t i o n .  

The time dependente of co r re la t ions  involves a more de ta i led  study o f  



.I 

Fig.1 

r ious 

. Width o f  the Gauss 

values o f  the f r i c t  

i an  p robab i l i t y  d i s t r i b u t i o n  as a  function o f  time fo r  va- 

ion c o e f f i c i e n t  R;R i s  given i n  u n i t s  o f  n/b2. 



the  phys ica l  content  o f  t he  f u n c t i o n  g, and w i l l  no t  be discussed he- 

re. 

The authors wish t o  thank each o the r  f o r  endurance and mutual encou- 

ragement along the  meanders o f  a wi  ndi  ng path. 
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