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The one-dimensional s c a t t e r i n g  problem i s  t o  r e l a t e  the p o t e n t i a l  q i n  

the  opera tor  

t o  the so- cal led s c a t t e r i n g  data associated w i t h  E. I t  i s  known t h a t  

t o  a c e r t a i n  c lass  o f  p o t e n t i a l s  there  corresponds a c e r t a i n  c lass  o f  

s c a t t e r i n g  data, and conversely. l n  t h i s  paper, we i nves t i ga te  the 

sense i n  which t h i s  correspondence and i t s  inverse are s tab le .  Th is  

quest ion i s  i n t e r e s t i n g  per se and i s  p a r t i c u l a r l y  important  f o r  nume- 

r i c a 1  o r  experimental approaches t o  these problems.We in t roduce appro- 

p r i a t e  met r ics  i n  c e r t a i n  classes o f  p o t e n t i a l s  and o f  s c a t t e r i n g  data, 

and prove c o n t i n u i t y  r e s u l t s  f o r  both the d i r e c t  and inverse mappings. 

O problema do espalhamento uni-dimensional é re lac iona r  o potenc ia l  q 

no operador 

com os chamados dados de espalhamento associados com E. Sabe-se que a 

uma c e r t a  c lasse de potenc ia ís  corresponde uma c e r t a  c lasse de dados 

de espalhamento, e reciprocamente. Neste a r t i g o ,  investigamos em que 

sen t i  do es ta  correspondência e sua inversa são estáveis .  Essa questão 

tem in teresse por s i  mesma e é par t icu larmente  re levante para o t r a t a -  

mento numéri co ou experimental destes problemas. Introduzimos mé t r i -  
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cas apropriadas em cer tas  c lasses de po tenc ia i s  e de dados de espalha- 

mento, e obtemos resul tados de cont inuidade tan to  para o problema d i -  

r e t o  como para o problema inverso. 

1. INTRODUCTION 

The one-dimensional s c a t t e r i n g  problem appears no t  o n l y  w i t h i n  thecon- 

t e x t  o f  quantum mechanics, c f .  ~andau ' ,  bu t  a l s o  i n  the  mathematical 

desc r i p t i on  o f  a se r i es  o f  o the r  phys ica l  phenomena. These inc lude the 

r e f l e c t i o n  o f  e lectromagnet ic waves by var ious media - such as a p las-  

ma, c f .  Szu e t  ai?.' , the ionosphere, c f .  ~ a ~ ~ ,  a d i e l e t r i c  s lab,  c f .  

p o r t i n a r i 4  - o r  the propagation o f  waves i n  t ransmission 1 i nes  , c f .  

c o l i n 5  . One-dimensional s c a t t e r i n g  p lays  a r o l e  a l s o  i n  the study o f  

long water waves i n  a channel, due t o  i t s  r e l a t i o n s h i p  to  the Korteweg- 

-deVries equation, c f .  Gardner e t  ~ 2 . ~ .  

The r e s u l t s  contained i n  t h i s  paper g i ve  p a r t i a 1  answers t o  the  ques- 

t i o n  ra i sed  by Sabat ie r  i n  Ref. 5, narnely, "how s tab le  are  s c a t t e r i n g  

problems, and i n  which sense". Th is  quest ion i s  a basic concern t o  

anyone who i s  e i t h e r  seeking numerical approaches t o  these problems,or 

dea l ing  w i t h  experimental data. I n  our  case, we were l ed  t o  t h i s  I n -  

v e s t i g a t i o n  i n  the  course o f  our search f o r  an e f f i c i e n t  numerical pro- 

cedure f o r  the one-dimensional inverse s c a t t e r i n g  problem. The nume- 

r i c a l  r e s u l t s  we obtained are descr ibed i n  the second p a r t  o f  Ref.7 and 

w i l l  be publ ished i n  the  near f u t u r e .  

The organ iza t ion  o f  t h i s  paper i s  as fo l l ows :  I n  Sect ion 2, we r e c a l l  

some bas ic  r e s u l t s  on one-dimensional s c a t t e r i n g  and introduce the te r -  

minology t h a t  w i l l  be used throughout. I n  Sect ion 3, we s t a t e  and pro-  

ve some c o n t i n u i t y  r e s u l t s  f o r  bo th  the  d i r e c t  and inverse problems.We 

a l s o  p o i n t  ou t  how t o  get  s i m i l a r  r e s u l t s  f o r  the r a d i a l  problem, and 

i n  p a r t i c u l a r  how t o  res ta te  a previous r e s u l t  by ~archenko'. For t ha t ,  

we use the correspondence between the p rope r t i es  o f  the p o t e n t i a l  q and 
+ 

o f  the r e f l e c t i o n  c o e f f i c i e n t s  r and r- , as described i n  Theorem 4. 
Sect ion 4 i s  devoted t o  the proof  o f  some techn ica l  lemmas needed i n  

Sect ion 3. 



