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Generalized harmon 

conven i ent  (comple 

i c  osc i  1 l a t o r  funct ions (GHOF) are shown t o  be a very 

te, orthonormal) s e t  o f  bas is  funct ions i n  which t o  

expand the  r a d i a l  funct ions i n  the K-harmonic approach t o  the  three bo- 

dy problem. Th is ,  i s  i l l u s t r a t e d  f o r  a s imple 3~ model.The b ind ing  ener- 

gy, roo t  mean square radius and form f a c t o r  f o r  e l a s t i c  e l e c t r o n  scat -  

t e r i n g  are shown t o  be very s t a b l e  aga ins t  v a r i a t i o n  i n  the  parameter 

o f  the GHOF. The Morpurgo and Feshbach-Rubinow methods a r e ' a l s o  compa- 

red w i t h  the  exact  K-harmonic approach. I t  i s  shown t h a t  t he  former i s  

t he  K=O K-harmonics s o l u t i o n  and t h a t  t he  l a t t e r  c o n s t i t u t e s  a very 

accurate approximat ion when pu re l y  a t t r a c t i v e  p o t e n t i a l s  a re  used. 

Tornando-se como exemplo um modelo simpl i f icado do núcleo de 3 ~ ,  mos- 

t ra- se que as funções do osc i l ado r  harmônico general izado (FOHG) cons- 

t i t uem um conjunto muito conveniente de funções de base para se expan- 

d i  r as funções de onda r a d i a i s  do problema de t r ê s  corpos, no mêtodo 

dos K-harmônicos. A energia de l igação, o r a i o  quadrát ico  médio, e o 

f a t o r  de forma e l á s t i c o  para o espalhamento de e lé t rons ,  resul tam bas- 
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nada). 



t a n t e  es táve i s  f r e n t e  var iação do parâmetro das FOHG. Comparam-se os 

&todos de Morpurgo e  Feshbach-Rubi now com o metodo dos K-harmÔnicos 

exato, mostrando-se que o  de Morpurgo corresponde ao método dos K-har- 

6 n i c o s  com K=O, enquanto que o  de F-R const i tue- se numa aproximação 

deveras p rec i sa  para po tenc ia i s  puramente a t r a t i v o s .  

1. INTRODUCTION 

The ana l ys i s  o f  the  few body systems took a  leap forward i n  the  l a s t  de- ' 

cade w i t h  t he  advent o f  so- ca l led  exact  methods, such as Faddeev's equa- 

t ions (Faddeev, 1961) and the  K-harmonics (a l so  ca l  l e d  hyperspher ica l )  

approach (Simonov, 1966). The former method reduces t o  a  s e t  o f  in tegra l  

equat ions whose kerne ls  depend on the  two-body s c a t t e r i n g  amplitudes on 

and o f f  energy- she l l .  The K-harmonic method, on the  o ther  hand, i s  a  

g e n e r a l i z a t i o n  o f  t h e  sphe r i ca l  harmonics used i n  t he  N=i! body system 

t o  cases N $ 3  (hence the  hyperspher ica l  l a b e l )  and i s  mearit t o  be used 

f o r  bound s t a t e  problems. I n  t h i s  way, the  N-body wave f 'unct ion (depen- 

d i n g  on 31-3 coordinates i n  the C.M. frame) i s  expanded i n  terms o f  the 

hyperspher ical  harmonics, which form a  complete orthonornial s e t  spanning 

the  3N-4 space o f  hyperangles. The problem i s  thus reduced t o  so l v i ng  

an i nf ini t e  s e t  of coupled d i f f e r e n t i a l  equations f o r  the  hyper rad ia l  

func t ion ,  which i n  t u r n  depends on the  knowledge o f  the  i n t e r a c t i o n  

between the  p a r t i c l e s .  

Few papers have been publ ished using the  K-harmonics approach. V.D. 

