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A method f o r  s o l v i n g  numer ica l ly  eigenvalue systems o f  second order  d i f -  

f e r e n t i a l  equations i s  presented. Th is  method i s  a r e s u l t  o f  an i n t e r -  

p lay  o f  the matching method and the l i n e a r  m u l t i s t e p  methods fo r  the so- 

l u t i o n  o f  the  system as w e l l  as f o r  the d e r i v a t i v e  o f  t h a t  so lu t i on .  An 

ana lys is  and con t ro l  o f  the e r r o r s  envolved i n  the method i s  a l s o  presen- 

ted. 

Apresenta-se um método para a solução numérica do problema a autovalores 

para um sistema de equações d i f e r e n c i a i s  de segunda ordem. Esse método 

r e s u l t a  de uma combinação do método do match com os métodos l  ineares a 

k-passos e fornece tan to  a solução do sistema como sua der 

senta-se também uma aná l i se  e um con t ro le  dos e r ros  envolv 

ivada. Apre- 

i dos no método. 

1. INTRODUCTION 

Methods f o r  the numerical i n t e g r a t i o n  o f  d i f f e r e n t i a l  equat ions and sys- 

tems o f  d i f f e r e n t i a l  equations, over a f i n i t e  range o f  the d e f i n i n g  do- 

main of the independent va r i ab le ,  a re  w e l l  known i n  the li t e r a t u r e  [see, 

e.g. Refs. 1-31. Nevertheless, i n  order  t o  determine, i n  quantum me- 

chanical  problems, eigenvalues and eigenfunct ions o f  the Schrodinger 

equation, one i s  lead t o  the i n t e g r a t i o n  o f  eigenvalue d i f f e r e n t i a l  equa- 

t i o n s  (o r  sys temo f  equat ions),  the s o l u t i o n  o f  which must cons i s t  o f  

square i n teg rab le  func t ions ,  which one seeks t o  determine over an i n f i -  

n i  t e  range o f  the independent va r i ab le .  This new fea tu re  o f  the pro-   
blem requ i res  the use o f  an appropr ia te  method. 
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One such a  method i s  the "matching method", whose bas ic  ideas a re  the 

fo l l ow ing :  

a) f i x  both a  "guessed" value, f o r  the eigenvalue, and a  value f o r  the 

i n t e g r a t i o n  step, and i n teg ra te  the d i f f e r e n t i a l  equat ion (or  system) 

forward i n  a  f i n i t e  region; 

b) f i n d  a  s o l u t i o n  i n  an asymptot ic  region,  and use i t s  values a t  some 

po in t s  o f  t h i s  region as i n i t i a l  values, i n  order  t o  i n teg ra te  the d i f -  

f e r e n t i a l  equat ion (or  system) backward up t o  a  f i n i  t e  region;  

c )  check i f the guessed value f o r  the eigenvalue wi 1 1  p rov ide  a  match, i n  

some prescr ibedpo in t ,  o f  the s o l u t i o n  obtained by forward i n t e g r a t i o n  , 
w i t h  t h a t  obtained by backward i n t e g r a t i o n .  I f  i t  does not ,  another va- 

lue  f o r  the eigenvalue i s  t o  be t r i e d .  

The matching method f o r  so l v i ng  one s i n g l e  eigenvalue d i f f e r e n t i a l '  equa- 

t i o n  i s  a w e l l  es tab l ished thecnique4 

I n  order  t o  solve the Hartree-Fock equations f o r  atoms and ions, Froese5 

es tab l ished a  method t o  solve systems o f  d i f f e r e n t i a l  equations o f  the 

form 

.FJ 
y'! 1x1 = 1x1 y . íx)  + Eiyifx) , i = 1,2 ,... ,N, z C ' i j  J 

j= 1 

wi t h  boundary condi t ions yi (O) = yi ( w )  = O .  Denot ing  by gi(x) the cou- 

p l  i ng terms, Eq .  (1.1) reads 

I n  Froese's method, one s t a r t s  f i n d i n g  a  f i r s t  est imate,  f o r  yi(x) 

(i= 1,2,. . . , N ) ,  which i n  t u r n  determines gi (x) .  Considering the gi(x) 

as independent func t ions ,  the system (1.2) becomes a  se t  o f  N decoupled 

d i f f e r e n t i a l  equations which are then solved by the matching method f o r  

one d i f f e r e n t i a l  equation. With the values o f  y i fx )  soob ta ined ,  one - 
evaluates again g . f x )  and repeats the process, u n t i  1 the resu l  t s  are z 
"se1 f -cons i s  ten t " .  



For an eigenvalue d i f f e r e n t i a l  system o f  the type 

which w i l l  concern us here, Froese's method does no t  apply s ince,  once 

" sel f- consistency"  i s  achieved, one obta ins  N parameters Ei instead o f  

a s i ng le  one. 