2. BACKGROUND 

I n  t h i s  Section, we exp la in  b r i e f l y  the bas i c  f ac t s  o f  one-dimensional 

sca t te r i ng ,  i n t roduc ing  a t  the same t ime the no ta t  ion  and terminology 

we adopted. 

We w i l l  use the standard nota t ions :  

( i )  For 15 p 5 m ,  L ~ ( D )  5 space o f  numerical func t ions  f def ined on D 

and such t h a t  

( ~ e  s h a l l  usual l y  take f o r  D the rea l  1 ine  I$ o r  the pos 

( i i )  C,(D) space o f  continuous numerical func t ions  def 

vanish a t  . 

i t i v e  ax i s  $1 

ined on D t h a t  

+ 
( i  i i )  W ' J ~ ( ~ + )  E space o f  numerical func t ions  def  ined on & tha t  are 

d i f f e r e n t i a b l e  almost everywhere and such t h a t  

Consider now the s t a t i o n a r y  Schrodinger operator  

on ~ ~ ( 4 ) .  We assume t h a t  the rea l  potentiai! , q(x) ,  tends t o  zero su f -  

f i c i e n t l y  f a s t  as x + + a  . Then, i t  i s  known t h a t  the continuous spec- 
+ 

trum o f  E comprises the p o s i t i v e  a x i s  8 , and has m u l t i p l i c i t y  2 .  I n  

add i t i on ,  there  may e x i s t  a f i n i t e  number o f  negat ive eigenvalues 
Ai, 

TO each po in t  k 2,  k rea l ,  i n  the continuous spectrum, one can asso- 

c i a t e  a two-dimens iona l  space o f  general i zed eigenfunctions ( x  , k )  . 
These a re  so lu t i ons  o f  the eigenvalue equat ion 



They do not  belong t o  L~ (4') but  can be shown t o  be bounded. Indeed, 

there  e x i s t  constants 

such t h a t  

1 irn [y(x,k)  - (A+eikX + ~,e<~";] = O , (2.2) 
X + f W  

i .e., the so lu t i ons  o f  (2.1) behave asympto t i ca l l y  as the so lu t i ons  o f  

the unperturbed equat ion y" + k2y  = 0. 

Conversely, g iven any p a i r  o f  constants (a,B), there  e x i s t s  a unique 

s o l u t i o n  o f  (2.1) f o r  which 

o f  course, A- , B- may a l so  be prescr ibed a r b i t r a r i l y .  

The pa i  r s  o f  constants (A-, B+) and (A+, B-) are ca l  l e d  the i n c o m k g  

and outgo ing components o f  the s o l u t i o n  y (x , k ) .  Th is  terminology i s  

rnotivated as f o i  lows: 

I f  y i s  a ' so lu t i on  o f  (2.1), then 

i s  a time-harmonic s o l u t i o n  o f  the per turbed wave equat ion 

The t e  rms 



and 

represent waves moving t o  the  r i g h t  o r  t o  the  l e f t ,  respect ive ly .  We 

ca l  1 a wave incoming i f i t moves f rom I towards the o r i g i n ,  and 

outgoing i f  i t  moves away from the o r i g i n  towards * . 

I t  turns  o u t  t h a t  the incoming components (A-, B+) determine the  out -  

going components (A+, B-) uniquely.  The operator  re la t i ng  them is givem 

by a 2x2 m a t r i x  c a l  l e d  the scattemng matriz and denoted by : 

The S-matr ix  depends on l y  on k, i .e., S Z ~ ( k )  , and n o t  on the p a r t i c u-  

l a r  s o l u t i o n  y being considered. 

We can a t t r i b u t e  a phys ica l  meaning t o  the  elements s i j ( k )  o f  S: 

Le t  $- denote the s o l u t i o n  o f  (2.1) which i s  a wave o f  uni  t ampl i tude 

coming i n  from -m, i .e., A- = 1, B = O .  (The ex is tence o f  such $- can + 
be proved r i go rous l y . )  Then by (2.3) the  outgoing components o f  $- are  

Now, s l l  = A+ i s  the amplitude o f  a wave t r a v e l l i n g  t o  the r i g h t ,  i.e., 

i n  the  same d i r e c t i o n  as the above incoming wave, w h i l e  s l ,  = B- i s  

the amplitude o f  a wave t r a v e l l i n g  i n  the opposi te d i rec t ion .The l a t -  

t e r  i s  thus mflec ted ,  w h i l e  the  former i s  tmnsrrritted. Accordingly, 

we w i l l  ca l1  

s (k) : trrmsrrrission coefficient from the Zeft, 
1 1  

s , ,  ( k )  : reflection coefficient from the Zeft, 

s 1 2 ( k )  : reflection coefficient from the right, 

s,, ( k )  : t r a n s ~ s s i o n  coe f f iden t  from the right. 