E f ros  (Efros,  1971; Efros,  1972) has der ived,  and used i r )  the  case o f  

H 3  and He4, genera l ized hyperspher ical  func t ions  f o r  systems w i t h  t o t a l  

angular  momentum L#O. We use on the  o the r  hand the  L=O hyperspher ical  

f unc t i ons  des igned by Yu. Simonov (Simonov, 1966). G .Erens e t  al. ( ~ r e n s ,  

1971) have used a  m a t r i x  d iagona l i za t i on  approach bu t  w i t h  a  p a r t i c u l a r  

s e t  o f  hyperspher ical  harmonics and a  s e t  o f  hyper rad ia l  f unc t i ons .  H is  

approach i s  discussed i'n Sect ion 2. M. Beiner and M.  Fabre de l a  R i p e l l e  

(Beiner, 1971) and J.L. B a l l o t  e t  al. ( B a l l o t ,  1972) looked a t  the  con- 

vergence o f  the  hyperspher ical  expansion i t s e l f ,  s o l v i n g  numerical ly the 



system of coupled d i f f e r e n t i a l  equat ions f o r  the  r a d i a l  func t ions .  They 

in t roduce the  n o t i o n  o f  op t imal  subset, which i s  a recombination o f  the  

o r i g i n a l  hyperspher ical  funct ions,  t o  reduce the  number o f  f unc t i ons  t o  

be included i n  the  expansion. 

The aim of t h i s  paper i s  t o  show t h a t  the  s o l u t i o n * o f  the  system o f  

coupled d i f f e r e n t i a l  equat ions i s  more e f f i c i e n t l y  o b t a i n e d  i f  one 

chooses t o  f u r t h e r  expand the  hyper rad ia l  f u n c t i o n  i n  a complete se t  o f  

bas is  func t ions ,  enab l ing  one t o  use standard m a t r i x  d iagona l i za t i on  

techniques i n  the  so lu t i on .  We I l l u s t r a t e  our p o i n t  by c a l c u l a t i n g  ob- 

servables. (b ind ing energy, roo t  mean square rad ius  and form f a c t o r  f o r  

e l a s t i c  sca t te r i ng )  f o r  a 'model t r i t o n ' ,  t r e a t i n g  on l y  the symmetric 

L=O p a r t  o f  the wave- function. I n  t h i s  paper, we do not  use the  techn i -  

que o f  opt imal  subset, because i n  the  case o f  a sp in less  boson system 

we need t o  inc lude o n l y  a reasonable number o f  f unc t i ons  because o f  the 

s e l e c t i o n  r u l e  (symmetry). Further,  we do not  look a t  t he  convergence 

o f  the  hyperspher ical  expansion per se , but  o n l y  a t  the  convergence o f  

the expansion o f  the  r a d i a l  func t ions .  A f t e r  exp la in ing  the  method i n  

Sect ion 2, we g i v e  numerical r e s u l t s  f o r  the  model t r i t o n  i n  Sect ion 3, 

us ing  var ious  two-body p o t e n t i a l s ,  emphasizing the  convergence r a t e  o f  

the s o l u t i o n  i n  each case. 

I t  i s  a l s o  o f  g reat  i n t e r e s t  t o  compare the three-body s o l u t i o n  obtained 

us ing the  K-harmonic method w i t h  so lu t i ons  r e s u l t i n g  o f  s impler  (but  

approximate) methods proposed e a r l  i e r .  We do t h i s  i n  Sect ion 4, where 

we show t h a t  the  Morpurgo (1952) method i s  i d e n t i c a l  t o  the  K=O K-har- 

monic formal ism and t h a t  the Feshbach-Rubinow (1955) method y i e l d s  a 

very accurate s o l u t i o n  when pu re l y  a t t r a c t i v e  p o t e n t i a l s  a re  used. 