Recently, the matching method has been app l ied  t o  the s o l u t i o n  o f  e i -  

genvalue systems o f  second order  d i f f e r e n t i a l  equations (1.3) by ~ a ~ n a l ~ .  

However, the s o l u t i o n  o f  (1.3) appeared i n  R a y n a l ' s  paper as a 

p a r t  o f  a broader problem, and, probably due t o  t ha t ,  i t  d i d  not  rece i -  

ve a thorough t reatment.  I t  i s  our aim t o  prov ide  such a treatment i n  

the present paper. 

I n  order  t o  f i x  the no ta t i on ,  and t o  c o l l e c t  most o f  the re levant  f o r -  

mulas, a b r i e f  survey o f  l i n e a r  m u l t i s t e p  methods f o r  the numerical i n -  

t eg ra t  i on  o f  second order  d i  f f e r e n t  ia1 equat ions (and systems), based 

on Refs. 1-3, i s  g iven i n  Sect ion 2. Sect ion 3 deals w i t h  the develop- 

ment o f  the matching method, s t a r t i n g  w i t h  one s i n g l e  d i f f e r e n t i a l  equa- 

t i o n ,  i n  which case one can get  a b e t t e r  i n s i g h t  i n t o  the problem, and 

then going t o  systems o f  d i f f e r e n t i a l  equations. The e r r o r s  envolved 

i n  the method are  ana l ised i n  Sect ion 4. 

2. A BRIEF SURVEY OF LINEAR MULTISTEP METHODS 

2.1 ONE SINGLE DIFFERENTIAL EQUATION 

Consider the prob l e m  o f  so l v i ng  numerical l y  the d i f f e r e n t  ia1  equation, 

(2.1) 
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for x in the range -m<a<x<b<m, with the boundary conditions 

There is a great variety of methods for obtaining approximate solutions 

of ( 2 . 1 1 ,  once some starting values for yíx) are given. We shall focus 

our atention only on the socalled linear multistep methods. 

Let ixn) be a sequence of equal ly spaced points xn = a+nh, in the range 
a*<b, where one seeks a solution of (Z.l).Let yn be an approximation 

to the exact solution, at xn, that is, to yín) and fn- ffxn,yn). A l i -  

near mul tistep method (LMM) , of stepnumber k, is a computational proce- 
dure for deterrnining the sequence fyn) by the following. 1 inear rela- 

ti'onshi p between ynij and fnij (j= 0,1,. . . , k )  : 

where a and 8. are constants of the method. I t i s assumed, without 
j 3 

loss of generality, that ak = 1 and a f3 # O. 
o o 

To the linear multistep relation (2.3) one associates the linear diffe- 

rence operator 

in which gfxl is any arbitrary function whose second derivative does 

exist. I f  gfx) possesses higher continuous derivatives, one uses Tay- 

loris expans ion 

where the C's are well defined functions of the a's and Bis (~ef.3) . ~ h e  

LMM, (2.3), is said to be of order p ifl 



3 
For an LMM of order  p ,  the remai nder i n (2.5) i s bounded by 

and z+ = z i f  z 1 0 ,  and zero otherwise.  (2.10) 

Ref . 3  quotes a1 1 convergent LMM, f o r  k up t o  4. The s implest  ones are 

those w i t h  k=2, namely, 

LMM (2.12), known as Numerov's method, i s  the most popular o f  them a l l .  

2.2 SYSTEM OF DIFFERENTIAL EQUATIONS 

Consider now the problem o f  so l v i ng  numer ica l ly  the system o f  d i f f e r e n -  

t i a 1  equations 

fo r  x i n  the range -%alx<b<m, w i t h  boundary cond i t ions  

y.(a) = qi; yk ía)  = q! ; -i = 1,2 ,..., N. 
Z 2 

(2 .14)  
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S i m i l a r l y  t o  the case o f  one s i n g l e  d i f f e r e n t i a l  equation, one seeks 
+ 

f o r  a sequence (y 1 o f  vectors t h a t  represent an approximation t o  the n 
3 .  vector  f unc t i on  so lu t i on ,  y, i n  a given range a<xsb .  A l i n e a r  mu l t i s tep  

o f  stepnumber k  i s  then def ined by 

and the d e f i n i t i o n  o f  order remains fo rma l l y  the same, being enough t o  
-i 

replace g í x )  by g í x ) ,  i n  (2.4) and (2.5). The bound f o r  the remainder 

i s  now
2 

where 

SE [x,x+kh] 

1 1  $ ( x )  1 1  = l g l  (5) I+. . . + l g N ( x )  I 

3. THE MATCHING METHOD 

Consider now the problem o f  f i n d i n g  a numeri 

i )  the eigenvalue d i f f e r e n t i a l  equation, 

ca l  s o l u t i o n  t o :  



w i t h  boundary cond i t ions  

ii) the system o f  eigenvalue d i f f e r e n t i a l  equations, 

N N 
yZ(x)= I v'..fx)y.fx)+Eyifx)= I ~ ~ ~ ( x ) y . f x ) ; i = 1 , 2  ,..., 1, (3.3) 

j=l 23 3 $1. 3 

w i t h  boundary condi t ions 

I n  apply ing the theory o f  the previous sect ion  t o  (3.1)-(3.2) and (3.3)- 

(3.4), two d i f f i c u l t i e s  a r i se ,  namely,l) the eigenvalue E i s  an unknown 

constant t o  be determined; 2) the range o f  x i s  i n f  i n i  te .  