The m a t r i x  S has the f o l l o w i n g  impÒrtant p roper t ies ,  v a l i d  f o r  rea l  k :  



( i )  s,, = s,, ; ( i i )  S i s  uni tary;  ( i i i )  sij(-k) = S .  .(k) ; 
23 

( i v )  s,,(k) can be continued t o  the half-plane I m  k > O as a nonvani- 

shing merornorphic funct ion w i t h  simple poles a t  the points i~,, where 
J 

-K? = 1. < O are the eigenvalues o f  E; 
3 3 

(v) l i m  s l 1 k  1 ; v i  i s..(k) = O ,  f o r i Z j .  
l k k  lk1- 23 

Property ( i )  al lows us t o  refer t o  s,, = s,, as the transmission coef- 

f i c i e n t .  From now on, we w i  I 1  denote i t by t ( k )  , the r e f l e c t i on  coef- 
+ 

f i c i e n t s  from l e f t  and r i g h t  by r - ( k )  and r (k), r e s ~ e c t i v e l y ,  whi le  

r ( k )  w i l l  stand f o r  e i the r  r - ( k )  o r  r+(k) .  Thus, i n  t h i s  notat ion, 

Basedon the u n i t a r i t y  o f  t heS -ma t r i xandon  the uniqueness r e s u l t  

mentioned a f t e r  (2.2), we see t ha t  a so lu t ion o f  (2.1) i s  uniquely de- 

termined by any one o f  the pai  r s  o f  asymptotic components 

(A- ,  B+) , (A+, B - )  , (A-, B-1 , (A+, B+) . 

The u n i t a r i t y  o f  S also implies that  

t r - + ~ + t  = O ,  

lr-I2 + l t l 2  = I 9 

and 

Next we observe that  S i s  completely determined by e i t he r  o f  i t s  o f f -  

-diagonal elements and the d iscrete spectrum { - K ~  .I o f  E. Indeed, equa- 
3 

t i o n  (2.61, enables us t o  get I t l  from the knowledge o f  Irl. To deter- - 
mine a11 o f  t , we form 



f o r  Im k > 0, whi le  f o r  k real  

t(k) = l i m  t(k + i € )  . 
€'O+ 

Knowing t and m e  o f  the r e f l e c t i on  coef f ic ients ,  the other  r e f l e c t i on  

coe f f i c i en t  may be computed from (2.5) and thus the S-matrix i s  deter- 

mi ned. 

I f  we know the po ten t ia l  q(x),  we can determine r as a funct ion o f  k , 
k rea l .  The study of the way the S-matrix depends on q(x)  i s  ca l led  

the d i r e c t  probtem. 

I n  many physical s i tuat ions,  i t  i s  d i f f i c u l t ,  o r  impossible, t o  measure 

q d i r ec t l y ,  whereas one o f  the r e f l e c t i on  coe f f i c ien ts  i s  su i tab le  t o  

be measured. Bargmann discovered that  ne i ther  o f  the r e f l e c t i on  w e f -  

f i c i e n t s  alone contains enough information f o r  the unique determination 

o f  the po ten t ia l  q , even i f  we know the po in t  spectrum o f  E, c f .  Ref. 

9 .  This lack of uniqueness can be overcome i f  one knows a lso the nor- 
+ 

mat iz ing constants on the right, m , o r  on the kj%, m- i i They are 

introduced, f o r  each eigenvalue h = -K~. , as the inverse o f  the 
i 3 

norm o f  the eigenfunct i0ns I$ ( x ,~K .) o r  @- (x ,~K .) , whi ch are characte- 
+ 3 3 

r i zed by 

The inverse probtem i s  the search o f  information about q from the 

knowledge o f  one o f  the r e f l e c t i on  coe f f i c ien ts  , the corresponding 

normalizing constants and the po in t  spectrum o f  E .  

Proofs o f  the resu l t s  mentioned above may be found i n  Refs. 7, 10 and 

11. 



3. STABI LITY RESULTS 

I n  what fo l lows,  unless otherwise stated,  our  func t ions  w i l l  be rea l  

valued and rneasurable, def ined on e i  t he r  the rea l  l ine  4 o r  on the po- 

s i t i v e  ax i s  4'. We w i l l  use the n o t a t  

I l f  ll .j 
(1) 

+ 
where both the i n t e g r a l  and the supremum a re  taken on 4 o r  4 , whi che- 

ver the domain o f  f. 