2. THE METHOD 

The three-body wave- function depends on s i x  r e l a t i v e  coordinates,  once 

the C.M. motion i s  separated out .  I f  we use the Jacobi coordinates,  na- 



the Schrudinger equat ion becomes 

h [ - - (v+' 
2m 5 + + v 1 2 3  ]$(E,:) = EJI(;,$) 5 (2.2) 

where, f o r  a  pa i rw i se  i n te rac t i on ,  

-+ + 
I n  the K-harmonics approach, we expand the r e l a t i v e  wave func t  i on  $(<,r$ 

i n  terms o f  products of r a d i a l  f unc t i ons  xKV(p) and angular f unc t i ons  

u KV (lei} 1: 

where the  g loba l  length  i s  def ined as P = {;i2 + é'}"' and {ei} stands 
-+ 

f o r  f i v e  angles s p e c i f i e d  by n, c and 8  through q  = pcose, 5 = bsine,. 

O 5 8  5 ~ / 2 .  A complete se t  o f  such angular func t ions  u ({ei)) has been 
k"J 

der ived f o r  the case where the t o t a l  angular momentum L i s  zero (L = 0) 

by Simonov (1966). I n  t h i s  case, the  uKv are  the angular  p a r t s  c f  the 

homogeneous polynomials o f  degree K which s a t i s f y  the Laplace equation. 

K  i s  r e f e r r e d  t o  as the g loba l  angular momentum and charac ter izes  the  

convergence o f  the wave func t i on  expansion. I n  t h i s  case (L=O) ,  on iy  

one e x t r a  quantum number (Simonov, 1966), denoted \ ) (V = - K/2,-K/2+2,. . 
~ / 2 ) ,  i s  necessary t o  spec i f y  the s ta tes .  



I t i s  known t h a t  the  symmetric L=O wave f u n c t i o n  accounts f o r  90% o f  

t he  ground s t a t e  wave funct  ions o f  the  phys ica l  t r i  ton (Strayer, 1974). 

For the purpose o f  t e s t i n g  our approach, we consequently use the 'model 

t r i t o n ' ,  t r e a t i n g  on l y  the L=O symmetric p a r t  o f  t h e  wave funct ion .  

These funct ions,  i n  the hyperspher ical  method, have been given e x p l i c i -  

t l y  by Simnov (1966) and are denoted vKv(V = K/2, K/2 - 2,. . ., 0 ) .  I f  

we subst i  t u t e  the expansion (2.4) i n t o  (2.2), we can see t h a t  xKV(p) 

w i l l  have t o  s a t i s f y  a system o f  coupled d i f f e r e n t i a l  equations (Simonov, 

1966). V i z 3  wi 11 enter  the equations through an e f f e c t i v e  r a d i a l  poten- 

t i a 1  t e m ,  def ined as the m a t r i x  elements o f  V 1 2 3  i n  the  hyperspher ical  

angular pa r t .  

This system o f  coupled d i f f e r e n t i a l  equations i s  usua l l y  solved nume- 

r i c a l l y  when and appropr ia te  boundary cond i t ions  are  spec i f i ed .  I t  

was the purpose o f  our e a r l  i e r  work (Vai 1 iê res  e t  aZ., 1976) t o  warn 

tha t  a more convenient way o f  ob ta in ing  the s o l u t i o n  o f  the system o f  

coupled d i f f e r e n t i a l  equations i s  t o  expand the r a d i a l  f unc t i on  i n  some 

complete set  o f  basis funct ions,  thus enabl ing one t o  use standard na- 

t r i x  d iagona l i za t i on  techniques. Further,  we proposed the use o f  the  

general i zed harmonic osc i  1 1  a t o r  f unc t  ions (GHOF) as a convenient se t  i n 

which t o  perform the expansion. I n  t h i s  paper, we want t o  analyze, by 

e x p l i c i t  numerical ca l cu la t i on ,  the  convergence p roper t i es  o f  the ex- 

pansion. Before we proceed t o  do so i n  the next  Section, f o r  complete- 

ness we f i r s t  sketch the approach. 