The rnatching method, which we s h a l l  describe i n  the remaining o f  t h i s  

sect ion,  was introduced t o  solve such d i f f i c u l t i e s .  

3.1 THE MATCHI NG METHOD FOR A S I NGLE DIRERENTIAL EQUATION 

Let xmax be a p o i n t  such tha t  f o r  x 2 x m x ,  v f x )  can be approximated,wi- 

t h i n  a good accuracy, by a s impler expression v (x) which al lows one 
aspt 

t o  f i n d  a n a l y t i c a l  so lu t i ons  t o  (3.1). Cal1 4c(x;E) a s o l u t i o n  o f  (3.1) 

w i t h  v fx) i n  p lace o f  vfx)  which goes t o  zero as x goes t o  i n f i n i -  
aspt 

t y .  Then one takes a "guessed" value f o r  E, and t e s t  whether (3. I), 

wi t h  the t r u e  víx) ,  admits a s o l u t i o n  y(x) such tha t  y(0)= O and y(x)= 

$cfx,E), f o r  x l x m a x .  I f  i t  does not ,  one t r i e s  another value, and so 

on . 

The t e s t  consists i n  the fo l lowing:  

1) One chooses a se t  o f  m equal l y  spaced points,  x =O, x =h,. 
o 1 

i n  the range [O ,xmx], and i ntegrates (3.1) backward f rom xm 

x =x II match ( ~ e f .  71, using a convergent k- step LMM ( 2 . 3 1 ,  wi t h  

va 1 ues 

,x =x rn max' 
t o  some 

s t a r t i n g  



b  b  b  
I n  t h i s  way, one obta ins  a se t  o f  numbers ( y & f ~ ) ,  yR+, ( E ) ,  . . . , y m f E ) } , a s  

a numerical approximation t o  the values o f  the s o l u t i o n  y f x )  o f  (3.1) , 
a t  the po in t s  x =x =x + h , . . . ,  x =x R  niatch' "R+i R  m  max' 

2) Since t o  s t a r t  the i n t e g r a t i o n  o f  (3.1) by a k- step LMM, k-1 i n i t i a l  

va 1 ues y, ( E ) ,  y ,  ( E ) ,  . . . , yk-,  ( E )  are needed, and we have on 1 y y ,  ( E )  = O 

(Eq.3.2), we need t o  choose a s t a r t i n g  procedure t o  ob ta in  y l  ( E ) ,  . . . , 
Yk- i  ( E )  as accurate app-oximations t o  y f x , ) ,  y f x , ) ,  . . ., Y ( X ~ - ~ ) .  [ One 
such a procedure i s  g iven i n  Appendix 1 .I Get t ing  ho ld  o f  then, one ma- 

kes u s e o f  a k - s t e p  LMM t o  i n teg ra te  (3.1) forward, ob ta in ing  i n  t h i s  
f f way, the values y k f E ) ,  Y ~ + ~ ( E ) , . . . , $ ( E ) ,  as an approximation t o  those 

R  
o f  y f x ) ,  a t  the po in t s  x k, Xk+, J - , X R .  

f 3) Since (3.1) i s  l i n e a r  i n  y f x ) ,  then y , f E )  ,..., y k - , f ~ ) ,  y k f E ) ,  ... , 
f y ( E )  are determined up t o  an o v e r a l l  m u l t i p l i c a t i v e  constant which i s  
R  

chosen i n  such a way as t o  make the numerical approximation t o  y f x ) ,  a t  

x=xR, obtained by forward i n teg ra t i on ,  t o  co inc ide  w i t h  t h a t  one a r r i -  

ved a t  by backward i n t e g r a t i o n ,  i .e., y { f ~ ) - y a f ~ ) .  I n  t h i s  way, one ga- 

rantees the "cont inu i  t y "  o f  the numerical so lu t i on .  The a r b i  t r a r y  va- 

l ue  a t t r i b u t e d  t o  E  w i l l  be an eigenvalue o f  (3.1) i f  the same "cont i -  

n u i t y "  holds f o r  the  numerical approximation t o  y ' f x ) .  The m a t c h i n g  

cond i t ion ,  which decides whether an a r b i t r a r y  value a t t r i b u t e d  t o  E  i s  

an eigenvalue o f  (3.1) i s  then 

where y ' f ( ~ ) ,  y e b f ~ )  are  the numerical approximat ions t o  y' ( x ) ,  obtained 
R  

by forward and backward i n teg ra t i on ,  respec t i ve l y .  Methods f o r  o b t a i -  

n ing  numerical approximations yó , y :  , . . ., y h  t o  y' (O), y' f x , ) ,  . . . , 
y' (3: 1, are g i ven i n Append i x 2. m  