L e t  P be the se t  o f  piecewise continuous func t ions  q(x)  def ined on 4 
and s a t i s f y i n g  

a  f unc t i on  q  i n  P w i l l  be c a l l e d  a  potential.  

Let  R' be the se ts  o f  continuous cornplex func t ions  r T ( k )  de f ined on 

and such tha t :  

( i )  r' have real Four ie r  transforms, 

t h a t  a re  abso lu te l y  continuous and whose de r i va t i ves  F' 
f 

(3.1) I 

t )  s a t i s f y  



f o r  a11 rea l  a ; 

( i  i )  I r ( k )  I < 1, f o r  k # O; i f l r ( 0 ) I  = 1, then r ( 0 )  = -1 .  ( Note t h a t  

I r ( 0 ) 1  Li ,  by c o n t i n u i t y ;  and by ( i ) ,  r ( - k )  = TCk),  so t h a t  r ( 0 )  i s  

r e a l )  ; 

From now on, when dropping the + superscr 
+ + 

e i  ther  r o r  r-, F o r  F-, e tc .  We w i l  l 

as re f l ec t i on  coef fk ien ts .  

i p t s ,  we w i l l  be r e f e r r i n g  t o  

r e f e r  t o  the func t ions  i n  R 

As remarked i n  t he  previous Section, a  s e t  o f  s c a t t e r i n g  da ta  i s  a  tri- 

pie 
+. 

s E (r+,  K, rnf)  , 

where r i s  a  r e f l e c t i o n  c o e f f i c i e n t ,  K - ( K . )  andm = (m.)areN-tuples 
3 .  3 

o f  p o s i t i v e  numbers, N being a  nonnegative i n tege r  and the K ' s  being 
Li  

a l l  d i s t i n c t .  The c o l l e c t i o n  o f  a11 such s c a t t e r i n g  data w i l l  be de- 
+ 

noted by S - .  

The assumptions made above on the p o t e n t i a l s  a re  nea r l y  the weakest 

t h a t  we can make and s t i l l  have a  s c a t t e r i n g  theory. Indeed, the  i n -  

t e g r a b i l i t y  o f  q impl ies  the asymptotic behavior o f  the  so lu t i ons  o f  

(2.1), as described i n  (2.2), wh i l e  the existence o f  the f i r s t  mment 

o f  q impl ies  the f i n i t e n e s s  o f  the p o i n t  spectrum o f  E, c f .  Ref. 7. 

On the  o the r  hand, the cond i t ions  imposed on the s c a t t e r i n g  data are  

a l s o  nea r l y  as m i l d  as they cou ld  be, as i s  assured by the f o l l o w i n g  

r e s u l t ,  c f .  Refs. 10, 12: 

Theorem 1 (~addeev)  . There e x i  s  t s  a  one- to-one correspondence between 

the s e t  o f  p o t e n t i a l s  P  and e i t h e r  se t  o f  s c a t t e r i n g  data S+ o r  S-. 

We now s t a t e  the two main c o n t i n u i t y  r e s u l t s  we obtained. Observe that  
+ 

we r e s t r i c t  ourselves t o  sets smal ler  than P a n d S .  Le t  P  be the s e t  

o f  p o t e n t i a l s  q such tha t :  



+ 
(a) + each q E P vanishes on some h a l f - l i n e  ( x L d  ; 

(b) q(x) = O ( X - ~ ) ,  1x1 % 03 ; 

'(c) the operator E associated w i  t h  q has no po in t  spectrum. 

Theorem 2 (Stab i l  i ty o f  the D i  rec t  Scatter ing Problem) 

Take i n  P+ the distance corresponding t o  

11 4 11 - 11 4 11, + 11 9 

the norm 

+ 
Then the d i  rect  s ca t t e r i  ng mappi ng q -t r i s  cont inuous f rom P+ t o  L*(#). 

Remark. To get an analogous resul t f o r  r-, introduce the set P-, requi- 

r i n g  instead o f  condi t ion (a)+ : 

(a)- each q E P- vanishes on some h a l f - l i n e  ( x  > a). 

I n  order t o  s t a t e  a con t inu i t y  resu l t  f o r  the inverse mapping, l e t  us 

i ntroduce two new sets : 

Let R: denote the sets o f  r e f l e c t i on  coe f f i c ien ts  rf f o r  which F: are - 
bounded and s a t i s f y  

~ g t )  = ~ ( l t l - ~ ) ,  1t1 - m  

where the F: are def ined i n  (3.1) . 

i l i t y  o f  the Inverse Scatter ing Mapp 

Take i n  R: the distance associated w i t h  the norm 

- 

Theorem 3 (Stab 



and i n  P the distance associated w i th  uniform convergence on compact 

sets. Then the inverse scat ter ing mappings R: -+ P are continuous wi t h  

respect to  the above metrics. 