The GHOF are  the so lu t i ons  o f  t he  hyperspher ical  r a d i a l  equat ion f o r  a 

diagonal e f f e c t i v e  p o t e n t i a i  p ropo r t i ona l  t o  p2. They a r e  d e n o t e d  

RnK(pp), n being the 'main quantum number' and p p lay ing  the r o l e  o f  

t he  c h a r a c t e r i s t i c  length  o f  the  3-D harmonic o s c i l l a t o r  funct ions.Per -  

t i n e n t  formulas concerning these funct ions 

The r a d i a l  funct ions are expanded í n  terms 

are co l l ec ted  i n  Appendix A .  

o f  these GHOF, 

In  p r a c t i c a l  ca l cu la t i ons ,  t h i s  sum i s  t runcated a t  n = and, i n  t h i s  

s i t u a t i o n ,  the parameter can be t reated as a v a r i a t i o n a l  parameter . 



Cer ta in ly ,  if n -+ -, the s o l u t i o n  w i l l  be independent o f  p.  I f  the func- 

t i o n s  Rn are  reasonabl y compact, the expansion should converge rap id l  y  . 
( K V f  The Cn are determined by so l v i ng  the  eigenvalue equation 

where 

and 

f f f  be ing the e f f e c t i v e  r a d i a l  po ten t i a l  ( ~ a l l  iè res  e t  aZ., 1976). 
Kv, K'v ' 

This approach presents many advantages: among others,  that  the boundary 

cond i t ions  are automat ica l ly  taken i n t o  account and tha t  exc i ted  s ta tes  

as we l l  as the ground s t a t e  are solved f o r .  One possib le clrawback, ho- 

wever, i s  t h a t  the RnK func t ions  have a wrong asymptotic tiehavior. There 

e x i s t s  a way t o  sys temat ica l ly  co r rec t  the expansion i n  the asymptotic 

region (Va l l i è res  e t  aZ., 1976). However, we w i l l  show i n  the next Sec- 

t i o n  tha t  i n  p r a c t i c a l  s i t u a t i o n s  t h i s  co r rec t i on  i s  no t  necessary i f  

n i s  taken reasonably large.  

(1971) have proposed another se t  o f  func t  Erens e t  aZ. ons, 

1 9  

( a i s  a scal i n g  parameter) i n  which t o  expand the rad ia l  func t ion .  The 

c la im f o r  using t h i s  se t  i s  t ha t  i s  has the r i g h t  asymptot:ic behavior 

and presents f a s t  convergence; however, i t  does not  correspond t o  any 

physical  g lobal  p o t e n t i a l .  As we w i l l  show i n  the next Section, we f ind  

comparable o r  b e t t e r  convergence using the GHOF basis as Arens e t a l .  d i d  

and we do not  see any necessi ty t o  apply an asymptotic co r rec t i on  i n  

p rac t i ca l  so lu t ions .  Besides the above hyperradia l  se t  o f  func t ions  



used i n  Erens paper, a pa r t i cu l a r  se t  o f  hyperspherical harmonics which 

was developed by Fabre de l a  Ripel l e  was a lço  used. We do not use t h i s  

'opt imal subset' i n  our ca lcu la t ion  simply because i t  would not save us 

a great amount o f  computing. This i s  because, as w i l l  be explained i n  

the next Section, we use the K-harmonics wi t h  K 2 16, which i s  enough 

t o  i 1 l us t r a t e  the convergence of the r ad i a l  expansion. I n  t h i  s case, 

the opt imal subset w u l d  save us only 2 ou t  o f  the 10 hyperspherical 

funct ions used. 

3. NUMERICAL RESULTS 

I n  t h i s  paper, we are considering the 'model t r i t o n ' ,  t r ea t i ng  the three 

nucleons as bosons,as a t e s t  case t o  i l l u s t r a t e  the method. We are also 

usi  ng nucleon-nucleon potent i a l s  f o r  which resul t s  can be compared w i t h  

previous authors. For the purpose stated, we need t o  consider on ly  tw 

extreme classes o f  po ten t ia l s  (Erens, 1971) : 

a) One wi t h  a s ingular  behaviour a t  the o r i g i n ,  which we represent by a 

Yukawa po ten t ia l  (Y) (Bel l ,  1970) 

where (R'/M) = 41.468 ~ev.fm', b 2  = 0.7 fm-', a = 1.58 f m .  

b) Another, well-behaved a t  the o r i g i n ,  which we represent by the Volkov 

po ten t ia l  (V) (Volkov, 1974) 

where ( h 2 / ~ )  = 4 

pil = 0.82005790 

1.4686 ~ e ~ . f m ~ ,  Vr = 3.4932455 f m - 2 ,  

f m  and u i 1  = 1.600512 f m .  