I n  concluding t h i s  subsection, we observe t h a t  4 fx;E) 'is de f ined up t o  
C 

a m u l t i p l i c a t i v e  constant which w i l l  f a c t o r  ou t  i n  a11 subsequent ca l -  

c u l a t i o n s . .  One can f i x  t h i s  constant, up t o  a phase, imposing t h a t  the 

se t  (ylJ y,, ...,y 1 be cons is tent  w i t h  the normal iza t ion  o f  the  t r u e  
m 

s o l u t i o n  o f  (3.1), i .e., 

This can be done by w r i  t i n g  (3.7) as 

~ x l Y ~ X ) 1 2 ~  + C \ $ c f x J ~ ) 1 2 ~  = 1 
o max 

and then c a l c u l a t i n g  t h e f i r s t  i n t e g r a l  i n  (3.8) by anumer i ca l  i n t e -  

g r a t i o n  formula which uses a se t  o f  equa l l y  spaced ramples, lyifE) l 2  i n  

t h i s  case. 

3.2 THE MATCHING METHOD FOR SYSTEM OF EIGENVALUE DIFFERENTIAL EQUATIONS 

I n  w r i t i n g  (3.3) i n  a m a t r i x  form, one def ines  a mat r ix ,  V(xI, by [:V 

x ) ~ =  v j x  Then, i n  m a t r i x  form, equations (3.3) and (3. 4 )  
read 

For a system o f  eigenvalue d i f f e r e n t i a l  equations, the essen t i a l s  o f  

the matching method are the sarne, i f  one a l lows f o r  a few mod i f i ca t i ons  

which stem from the f a c t  t h a t  one i s  now dea l ing  w i t h  vec tor  q u a n t i t i e s  

instead o f  sca lars .  

The p o i n t  xmax i s  now chosen such as t o  make the o f f- d iagona l  elements 

o f  the m a t r i x  V vanish, and i n  a way t h a t  the diagonal elements can be 

approximated by s impler  expressions wi t h  which one i s a b l e  t o  solve 



a n a l y t i c a l l y  the resu l tan t  decoupled system. One takes, f o r  each com- 

ponent, a so lu t ion ,  di$ifx,E), which goes t o  zero as x goes t o  i n f i n i -  

t y .  Then, the boundary condi t i o n  G ( ~ ) = o  i s  f u l f i  1 led  by p u t t i n g  

where the ai's are a r b i t r a r y  constants. Def in ing the N x N diagonal 

mat r ix ,  @(x,E), by [@IX,E)]~~= $iíx,E)b.. and the N vestor,  2 =[d1,d2, 
ZJ . . . , E .  (3.11) can be wr i ten as 

+ > 
y í x )  = @(x,E)~ , f o r  x - z max ' 

Taking 

as i n i t i a l  values, one could use a k-step LMM (2.17) t o  i n t e g r a t e  
+b +b +b 

(3.9) backward, ob ta in ing  i n  t h i s  way ymfE), ym-, (E), . . ., yafE). One 

+ 
rcay observe tha t ,  due t o  the f a c t  t h a t  (3.9) i s  l i n e a r  i n  yfx), t h e  

$:IE)~S depend on d on ly  through a r i g h t  pos i t ioned fac to r .  One then 

can wr i  t e  

Using (3.14) i n  the 
+ b 

ness o f  d, the &{(E) 
+ 

the yirs, w i t h  i n i t i  

LMM (2.17), one f i nds  that ,  due t o  the a r b i t r a r i -  

' s  are  determined by the same LMM used i n  ob ta in ing  

a1 values 

The same arguments apply i n  approximating the de r i va t i ve ,  and then one 

wr i tes  



I n  t h i s  way, one can compute the ~ ( E ) ' S ,  and the  &? jb f~ ) ' s ,  leav ing 3 as 

unknown. 

For the forward i n teg ra t i on ,  one chooses a l i n e a r  s t a r t i n g  procedure t o  
-& 3 + 

ob ta in  yl (E), y2  (E), . . ., yk-l (E). Due t o  the 1 i nea r i  t y  o f  t h a t  procedure, 
+ 

those vectors are obtained up t o  a r i g h t  pos i t ioned vec tor  f ac to r ,  c.0ne 

then can w r i  t e  

The use o f  a LMM t o  i n teg ra te  (3.9) forward, using (3.17) as i n i t i a l  va- 
-rf -+ lues, would g i ve  yk(E), . . .,Zff~), whose on ly  dependence. on o, w o u l  d R 

a l s o  be as a r i g h t  pos i t ioned f a c t o r .  Here, one def ines  the matr ices 

4 f E )  by 

+ 
Using (3.18) i n  the LMM, one f i nds ,  due t o  the a r b i t r a r i n e s s  o f  c , t h a t  

the 4 f ~ ) ' s  a re  deterrnined by the same LMM, w i t h  r t a r t i n g  values given 

by the &fE)'s o f  ~ ~ . ( 3 . 1 7 ) .  