Remarks. (a) Actual l y ,  the mapping R: -+ P i s  continuous i n  the topo- 

logy o f  uniform convergence on ha l f - l i nes  I x z d ,  while R ; + P  i s  

continuous i n  the topology o f  uni form convergence on { x  < a) .  (b)  The 

same con t inu i t y  resu l t s  hold i f  we f i x  an integer N > O and consider 

scat ter ing data s - ( r , ~ , m )  , wi t h  N-tuples K and m, r E R , ,  and 

take 

where the norms f o r  K and rn are norms. 

To prove these theorems, we introduce the functions B + ( x , y ) .  They es- - 
tab l i sh  the l i n k  between the po ten t ia l  q  and the r e f l e c t i on  coef f ic i -  

ents 2 .  The re la t ionship between them and the po ten t ia l  q ( x )  i s  ex- 

pressed by the equations 

whi l e  the so-cal l ed  Marchenko equat ions, 

r e l a t e  B+ t o  the scat ter ing data, since R i s  defined as - 



Equations (3.5) f i r s t  appeared i n  Refs. 3, 13. 

To study the d i  r e c t  mapping, f i r s t  we so lve  (3.41, which i s  a Vol t e r r a  

equat ion f o r  B(x,y) .  Once B i s  determined, we se t  y = O i n  (3.5) , 
regarding now B as the kerne l  . The equat ion we ob ta in  f o r  R i s  again 

o f  V o l t e r r a  type: 

When cons ider ing  the inverse mapping, we regard R as given and solve 

equations (3.5) f o r  B , observing t h a t  these are a f am i l y  o f  Fredholm 

equations, where x e n t e r s  as a parameter. Once B i s  determined, we 

can ge t  q from (3.4) by s e t t i n g  y = O and d i f f e r e n t i a t i n g  w i t h  res- 

pect  t o  x : 

Consequentl y, we have t o  anal yse the  con t i nu i  t y  p roper t ies  o f  the chain 

o f  mapp i ngs 

The proof  o f  Theorem 2 i s  based on Claims 1-3 o f  Sect ion 4, which g i ve  

the c o n t i n u i t y  o f  q -ta+. Since i n  the absence o f  the p o i n t  spectrum, 

$2 = F, the  Four ie r  t ransform o f  r, we can use the u n i t a r i t y  o f  the 
+ 

Four ie r  t ransform t o  ob ta in  the  c o n t i n u i t y  o f  q + r . 

Theorem 3 i s  a d 

remark tha t ,  f o r  

we requ i red 

i r e c t  consequence 

the sake o f  brev 

o f  Claims 4 and 5 i n  Sect ion 

i t y  i n  the statement o f  t h i s  

4. We 

theorem, 

instead o f  the weaker cond i t ions  

i 48 



which are  the  ones we a c t u a l l y  use, and t h a t  hold, f o r  example, i f  

and 

We end t h  

Theorem 2 

t i o n s  ana 

i s  sec t i on  w i t h  two observat ions.  F i r s t ,  r e s u l t s  s i m i l a r  t o  

and 3 can be obtained f o r  the r a d i a l  problem, s ince equa- 

logous t o  (3.4) and (3.5) ho ld  i n  t h i s  case, c f .  Refs. 14,15. 

Second, equations (3.4), (3.5) and (3.7) permi t  us t o  e s t a b l i s h  a  

r e l a t i o n s h i p  between some p rope r t i es  o f  the po ten t i  a1 q  and those o f  
+ 

the r e f l e c t i o n  c o e f f i c i e n t  r , more exact ly ,  o f  the d e r i v a t i v e  o f  i t s  

Fou r ie r  t ransform F: . The proof  i s  based on the f o l l o w i n g  inequa l i-  

t i e s  t h a t  ho ld  f o r  x  2 O, c f .  Ref. 10: 

whe r e  
a 

S i nce 

these i n e q u a l i t i e s  imply 

Theorem 4. The p o t e n t i a l  q ( x )  s a t i s f i e s  



i f  and o n l y  i f  

C ( t )  = o ( t - 9  , t ,I, + , 

I f  E has no p o i n t  spect rum, then  q ( x )  = 0 ,  f o r  r > A ,  i f  and o n l y  i f  

~ + ( t )  = 0 ,  f o r  t > A .  