For completeness, i n  a few instances, resul t s  using 

Va= 2.0097 

these poten 

33 fm-2, 

i a l s  w i l l  

be contrasted w i th  those o f  the purely a t t r a c t i v e  and smooth Baker po- 

243 



t e n t  ia1  (B) (Baker, i962), o f  the form 

where ( - n 2 / ~ ) =  41.496 MeV f m 2 ,  b 2 = 1.2418736 fm-2 ,  and a = 1.6 fm. A1 1 

o f  the above forms are taken as the  average over t he  s i n g l e t  and t r i p l e t  

channels; t h i s  i s  i n  accordance w i t h  our  r e s t r i c t i o n  t o  the symmetric 

L-O s o l u t i o n .  

An important  aspect o f  the  numerical s o l u t i o n  o f  t he  problem, w i t h i n  the 

K-harmoni cs f ramework, concerns the eval  uat  i o n  o f  the ma t r i  x element o f  

the p o t e n t i a l .  The e f f e c t i v e  r a d i a l  p o t e n t i a l  c a n  be w r  i t t e n  as 

(Si monov, 1966) 

+ + 
where cos+ = <.q/<q. Since V,, does not  depend on +, the: i n t e g r a l  over 

+ can be performed a n a l y t i c a l l y .  We a re  l e f t  o n l y  w i t h  the i n t e g r a l  

over 8, which i s  done numer ica l ly  i n  two i n t e r v a l s ,  us ing  16 p o i n t s  

Gaussian quadrature i n  each i n t e r v a l .  Next, the  i n t e g r a l  over x = l.@ i n  

Eq. (2.8) i s  done numer ica l ly  i n  t h ree  i n t e r v a l s  (0,a), (a,b), (b,x). I n  

general, we f i n d  t h a t  20 po in t s  Gaussian quadrature, used i n  each o f  the 

th ree  i n t e r v a l s  spec i f i ed  by a = 2.5, b = 6.0 and x = 10.0, g ives a good 

accuracy . 

Another very important  aspect o f  the  numerical work concerns the  choice 

o f  the  d iagona l i za t i on  rnethod. We a re  us ing  the  Lanczos method o f  ' m i n i -  

mized i t e r a t i o n s '  ( I ba r ra ,  1973). The a l g o r i  thm s t a r t s  from an i n i t i a l  

f u n c t i o n  o r  e igenvector ,  and converts the o r i g i n a l  eigenvalue probleminto 

one o f  f i n d i n g  the  e igenso lu t i on  o f  a t r i d i a g o n a l  ma t r i x .  I f  the i n i t i a l  

vec tor  has been chosen proper ly ,  the few l ow- l y ing  eigenvectors o f  the  

o r i g i n a l  eigenvalue problem can be solved accu ra te l y  by d iagona l i z i ng  

small mat r ices .  Th is  i s  the rea l  s i g n i f i c a n c e  o f  t h i s  procedure. Even 



TABLE 1 

Choice of  an optimum V by looking a t  the convergence behaviour of  the 

binding energy (Volkov potent ia l )  . Experimental values for  binding 

energy and rms radius are -8.48 NeV and 1.70'0.05, respectively. 

~ ( f m " )  

B (&V) - 
J <r2> ( fm)  

0.5 0.6 O .7 0 -9  1 . I  

-8.435 -8.4396 -8.4368 -8.418 -8.378 

t.907 1.903 1.898 1.882 1 .%O 



TABLE 2 

Choice o f  an optirnurn by looking a t  the convergence behaviour o f  the 

binging energy (~ukawa potent ia l )  . Experimental values for binding 

energy and rms radius are -8.48 MeV and 1.70+0.05 respectively. 

