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Spin 1/2 systems which are  coupled w i t h  an s i n g - l i k e  Hami l tonian w i t h  

f l u c t u a t i n g  exchange are  discussed by the use o f  thermodynamic Green 

func t ions  i n  f ou r  d i f f e r e n t  approximations. The f i r s t  i s  equ i va len t to  

a loca l  mean f i e l d  approxirnation and the second i s  an approximation t o  

the f i r s t  i n  which the  l oca l  mean f i e l d  i s  assumed t o  be p ropo r t i ona l  

t o  the overa l  magnet izat ion and t o  the sum o f  the nei ghboring exchange 

"bonds". The t h i r d  i s  a l s o  a spec ia l  case o f  the f i r s t ,  bu t  the l o c a l  

mean f i e l d  i s  approximated i n  such a way as t o  be appropr ia te  f o r  the 

discussion o f  sp in  glasses. The four th  i s  a coherent p o t e n t i a l  - l i k e  

approximation (CPA) . The second approximation can be shown t o  imply no 

reduct ion  o f  the Cur ie temperature ( T ~ )  due t o  exchange f l uc tua t i ons  , 
whi l e  the CPA does r e s u l t  i n  a lower ing o f  Tc (assuming small f l uc tua -  

t ions about an average pos i t i v e  exchange i n  both cases) . However, the 

CPA t h a t  was used i s  a l so  an approximation t o  the second method. Hence, 

even though the  CPA does resu l  t i n  a lower ing o f  T (which i s  general ly 
C 

conceded t o  be co r rec t  f o r  the o r i g i n a l  model), t h i s  f a c t  cannot be 

used as an argument f o r  the va l  i d i  t y  o f  the CPA. Our c a l c u l a t i o n  thus 

emphasizes the necessi t y  o f  c r i  t i c a l  l y  examining any CPA-l i k e  ca l cu la -  

t i o n  before  accept ing i t s  p red i c t i ons  as v a l i d .  

Sistemas de sp in  1/2 com acoplamento do t i p o  Is ing ,  no qual a i n te ra -  

ção de intercâmbio é va r i áve l  , são estudados através de funções de Green 

termodinâmicas em quat ro  d i  fe rentes  aproximações. A pr imei  ra  é equi - 
va lente  a aproximação de campo médio l oca l ,  enquanto na segunda - uma 

aproximação da a n t e r i o r  - o, campo médio é assumido proporcional  a mag- 
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net ização t o t a l  e à soma das constantes de interação com os v iz inhos . 
A t e r c e i r a  é também um caso especia l  da pr imei ra ,  mas aqui o campo mé- 

d i o  l oca l  é aproximado de maneira a representar  um v i d r o  de s p i n .  A 

quarta é uma aproximação de potenc ia l  coerente (CPA) . Resulta a segun- 

da aproximação em uma não diminuição da temperatura de Cur ie ( T ~ )  de- 

v ido  2s f 1 utuações da in teração de t roca  enquanto que a CPA resul  t a  em 

uma diminuição de Tc (supondo-se pequenas f lutuações em torno de uma 

interação média posi  t i v a  em ambos os casos). Todavia, a CPA u t  i 1 i zada 

é também uma aproximação do segundo método. Em consequência, apesar do 

uso da CPA r e s u l t a r  em uma redução de T (o que é geralmente reconhe- 

c i d o  como sendo c o r r e t o  para o modelo o r i g i n a l ) ,  esse f a t o  não podeser 

usado como argumento para a va l idade da CPA. Nosso cá lcu lo ,  assim, en- 

f a t i z a  a necessidade de se r e a l i z a r  um exame c r i t i c o  de qualquer cã l -  

cu lo  do t i p o  CPA, antes de se a c e i t a r  suas predições. 