There e x i s t  analogous r e l a t i o n s  r e l a t i n g  t h e  behav io r  o f  q ( x )  and 

c(*) a t  - a i s 0  f o r  t h e  d e r i v a t i v e s  q ( i ) ( ~ )  and ~ ( ' " ' ( t ) ;  and a  

s i m i l a r  r e s u l t  h o l d s  f o r  t h e  r a d i a l  problem. 

By u s i n g  Theorem 4 , we can r e s t a t e  a  p rev ious  s t a b i l  i t y  resul  t 

by Lundina and Marchenko, c f .  Ref. 8 ,  w i  t h  hypotheses on l  y  on t h e  

s c a t t e r i n g  d a t a ,  a v o i d i n g  a  p r i o r i  assumptions on t h e  p o t e n t i a l s .  

4. TECHNICAL LEMMAS 

i n  t h i s  S e c t i o n  we w i l l  denote by L ( ' )  (D)  o r  L ( * )  (D) t h e  s e t s  o f  func-  

t i o n s  f on D  f o r  w h i c h  

r e s p e c t i v e l  ; x(D)  s tands  f o r  t h e  s e t  o f  bounded f u n c t i o n s  f t h a t  be- 

long t o  L ( l r ( D )  and decay l i k e  

We a l s o  use t h e  n o t a t i o n  M Z h + x  h+. 

C la im 1 .  For any q  i n  L'(R+) () L") (R') , t h e  e q u a t i o n  

B ( x , ~ )  = I q ( t )  d t  + de I q ( t )  B ( t , z )  dt,  g y ?  O ( 4 . 1 )  

has a u n i q u e s o l u t i o n  B .  T h i s  s o l u t i o n  belongs t o C o ( ~ ) ,  i t s  f i r s t  

d e r i v a t i v e  3,B belongs t o  L'(M), and t h e  mapping S : q  -+ B i s  c o n t i -  

nuous w i  t h  respect  t o  t h e  norms 



Also, i f  q  i s  continuous, so are  ô l B  and 3,B. 

Proof: Consider the operators - 
Y m 

V : 6 -+ C(x,y) 
9  

1 a \ q ( t )  B(t ,a)  d t  , 
0 x+y-z - 

for  q  i n  L 1 ( b + ) ( l  L ( ' )  (h+).  Then, 

< 
so that 11 V B 11- - I (  q  ) I  (,) 11 B 11 ; i .e . ,  V i s  a bounded opera- 

'l 9  
to r  on Lm(&I) which depends continuously on q  E ~ ' ( 4 ' )  I\ L") (,#'+I. 
Now , 



and, i n  the sarne way, 

which impl i es  t h a t  on L ~ ( M ) ,  (I+$)-' e x i s t s  and 

By the c o n t i n u i t y  o f  the invers ion  rnapping on the algebra o f  bounded 

i n v e r t i b l e  operators (wi t h  the un i fo rm operator  topology),  (I + vq) - l  

depends cont inuously on q .  

L e t  

< 
Then 11 Q l l m  - 1 1  q 11, , and thus, s ince (4.1) may be rewr i  t t e n  as 

the  c o n t i n u i t y  o f  the rnapping S from L'($+) (1 L ( ' )  (8') t o  L ( M )  

does fo l l ow .  

Now, Q i s  continuous, and so i s  V Q; consequently 
9 

B =  (vqIm Q 
m=O 

m 
i s  a l s o  continuous, as t h i s  ser ies  converges i n  the L (M) sense. Since 





By m d i f y i n g  the previous estimates fo r  i n  t h i s  fashion, we get 
4 

so that  the solution o f  (4.1) s a t i s f i e s  

This inequali ty implies that B vanishes a t  . 

By d i f fe ren t ia t ing  ( 4 . 1 )  w i  th respect to  x, we get 

outside a nu11 set.  Therefore, 

m w m  m  



Claim 2 .  I f  q E X(#+), i n  addi t ion t o  the conclusions o f  Claim 1, we 

have that  

a l ~ ~ ~ P  M l ' < p ( -  , 

and that  S : q -* B i s  continuous w i th  respect t o  the norms 

Proof: I f  we consider ql and q, sa t i s f y i ng  the hypotheses, and B1 and - 
Br are t h e i r  corresponding images by S, we obta in  from (4 .2 )  that  

and that  a lB  depends continuously on q, i n  the L ~ ( M )  norm. We can a lso 

conc 1 ude tha t 

A l l  that  i s  l e f t  t o  show i s  the continuous dependence o f  B on q , i n  any 

# ( M )  norm, f o r  p L 2. To get t h i s  r;?sult, l e t  us show f i  r s t  that 

i s  a compact operator on L ' ( M )  which depends continuously on q: 
5 



Now, f o r  R + + m , 

uniformly f o r  11 6 11 < 1. I n  the same way we prove tha t  
1 - 



compact i n  L1(M) by the ~ o l m o ~ o r o v - ~ r é c h e t  Theorem, and therefore V 
9 

i s compact on L' (M) . 