B (MeV) 

(fm) 

- 3.7347 - 3.7382 - 3.7362 

2.113 2.097 2.080 



though the average s i ze  o f  t he  matr ices involved i n  t h i s  work (number o f  

{KV)  values x n 5. 240) i s  sinal 1 as compared wi t h  the matr ices encountered 

i n  most s h e l l  model ca l cu la t i ons ,  the  use o f  the  Lanczos procedure makes 

i t  p a r t i c u l a r l y  rap id  and e f f i c i e n t  t o  use the expansion i n  terms ofGHOF. 

Tables 1  and 2 show the procedure t o  o b t a i n  an optimum value o f  the pa- 

rameter u, when c and the l a rges t  K values are  suppl ied. This i s  shown 

f o r  the Volkov and Yukawa po ten t i a l s .  Ca lcu la t ions are done f o r  the  

ground s t a t e  b ind ing energies and rms radius o f  3 ~ .  The rms rad ius  o f  the  

three-boson system i s  cor rec ted b y t a k i n g  i n t o  account the rms radius o f  

the  nucleon (Jansen e t  aZ. 1966). I t  i s  s i g n i f i c a n t  t h a t  f o r  n 2 19 the  

r e s u l t s  f o r  both p o t e n t i a l s  are s tab le  against  v a r i a t i o n  i n  p .  Table 3 
shows optimum b ind ing  energies f o r  ca l cu la t i ons  w i t h  var ious K and n f o r  

the three d i f f e r e n t  po ten t i a l s .  

U l t ima te l y ,  we want t o  show t h a t  t he  GHOF c o n s t i t u t e  a' good se t  o f  bas is  

funct ions.  We already have seen t h e  s t a b i l i t y  o f  both the  b ind ing  ener- 

TABLE 3 

Binding energies, I B J  ( M ~ V ) ,  f o r  d i f f e r e n t  p o t e n t i a l s  and d i f f e r e n t  

K, E and p ( f m - ' )  (optimum ones) .values. Complete convergence i s  

achieved on ly  f o r  the  Baker p o t e n t i a l .  

Vol kov 

I B I  lJ 

7.7352 O .6 

8.3761' 0.6 

8.4396 O .6 

8.4428 0.6 

8.4432 O .6 

8.4697 O .6 

Y ukawa Baker 



gy and rms radius against va r i a t i on  i n u .  Another way to conf irm t h i s  

f ac t  i s  by looking a t  the r ad i a l  funct ion f o r  l a r g e p .  Figs.1 and 2 show 

the K=O rad ia l  funct ion f o r  the Volkov and Yukawa potent ia ls .  We see that 

f o r n õ  19 the asymptotic behavior o f  the funct ion has the proper 

exp(-ap) form f o r  p < 10 f m .  

Table 4 shows the importance.of each K, v p a r t i a l  wave by ca lcu la t ing  
n 
Z C?) *, f o r  f ixed values o f  p and n. One bar i c  feature tha t  can be 

na0 
not iced from the Table i s  the importance o f  the K 4  con t r ibu t ion  i n  com- 

par ison w i t h  the higher hyperspherical funct ions. 

Contr ibut ion o f  each p a r t i a l  wave (wi th  &24) 

Volkov ( u  = 0.6 fm-'1 Yukawa ( p =: 0.8 fm-I) 

From what was seen before one can a lso conclude that  convergente i s  much 

dependent on the behavior o f  the po ten t ia l  near the o r i g i n .  This agrees 

w i t h  Erens e t  aZ. (1971) conclusions. 



V O L K O V  POTENTIAL 

FIG.1.  P l o t  o f  x o 0  
v i o r  o f  xo0 (p )  i s  

t h i s  case. 

( P )  versus P f o r  ;=a and 24. Correct  asymptot ic  beha- 

achieved f o r  k 2 0 .  The Volkov p o t e n t i a l  i s  used i n  



p ( f  rn) 
FIG.2 .  P l o t  o f  x,,(P) versus p f o r  ;=8,14,19 and 24. Corroct  asyrnptotic 

behavior o f  x,, (0)  i s  a l so  achieved f o r  &20. l h e  Yukawa p o t e n t i a l  was 

used i n  t h i s  case. 