The sarne argurnents apply t o  the approximations t o  the d e r i v a t i v e  . One 

i ntroduces the mat r i  ces &if (E) by 

+ 
i n  order t o  compute the &f(E)'s and Q ' ~ ( E ) ' s ,  leav ing c as unknown. 

The matching cond i t i on  i s  now 

-rf +b + + b 
yC  (E) = yCfE) and y i f  (E) = Y[ (E), 

which, by use o f  (3.14), (3.16), (3.18) and (3.19), becomes 

f +  Q p í E ) c  = 4 0 ) d  and Qif: & t f ~ ) d  . 



The m t c h i n g  cond i t i on ,  as shown i n  Eqs.(3.21), i s  no t  i n  a form appro- 

p r i a t e  f o r  numerical purpose. From each one o f  Eqs. (3.21), one obta ins  
-+ 

a determinat ion o f  c. Equating those determinat ions,  one i s  l e f t  w i t h  a 

homogeneous system o f  l i n e a r  equat ions,  

i n  the unknowns d . f i  = 1,2,. . .,N). As i s  w e l l  known, a necessary and 
Z 

s u f f i c i e n t  cond i t i on  f o r  (3.22) having a n o n - t r i v i a l  s o l u t i o n  3 i s  t h a t  

showing then t h a t  (3.23) i s  a necessary condi t i o n  f o r  Eqs. (3.21) being 

s a t i s f  ied.  Conversely, i f  (3.23) i s  t r ue ,  the homogeneous system o f  1 i- 
3 

near equations, (3.22), determines a n o n - t r i v i a l  vec tor  d, w h i  ch  one 
-+ 

uses t o  de f i ne  a vec tor  c by the r e l a t i o n s  

which, i n  tu rn ,  imply t h a t  ~qs . (3 .21 )  do hold.  Therefore, (3.23) i s  a 

necessary and s u f f i c i e n t  cond i t i on  f o r  the matching equations ( 3 . 2 1  ) 

being s a t i s f i e d .  One, then, takes (3.23) as the matching c o n d i  t i  o n .  

Such a cond i t i on  can a l s o  be w r i t t e n  i n  the form 

i n  which o v e r a l l  m u l t i p l i c a t i v e  fac to rs ,  eventua 

t i a 1  values, have cancel led  out .  

l l y  present i n  the i n i -  

S t r i c t l y  speaking, when (3.23) [ o r  (3.2413 i s s a t i s f  ied, the system 
-+ 

(3.22) y i e l d s  a fami l y  o f  vectors d . Assuming t h a t  the m a t r i x  M has 

rank N - 1 ,  those vectors d i f f e r  amona themselves ;only by a m u l t i p l i c a -  

t i v e  constant .  Again, t h i s  constant can be f i xed ,  up t o  a phase, by 
-+ 

imposing t h a t  the numerical approximation t o  y íx )  be cons is tent  w i t h  the 
3 

normal iza t ion  cond i t i on  f o r  y(zJ, the t r u e  s o l u t i o n  o f  (3.9), i .e., 



4. ERROU ANALYSIS AND CONTROL 

There are, i n  the matching method, seven k inds  o f  e r ro rs ,  w h i c h ,  t o  

s t a r t  w i t h ,  are e x h i b i t e d  below f o r  the case o f  a  s i ng le  d i f f e r e n t i a l  

equat i on : 

i )  the l oca l  t r unca t i on  e r r o r :  the e r r o r  which a r r i s e s  when 

k k 
1 ajy(xE+hj)  i s  subst i  t u ted  by h* Bj f f xn+jh ,  y(xn+jh)  1 .  

j=O j=O 

i i )  the d i s c r e t i z a t i o n  e r r o r :  the e r r o r  c o m i  t t e d  when y l x )  i s  approxi-  

mat 

va 1  

iii 

ca 1 

o f 

ed by the sequence (Y,), determined by the LMM (2.3), wi t h  i n i  t i a 1  

ues y .(i= O,. . . ,k-1).  
2 

) the round-off e r r o r :  the e r r o r  committed by the computer, when 

c u l a t i n g  y l ,  y,, . . ., ym by (2.31, due t o  the f i n i  t e  representa t ion  

numbers i n  i t s  memory. 

i v )  the e r r o r s  i n  the s t a r t i n g  values. 

v )  e r r o r s  s i m i l a r  t o  i ) - i v )  bu t  now r e l a t e d  t o  the d e r i v a t i v e .  

v i )  the e r r o r  c o m i  t t e d  when y f x ) ,  f o r  x 2 x i s  subst i  t u ted  by $C(x, max 
E ) .  

v i i )  e r r o r  i n  the eigenvalue E obta ined by the matching cond i t ion .  