Assume now that  f o r  some X # O and some f3 E L1(M), V = Xf3 . 
9 

Then since 

II Vqf3 IIm i 11 4 11m II f3 111 r 

we conclude that  f3 O. This simplies that  (I-V ) i s  i n ve r t i b l e  on 
qm 

L1(M). Thus, as an operator on e i  ther L'(M) o r  L (M) , (I-V ) -  ' i s  
+ 4 

bounded and depends continuously on q E X($ ) ,  so tha t  the same must 

also hold f o r  #(M), 1 < p < . Now, 

m t t-x 

m t t-2 
1 II f II, 

42- 

so tha t  Q E L2(M). This gives the con t inu i t y  o f  

(4.1) i n  the sense of the L2  (M) norm. But cont 

L sense implies cont inu i ty  f o r  any L' norm, 2 

the so lu t ion B of 

i n u i t y  i n  the L2  and 

5 p s m  

+ 
Claim 3. I f  B = S(q) f o r  some q E x($ ) ,  S as defined i n  Claim I, the 

equation 



has a unique s o l u t i o n  R. This s o l u t i o n  belongs t o  .LP(#+), f o r  IZpFm, 
and s a t i s f i e s  R(x) = o ( l / x ) ,  f o r  x -+ +"; i t  i s  a l s o  d i f f e r e n t i a b l e  , 
.Qf E L* (L$+) , and the mappi ng 

i s  continuous. 

Remark. Stronger conclusions can be obtained f o r  R ' ,  narnely t h a t  

n1 . (&+)O c,(@+) 

which i n  p a r t i c u l a r  irnpl ies t h a t  

Proof : Cons i der the operator  - 
m 

V :  w - t C ( x )  r ~ ( x , t - x )  ~ ( t )  dt, x > O ,  B 1 
x 

w i t h  B i n  S(X). We slairn t h a t  VB i s  o f  Vo l t e r ra  type on L m(r) . 
I ndeed : 

I v ~ c ( Y )  I III w 11, 5 \ S ( X )  exp n(l<) rù. \ ~ ( t )  exp n(x)  dt 



5 DI /I(,) exp 11 4 11 (1)]2/2 9 

and i n  general 

Consequently, a s o l u t i o n  f o r  (4.3) e x i s t s ,  i s  unique, and í s  g iven by 

being thus a continuous func t ion .  

We show now t h a t  V i s  bounded i f  considered as an opera tor  from $($?+) 
B 

t o  Lq($) , where 1 5 p 5 p 5 . We a1 ready know t h a t  VB i s  boun$ed on 

L,(#+). It i s  a l s o  bounded i n  L'($+): 

so t h a t  

Thus VB i s  bounded f r o m ~ ~   to^^, f o r p ,  q E i , 1 , q p .  This 

impl ies  t h a t  the same holds f o r  p ,  q E [l  , g, q L p 

Assume now t h a t  VBw = Xw, f o r  X # O, w E L' . Then 



so t h a t  w E Lm(@), and conseguentl y w i O. Thus VB i s  one-to-one on 

L*($+). Being VB the un i fo rm l i m i t  o f  compact operators,  we conclude 

t h a t  

(I+v& -': L~ (&+) - L 2  ($+) 

i s  def ined and bounded. Observe t h a t  f o r  2 5 < m, l/p + 1/pi = 1, 

and thus, 

+ 
Therefore, by (4.4), as an opera tor  on L' (8 ) , VB depends cont inuousl  y 

on B . The same a l ç o  holds f o r  (I+VB)-', and hence f o r  Q=(I+v~)-'B(.,o). 

Let  us r e f i n e  the previous est imates i n  order  t o  get  more in format ion  

about R. Denoting 



so that 

-- 

x = I -  i (-u",s)(x)l 5 <(x)i(x) exp b(x)~(x)] . 
n=O 

we have , 

Now rewrite ( 4 . 3 )  as 

By differentiation, we get 



o r ,  i f  we denote A E a B ,  
1 

The proof i s  complete. 

Claim 4. Let  us consider d i f f e r e n t i a b l e  functions, R : 9 + 4 that  va- 

n ish  a t  m, such tha t  

have the fo l lowing propert ies:  

(a) For any f i x e d  Q and p = q ,  

uniformly i n  p .  

(b) For q  o r  p = q  = m ,  G i s  compact. 