Ç I G . 3 .  Elastic electron form factor for 3 ~ ,  using the Volkov nucleon- 

-nucleon potential. The shape of the curve is essentially the same for 

;> 15. The experimental points are from Col lard et aZ. (1965). 



TABLE 5 

E las t i c  e lect ron form factor f o r  ti3 using Volkov po ten t ia l  and tak ing 

= 0.6 fm" 

Recently, Bhaduri and Nogami (1976) have looked a t  the three body atomic 

system using an o lder  mthod  due t o  Feshback and Rubinow (1955) .Earl i e r ,  

McMi 1 lan (1965) compared t h i s  method w i t h  the one due t o  Morpurgo (1952). 

These mthods are much simpler t o  use than the K-harmnic approach, a l -  

though they remain approximate, wh i le  the l a t t e r  can be considered as 

exact i f  s u f f i c i e n t  hyperspherical funct ions and GHOF are used i n  the so- 

l u t i on .  It i s  our in ten t ion  t o  compare these approaches i n  various phy- 

s i ca l  s í tua t ions  t o  es tab l i sh  a c r i t e r i a  o f  v a l i d i t y  f o r  the two appro- 

ximate methods. 

a) Morpurgo Method 

One assumes tha t  the wave funct ion o f  the three-boson system i s  a func- 

t i o n  o f  a s ing le  symmetric var iab le  R, 



where r i s  the i n t e r p a r t i c l e  d is tance between p a r t i c l e s  i and j .  The i j 
expecta t ion  value o f  t he  three-body Hamil tonian H, < @ ] H ] @ > ,  may then be 

reduced t o  a s i n g l e  i n t e g r a l  over the v a r i a b l e  R, and a p p l i c a t i o n  o f  

the  condi t i o n  s [ q / ~ I ~ j > / < + I p ]  = O y i e l d s  the equat ion ( ~ o r p u r ~ o ,  1952) 

I f  one makes the  t ransformat ion  p = fi R, the  above equat i on  reduces t o  

which i s  e x a c t l y  the  d i f f e r e n t i a l  equat ion f o r  x o 0 ( p )  (~f) (Val 1 iè res  e t  

aZ., 1976) i n  the K-harmonic approach. The in teg ra l  .cari be easi  l y  iden- 

t i f i e d  w i t h  Eq. (3.1): 

e f f  voo,o,, ( P )  = - 

w i t h  cose i d e n t i f i e d  as z i n  Eq. (4.3). 

b) Feshbach-Rubinow Method 

Everything i s  done s i m i l a r l y  t o  the Morpurgo method but  R i s  now taken as 

1 R = - ( r  2 1 2 + ~ 1 3 + ~ 2 3 )  (4.5) 

and the d i f f e r e n t i a l  equat ion i s  now given by 



where 

Eq. (4.6) can resemble the K=O, K-harmonics equat ion (2.61, i f  one ca l l s ,  
e f f  

t he  term i n  parenthesis, Voo ,,, (R). Cer ta in l y ,  t h i s  i s  on l y  a techn ica l  

procedure, which i s  not  the case f o r  Morpurgo method. 

As a check, we could reproduce, using the Feshbach-Rubinow method, same 

o f  the  tesu l  t s  found i n  McMi l lan ' s  paper (1965). 

To t e s t  the  accuracy o f  the  Feshbach-Rubinow method,we ca l cu la te  the  bin-  

d ing  energy o f  the  m d e l  t r i t o n  f o r  both the  Volkov and the  Yukawa po- 

t e n t i a l s .  We compare i n  Table 6 these r e s u l t s  w i t h  the ones obtained by 

the Morpurgo method ( h y p e r ~ ~ h e r i c a l ,  K=O) and by the f u l l  hyperspher ical  

ca l cu la t i on .  We see tha t ,  f o r  the  Yukawa p o t e n t i a l ,  the Feshbach-  