Er rors  i )  t o  i v )  a re  common t o  a l l  i n t e g r a t i o n  methods, i nc lud ing  the 

LMM employed here, and bounds f o r  those e r r o r s  can be found i n  Ref. 1, 

f o r  the case o f  a s i n g l e  second order  d i  f f e r e n t i a l  equat ion and conver- 

gent LMM. For a  system o f  second order  d i f f e r e n t i a l  equations, s i m i l a r  

resu l  t s  can be obtained f o l  lowing the same approach taken by Henr ic i  . 

As given i n  Sect ion 2, the e r r o r  i) i s  bounded by 



where G i s  d e f  i n e d  by (2.9),  and Y by (2.8) o r  (2.9) accord ing  t o  whe- 

t h e r  one i s  d i a l i n g  w i t h  (3.1)  o r  (3 .3 ) .  

A bound f o r  t h e  d i s c r e t i z a t i o n  e r r o r ,  en = y,-y(xn), i s  g i v e n  by 

Theorem 1 .  I f  h2< L-' Ia /@ I., t h e  d i s c r e t i z a t i o n  e r r o r  s a t i s f i e s ,  f o r  k k 

where 6 i s  such t h a t  l y  - y fxil 1 5 h6, i= O, 1,. . . ,k-1 i 

L = L i p s c h i t z  cons tan t  o f  f í x , y l x l ) ,  

r and y be ing  cons tan ts  o f  t h e  LMM such t h a t  

whi 1 e  t h e  sequence (y,) i s  d e f  i ned by 



For a system o f  second order d i f f e r e n t i a l  equations, the d i s c r e t i z a t i o n  
- + +  -+ 

e r r o r ,  en= yn - yfxn), a l s o  s a t i s f i e s  (4.2), w i t h  A,B,r,r*,a*, de f ined 

as before,  6 being such t h a t  

+ -+ 
L standing f o r  the L ipsch i  t z  constant o f  f fx,yfx)). 

Le t  E be the l oca l  round-of f  e r r o r  committed when the numerical va- n+k 
lue  inik o f  y i s  obtained by (2.3). Taking E such t h a t  5 E , n+k 
then the accumulated round-off e r r o r ,  yn= yn - yn, f o r  h2< L-' l a k h k l  , 
s a t i s f i e s  

-+ + 
For a system o f  d i f f e r e n t i a l  equations, rn= yn - yn a l s o  s a t i s f i e s  (4 . 
12). . 

Combining (4.2) and (4.12), one f inds tha t ,  f o r  h*$-' Iak/BkI, the - re- 
-+ -+ 

su l  t an t  numerical e r r o r ,  on= in - Y(X ) C o r  6 = yn - y(xn) J s a t i ~ f i e s  n 

To assure a reasonable accuracy, one must c o n t r o l  the r e l a t i v e  e r r o r  

lonl/IynI. S t a r t i n g  w i t h  a s tep length  h 5 [ ~ - ' 1 ~ / @ ~ 1 ] ' / ~ ,  and  us ing  

double prec is ion ,  f l o a t i n g  p o i n t ,  a r i t h m e t i c ,  f o r  w h i  ch  one assumes 

E 2 O, each t ime the r e l a t i v e  e r r o r  becomes l a r g e r  than a given t o l e -  

rance, one discards the l a s t  value ynil, and one proceeds w i t h  a s te-  

p length  a h a l f  o f  the previous one. The a d d i t i o n a l  approximations t o  

y f x )  and y'fx), obtained from (2.12) and (~2.9 .41,  are given by 



[ : ~o r  systems o f  equations, one uses the vec tor  vers ion  o f  (4.14)-(4.16)] 

I n  the f u r t h e r  eva luat ions  o f  on, one has t o  redef ine  a* ,  6 and Y. 

I f yL and yi [;L and were known exac t l  y, the more p rec i  se fhe mat- 

ch ing cond i t i on  (3.6) [(3.25)1 were s a t i s f i e d ,  more sharp the corres-  
+ + I  

ponding value o f  E would be. However, s ince yL and y; [yL and yL] are 

no t  exact, a11 values o f  E, t h a t  make the matching cond i t i on  cons is tent  - + + 
wi t h  the e r r o r s  o f  yL and yi [ya and ya, are a1 lowed, and hence E i s  

obtained w i t h i n  an imprecis ion AE. 
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APPENDIX 1 - STARTING PROCEDURES 

Procedures t o  ob ta in  the s t a r t i n g  values yl, Y2,...> yk-~ needed  t o  

i n i c i a t e  the numerical i n t e g r a t i o n  o f  (3.1) by a LMM w i l l  be presented 

now. I t  w i l l  be exp lo i t ed  the p e c u l i a r i t y  o f  f(x,ylxl) o f  being l i n e a r  

i n  y, i .e., f lx,yíx)) = u  íx)yíx). 