(c)  Consi der the norm 
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Then 

for a1 1 p,  q and x ,  and G(x,Q) depend continuously on the pai r ( x , Q ) ,  

i n  the sense of any p, q operator norm. 

Proof: Let  - 

and 

Therefore, 

where C i s  the charac te r i s t i c  function o f  [ x , ~ ) .  Also, 
2 



and 

Thus, G(X,R) i s bounded by 11 R )I as an opera tor  f rom t o  L ~ ,  f o r  

p 5 q, p,q E ( 1  ,a). By the Marcel Riesz I n t e r p o l a t i o n  Theorem, the sa- 

me holds f o r  p 5 q, p,q E [17w]. 

Le t  us show now t h a t  

by the Lebesgue Dominated Convergence Theorem. For p = 1 



again by the LDC Theorem. A f u r t h e r  appl i c a t i o n  o f  the M R I  Theorem 

gives us the r e s u l t  f o r  any p = q E [l ,w]. Now, G(x,R) i s  l i n e a r  i n  

R. By the est imate (4.6) above, i t i s  a un i fo rmly  continuous func t ion  

o f  R. Since i t  i s  a continuous func t i on  o f  x ,  f o r  f i x e d  Q, we conclude 

tha t  i t  i s  a continuous func t i on  o f  the p a i r  (x,Q). 

The compactness o f  G ( x , R ) ,  f o r  q -+ a, i s  a consequence o f  G being the 

un i fo rm 1 i m i  t o f  i n t e g r a l  operators on f i n i  t e  i n t e r v a l s :  

I n  the case o f  ~ ~ ( 4 + ) ,  we observe t h a t  f o r  I( @. liw 5 1 

li +; liw c Il li< li Q li 

and tha t 

un i f o rm ly  w i t h  respect t o  4. 

Claim 5. Consider the fam i l y  o f  i n t e g r a l  equations 

fo r  rea l  X .  Assume t h a t  R i s  d i f f e r e n t i a b l e ,  



and 

Then : 

(a) For each f i x e d  x, there  e x i s t s  a unique s o l u t i o n  B(x,. ) o f  (4.7); 
+ 

t h i s  s o l u t i o n  belongs t o  the Sobolev spaces w ~ J P ( #  ) f o r  1 sp 5 and 

vanishes a t  y = +. 

(b) I f  Q1 i s  continuous so i s  alB(x,y). 

(c) Le t  B be the r e s t r i c t i o n  o f  B t o  (x > a, y > 0); then the mapping 
a 

i s  continuous w i t h  respect t o  the norms 

Proof :  The operators I + G(x,Q) are  s t r i c t l y  p o s i t i v e  i n ~ ~  as i s  shown - 
i n  Refr .  7 and 10. Now, assume t h a t  mX E L ~ ,  f o r  p < and 

c0 

B r  (4.6), 4, E L . But i f  % E L* s a t i s f i e s  (4.81, we can conclude 

t? %at \ r  3 and thus mx E 0. To prove t h i s  l a s t  a rse r t i on ,  we on l y  
m 

I have,to observe t h a t  f o r  any 4 E L , 
*- \ 



and th is  l a s t  quant i ty  tends to  O as y += wo . 

Now we c la im that  i f  

then 

This i s  a consequence o f  the cont inui ty  o f  G(x ,Q)  as a function of the  

pai r ( x , ~ )  and i t s  asymptotic behavior as x + + m  . Denote 

then 

and therefore 

I im sup 1 1  F ( x , Q ~ ) T ~ Q ~  - F(x,Q)T~QII 
R,% x-O 

+ sup ) I  F(x,Q,) - F ( x , ~ )  / I p  1 1  TxQ / I p  
x20 



By d i f f e r e n t i a t i n g  (4.7), we get  

o r  equ i va len t l y  

By using the est imates i n  Claim 4, we get  t h a t  

and depends cont inuousl  y on R, i n  the sense o f  (4.5), as does Tz Q i  . 
Thi  s completes the proof .  

The r e s u l t s  contained i n  t h i s  paper are p a r t  o f  a Ph.D. Thesis presen- 

ted a t  New York Un ive rs i t y .  The author would l i k e  t o  express h i s  gra- 

t i t u d e  t o  the  encouragement received from h i s  advisor,  P ro f .  Peter  D. 

Lax, and from Je r r y  A. Goldstein (Tulane Un ivers i  t y )  . Thanks are  a l so  

due t o  the f i nanc ia1  support received a t  d i f f e r e n t  stages from CNPq 

(T.C. 104771, the B r a z i l  ian  M i n i s t r y  o f  Foreign A f f a i  rs, the Courant 

I n s t i  t u t e  (NYu) , and the Un ivers i  t y  o f  B r a s i l  ia .  
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