-Rubinow method gives a b ind ing energy comparable t o  tha t  o f  the  f u l l  

hyperspherical approach, w h i l e  i t  does worse than the Morpurgo approach 

f o r  the  Vo'lkov p o t e n t i a l .  We conclude f rom the  ca l cu la t i ons  us ing these 

TABLE 6 

Comparison o f  the  approximate methods 

Vo i kov Yukawa 
Me thod 

Morpurgo 
(K=O) 

- 
Feshbach- 

Rub i now 

Hyperspherical 

Ca lcu la t i on  

l ~ l  (MeV) 

7.7352 

6.5853 

8,4847 

l ~ l  (MeW 

2.5221 

3.7994 

3.7782 

v 
( f m - ~ )  

O .6 

0.3 

O .6 

Fi 
( f m - ~ )  

O .6 

O .3 

O .8 



two extrerne classes o f  potent ia ls ,  tha t  the Feshbach-Rubinow method i s  a 

good approximation f o r  purely a t t r a c t i v e  potent ia ls .  A s im i l a r  s i tuat ion 

has been pointed out  by Bhaduri and Nogami (1976) f o r  the hel  ium atom 

and helium l i k e  ions. 

5. CONCLUSION 

The use o f  the general ized harmonic osc i  1 l a t o r  funct ions (GHOF) as a ba- 

s i s  f o r  the expansion o f  the rad ia l  functions, i n  the K- harmon ics  

approach, reduces the d i f f i c u l t  problem o f  so lv ing a coupled system of 

d i f f e r e n t i a l  equations t o  one o f  standard matr ix  diagonal izat ion. Many 

advantages o f  t h i s  approach are described i n  the text ;  i t s  main drawback, 

namely i t s  wrong asymptotic behavior, i s  analysed ca re fu l l y  through the 

'model t r i t o n '  f o r  various po ten t ia l s  and shown not t o  matter the least  

i n  p rac t i ca l  s i tuat ions.  Nevertheless, for a more re f ined ca lcu la t ion  

one could always use the method f o r  t a i  1 cor rect ion proposed e a r  1 i e r  

(Val 1 i ères e t  aZ. , 1976) . 

The potent ia ls  we have used here are obviously not very r e a l i s t i c ,  our 

purpose being t o  show the f e a s i b i l i t y  o f  the method rather than describe 

i n  d e t a i l  the physical 3 ~ .  Certainly,  the GHOF could be used i n  conjunc- 

t i o n  w i t h  more sophist icated nucleon-nucleon po ten t ia l s  o r  f o r  an a rb i -  

t r a r y  number o f  pa r t i c l es  (Val l ières e t  aZ., 1976). We have a lso  develo- 

ped a method t o  handle unequal mass (three-body) systems (Coelho e t  az., 

1976). 

A more r e a l i s t i c  app l i ca t ion  o f  the techniques used i n  t h i s  paper has 

been made by the authors ( ~ a l l  iêres, 1976) t o  the nucleus. The alpha 

p a r t i c l e  model was considered t o  represent C ' *  w i t h  special i n te res t  i n  
+ 

the s t ructure o f  the O exc i ted s ta te .  

In  the second h a l f  o f  t h i s  paper, we a l s o  examine Morpurgo  and 

Feshbach-Rubinow methods. The former i s  shown t o  be equivalent t o  the 

K=O hyperspherical approach; the l a t t e r  i s  found t o  be a very accurate 

approximate method f o r  the case o f  purely a t t r a c t i v e  potent ia ls .  
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APPENDIX 

We give i n  t h i s  Appendix, the proper d e f i n i t i o n  o f  the GHOF as wel l  as 

some o f  t h e i r  properties, enabling one t o  ca lcu la te  the 'matrix elements 

i n  Eqs. (2.6)-(2.8). 

Generalized Harmonic Osc i l l a to r  Function 

D i  f f e r e n t i a l  Equation 

1 where E = 2 n + ~ + ~ ( 3 ~ - 5 )  and, phys ica l ly ,  E=w( (p  i 
nK 

and a scal i ng parameter) ; N i s the number o f  p a r t i  

Recurrence Relat ion 

s the hyperradius , 
cles. 
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