When u(x) i s  f i n i t e ,  a t  x=0, approximate values t o  yíx), s a t i s f y i n g  (3 .  

I ) ,  can be obtained fo r  small values o f  x, i n  terms o f  y(0) and y'(O), 

by a Taylor  expansion, s ince 



h h = [1 + g v  (O) + F V  ( l ) ( O ) + .  . .I yfO) + E + T V  (O)+. . .]Y'(o), 

I t  i s  now poss ib le  t o  compute y(2h) f rom the  expansion 

by s u b s t i t u t i n g  the approximations al ready obtained f o r  y fh)  and y1(h) 

i n t o  ( ~ 1 . 2 ) .  Cont inuing i n  t h i s  way, and t runca t i ng  the  expansions a t  

appropr ia te  po in t s ,  add i t i ona l  s t a r t i n g  values o f  any des i red  order  o f  

accuracy can be obtained. Since the boundary condi t i o n  (3.2) gives 

y(0) = 0, one sees t h a t  y(h),y(2h), ..., y((k-1)h) a re  determined up t o  

a m u l t i p l i c a t i v e  constant ,  c = y f fO) ,  which i s  f i x e d  by the matching 

method. I n  an analogous way, one obta ins  y1í2hl ,  y1f3h), ... y1((k'-1)W 

up t o  the same m u l t i p l i c a t i v e  constant  c. 

For a system of  second order  d i f f e r e n t i a l  equations w i t h  vijfx) f i n i t e  

a t  x = 0, one has 

o r ,  i n  m a t r i x  form, 



where I i s  the N x N i d e n t i t y  ma t r i x .  Analogously, 

+ + 
Proceeding i n  t h i s  way, one obta ins  approximations t o  yf2h),y(3h), . . . , 
-f +- 1 
~ ( ( k - l l h )  as ;e11 as t o  Y1í2h), c r f3h) ,  ..., y f(kl-l lh). Since, by the 

-+ 
boundary cond i t i on  (3. lO),  y(O)= O ,  a11 such s t a r t i n g  values are  o b t a i -  

-+ -+ 
ned up t o  a m u l t i p l i c a t i v e  r i g h t  f a c t o r  c-yr(0), which i s  f i x e d  by the 

matching method. 

When v f x )  d iverges a t  x=0, the previous procedure cannot be app l ied .  Ho- 

wever, when v f x )  has the form 

a very common s i t u a t i o n  i n  phys ica l  app l i ca t i ons ,  one may w r i t e  

and use (3.1) t o  f i n d a ,  a a 
o' 1'" ' 

. As a r e s u l t ,  one f i n d s  a=L, and 

al, a2,. . . p ropo r t i ona l  t o  a . I f  one t runcates expression (A1.6) a t  
o 

appropr ia te  po in t s ,  then s t a r t i n g  values f o r  y í x )  and y ' f x l  o f  any de- 

s i r e d  order  o f  accuracy can be obtained.  Again, a11 o f  them are o b t a i -  

ned up t o  a m u l t i p l i c a t i v e  constant, c=a . 
o 

For a system, i n  the case t h a t  Víx) d iverges a t  x=0, the f i r s t  procedu- 

re  cannot be app ied  e i t h e r .  However, when Vfx) has the form 

where K and B. are  constant  matr 
3 

i n  phys ica l  app l i ca t i ons ,  one w r  

i ces ,  which i s  a l s o  a common s i t u a t i o n  

i tes  



-+ -+ 
and uses (3.9) t o  f i n d  a, a o ,  a *,... . As a r e s u l t ,  one f i n d s  a = L , 

-+ -+ -+ 
and a,, a,, ... c o l l i n e a r  t o  a o .  One then obta ins  s t a r t i n g  values f o r  
-+ 
y f x ) ,  as w e l l  as for y ' f ~ ) ,  a l l  o f  them deterrnined up t o  a r i g h t  ~ o s i -  

-+ -+ 
t ioned f a c t o r  c=ao, wich i s  f i x e d  by the rnatching rnethod. 

APPENDIX 2 - APPROXIMATION TO THE DERIVATIVE 

Consider the l i n e a r  d i f f e rence  operator  

associated t o  some LMM f o r  a f i r s t  o rder  d i f f e r e n t i a l  equation, w i t h  

g f z )  being any a r b i  t r a r y  f unc t i on  possessing a f i r s ' t  de r i va t i ve .  l f  g f x )  

possesses h igher  order  continuous de r i va t i ves ,  one uses Tay lo r ' s  expan- 

s i o n  t o  ob ta in  

where the  C" s are wel 1 def i ned func t  i ons o f  the  a' 's and B' 's ( ~ e f  . 3)-  
The opera tor  L' i s  s a i d  t o  be o f  o rder  p t  i f  

The rernai nder i n ( ~ 2 . 2 )  i s bounded by 

where 



k' k' 
6 ' ;  $ 1 1 1 L J i j - S ) y ' -  p ' B J i j - ~ ) y ' - I ]  I ds. ( ~ 2 . 6 )  

j=O 

The o p e r a t o r  L' ,  when app l i ed  t o  g ' f x ) ,  gives 

what suggest assoc ia t ing ,  t o  L' ,  the LMM 

i n  order  t o  generate the  sequence ( y k , ,  yk,+ ,,... 1 as an approxirnation 

t o  the d e r i v a t i v e  o f  y f x l  ( s o l u t i o n  o f  3.11, a t  the po in t s  x k r ,  xk5-,,... 