1. INTRODUCTION 

Since the c l a s s i c  paper o f  ~ u b a r e v ' ,  the use o f  thermodynamic Green 

func t ions  i n  s o l i d  s t a t e  physics has increas ing ly  grown. I n  p a r t i c u l a r ,  

the magneti c  p rope r t i es  o f  so l  i ds have been extensi  vel y  s tud ied by 

Green func t ions .  I n  recent years the study o f  magnetism i n  amorphous 

ma te r i a l s  has been spurred by the la rge techno log ica l  progress tha thas 

been made i n  connection w i  t h  metal1 i c  g lasses2-5.  At the same t ime the 

t h e o r e t i c a l  techniques f o r  handl ing non- c rys ta l l i ne  s o l i d s  have been 

improving6, and i t  has been found tha t  thermodynamic Green functions i n  

connection w i t h  'coherent p o t e n t i a l  approximat ions'  can be very useful 

f o r  c a l c u l a t i n g  the p rope r t i es  o f  s o l i d s  w i t h  some degree of randomness. 

The ex is tence o f  a new type o f  phase ( t he  sp in  g lass) has even apparen- 

t l y  been found (both exper imenta l ly  and t h e ~ r e t i c a l l ~ )  i n  c e r t a i n  k inds  

o f  random systems a t  s u f f  i c i e n t l y  low temperatures7. I n  Sect ion 2 o f  

t h i s  paper we de f i ne  our  model and se t  up the bas ic  equations f o r t h e  

thermodynamic Green func t ions  which we w i l l  use. I n  Sect ion 3 ,weso l -  

ve these equations i n  a simple random phase approximation, and show 

t h a t  our r e s u l t s  a re  equ iva lent  t o  a l oca l  mean f i e l d  theory. I n  Sec- 

t i o n  4, we make two f u r t h e r  approximations, one o f  which w i l l  be used 



again i n  Sect ion 5 and the o ther  w i l l  a l l ow  us t o  make a shor t  discus- 

s ion  o f  sp in  glasses. I n  Sect ion 5, we solve f o r  the magnet izat ion o f  

our system w i t h i n  a random phase coherent p o t e n t i a l - l i k e  approximation. 

Despite the  p l a u s i b i l i t y  o f  t h i s  CPA method and the reasonableness o f  

i t s  resu l t s ,  our  use o f  a coherent p o t e n t i a l  - l i k e  approximation has 

c e r t a i n  d i f f i c u l t i e s .  I t  i s  suggested tha t  t h í s  c a l c u l a t i o n  can serve 

as a warning against  the uncr i  t i c a l  acceptance o f  the p red i c t i ons  o f  

such approximations. 

2. MODEL AND GREEN FUNCTION FORMALISM 

Let  GE(A,B) be the energy (E) dêpendent Fou r ie r  time t ransform o f  the 

doubl e t ime - temperature dependent thermodynami c Green func t  ion  ( re-  

tarded i f I m(E)>O, advanced i f Im(E)<O) associated wi t h  operators A and 

B, Refs. 1,8. Then, as i s  wel l known, the Green func t ions  5at iS fy  

where <. . . .> re fe rs  t o  a quantum s t a t i  s t i c a l  average, H i s  the Ha- 

m i l t o n i a n , a n d [ ~ , ~ ]  = A B -  BA. Acommonway o f  so l v i ng  E q . ( l )  i s  t o  

w r i  t e  GE( E , ~ , B )  i n  terms o f  G (A,B) by some decoupl i ng  aproximationl>? E 
Assuming Eq. ( I )  can be solved f o r  GE(A,B), from the general theory o f  

Green funct ions we have f o r  equal t ime c o r r e l a t i o n  f ~ n c t i o n s ' ~ ~ ,  

where the E* l i m i t  i s  t o  be taken a f t e r  the i n t e g r a l  i s  performed and 

6 = l / (kT),  where k i s  BOI tzmann's constant and T i s  the temperature. 

Eqs. ( I )  and (2) are the bas ic  Green func t ions  equations t h a t  we wi I 1  

need. 