The c o e f f  i c i e n t s  o f  our L M M ( A ~ . ~ )  co inc ide  then wi t h  those o f  the LMM 

associated t o  the f i  r s t  o rder  d i f f e r e n t i a l  equat ion.  Ref. 3 quotes a11 

convergent LMM's f o r  k' up t o  4. Some o f  them are 

V 

One ooks now f o r  a bound f o r  the d i s c r e t i z a t  

t i v e ,  e' = y r f x n ) - y h ,  where y' i s  obtained 
n n  

i on  e r r o r  f o r  the der iva-  

so l v ing  ( ~ 2 . 8 )  exac t l y .  

Apply ing (A2.1) t o  y t f x i ) ,  and tak ing  ( 3 . 1 )  and (A2.4) i n t o  account , 
one f inds 



where 

Y'= max l y (~ )S2) (x ) l  . 
XE E-' bl 

Subtracting (A2.8) from (A2.10), one obtains 

where 

I n  order t o  obtain e'  from (A2.13), f o r  a f i xed  value o f  n ,  and (=0,1, 
11' 

. . . , n-k', one mul t i p l e s  (A2.13) corresponding t o  i= n-k'-R' by cons- 

tants  y 2 ,  and add the resu l t i ng  equations. I n  doing so, i n  the l e f t  

s i  de there resul  t s  

where the convention y l  =O, f o r  4=l,Z, ..., was used. Put t ing the coef- 
4 

f i c i e n t  o f  e' equal t o  1, and those o f  e;-l ,  . . , e { ,  equal t o  n 
nought, one obtai  ns n-k'+l equat ions, 



which determine the constants y '  o, YI, ' . .,Y;-~I. (A2.16) 

These a re  p r e c i s e l y  the r e l a t i o n s  which determine y1,y;, ..., i n  the ex- 
o 

pans i on 

A problem ra ised by ( ~ 2 . 1 6 )  and ( ~ 2 . 1 7 )  i s  t o  see whether l y i l  i s  l i m i -  

ted as n goes t o  i n f i n i t y .  From (~2 .161 ,  one obta ins  f i r s t l y  y ' , ~ ' ,  ..., 
O 1 

'kf-1 . Then, f o r  i L k', (A2.16) becomes a k ' th- order  1 inear,  horoge- 

neous, d i f fe rence equat ion w i t h  constant c o e f f i c i e n t s :  

r + a{ r-l~n+k +...+ a ' y '  = O , n = 0,1,2 ,... . 
o n 

(A2.18) 

As can be seen i n  Refs. 1 and 2 , the necessary and s u f f i c i e n t  condi-  

t i o n  f o r y '  g iven by (A2.18), b e i n g f i n i t e a s n g o e s  t o  i n f i n i t y  i s  
n' 

t h a t  the roots  r ,r . . .rk, o f  the polynomial 
1 2, 

have moduli no t  g reater  than 1 ,  and those w i t h  modulus 1 being simple 

roo ts .  This i s  p r e c i s e l y  the necessary and s u f f i c i e n t  cond i t i on  f o r  

s t a b i l i t y  o f  a LMM, f o r  a f i r s t  o rder  d i f f e r e n t i a l  equat ion.  Then, ta -  

k i n g  a s tab le  LMM, the yn's i n  (A2.16) and ( ~ 2 . 1 7 )  w i l l  be f i n i t e .  

The r i g h t  hand s ide  o f  the equat ion which determines e; i s  



one f inds 

whe re 

r '  = rnax ( y 1 , y '  ... 1 
O 1' 

and 6 '  i s  such that  

For the accumulated round-off e r r o r ,  ri-yh - i;, the ca lcula t ion i s 

exact ly  the sarne as that  for f i r s t  order d i f f e r e n t i a l  equations. Assu- 

rning tha t  the local  round-off er rors  are bounded by E ' ,  the accurnulated 

round-off e r r o r ,  for  h<l-' l a i  1, sat i s f  ies 

where 



For the case o f  a system o f  d i f f e r e n t i a l  equations, one uses the vec- 

t o r  vers i on o f  (A2.8) , 

and f inds ,  f o r  the  d i s c r e t i z a t i o n  and round-off  e r ro rs ,  

+ E ' II 11 I 7 r '* f x  n a )  exp [fXn-a)r ~ * L B  3 , 

where 
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