The Hami l tonian descr ib ing  the i n t e r a c t i n g  spins, each w i t h  sp in  

S = 1/2, i s  assumed t o  be 



where the i and j  l abe l  d i f f e r e n t  l a t t i c e  

unless i  and j r e f e r  t o  nearest  neighbors 

be al lowed t o  f l u c t u a t e  from n.n. p a i r  t o  

d iscussion o f  s p i n  glasses we w i l l  assume 
- 

p a i r s  ( 1 ~ ~ ~  - J I [ J )<<  1, where 7  r e f e r r  

s i  tes and J; = Jji i s zero 

(n.n.) s i  tes. 
The wi l1 

n.n. pai  r and except f o r  the 

7 >  O a n d f o r  i and j  n.n. 

t o  the average o f  a1 1 Jij 

(which are no t  zero) .  For s i m p l i c i t y ,  we w i l l  assume the number o f  

n.n.'s (2) i s  6 (cons is ten t  w i t h  a simple cub ic  s t ruc tu re ) .  The second 

t e m  on the r i g h t  o f  E q .  ( 3 )  i s  the Zeernan term, where B,, i s  the magne- 

t i c  f i e l d  i n  s u i t a b l e  u n i t s .  We w i l l  a l s o  use u n i t s  w i t h  R = 1 . The 

Hami l tonian (3)  can be viewed as an Is ing-1  i k e  Hamil ton ian which re-  

su l  t s  from a Heisenberg Hami l t o n i a n  i n  an appropr ia te  1 i m i t  o f  extreme 

exchange anisotropy.  I f  we l e t  

Eq. (1) becomes 

where 

Note t h a t  <F.> i s  the  l o c a l  molecular  f i e l d  associated w i t h  s i t e  j. 
3 

I t i s  a l s o  worth n o t i c i n g  f o r  S = 1/2 and i = j t ha t  

3. RANDOM PHASE APPROXIMATION 

The random phase approximation cons is ts  s imply i n  assuming 

1 O0 



G (F .S',SÍ ) = <F .> G (s',s:) . 
E 3 3  ?- 3 E 3 z  

Using Eqs. (7) and (4) we then f i nd  

- 
where E = E - B,. Using t h a t  

presented as 

the D i  rac d e l t a  f unc t i on  6(x)  can be 

we then ob ta in  by Eqs. ( 2 ) ,  ( 6 ) ,  (8) and (9) w i t h  i = j 

Eq. (10) can be recast  i n t o  the more f a m i l i a r  form 

I f  Jij d i d  no t  f luc tuate ,  t h i s  would be e x a c t l y  the r e s u l t  of Weiss nean 

f i e l d  theory f o r  a  c r y s t a l l i n e  sp in  1/2 ferromagnet. However s ince i t  

does, the <SiZ> vary from s i t e  t o  s i t e  and so does the l oca l  mean f i e l d  

<Fi>. Thus, we see t h a t  the random phase approximation j u s t  g ives us 

the same r e s u l t  as would be obtained by a  l oca l  mean f i e l d  theory i n  the 

case o f  an I s i n g - l i k e  i n t e r a c t i o n .  I t i s  q u i t e  poss ib le  t h a t  E q . ( l l )  i s  

n o t  a  very good representa t ion  o f  the system. Th is  i s  because i t e r a t i -  

ve computer s tud ies  on Eq. (11) w i t h  B ,  = O have l e d  t o  the  p r e d i c t i o n g  

t h a t  T i s  increased by f l u c t u a t i o n s  i n  Jij, whereas more rea l  i s t i c  
C 



1 o 
s tudies as wel 1 as r igorous resul  t s  suggest t h a t  a f l u c t u a t i o n  i n  

Jij w i l l  decrease Tc wi t h  respect t o  the corresponding c r y s t a l l  ine (c) 

system i n  which TC(') i s  determined by J") = 7 f o r  i and j n.n. 's .  i j 
A s i m p l e  c a l c u l a t i o n  based on E q . ( l l )  a n d o n  t h e c o r r e l a t i o n  idea o f  

Richards" , a l s o  resu l t ed  i n  an increase i n  2' Ref. 12. 
c '  

4. SPIN GLASSES AND OTHER DECOUPLING APPROXIMATIONS 

We now make an even cruder decoupling approximation which i s  cons is ten t  

w i t h  the type o f  decoupling t h a t  has been used by Tahir-Khel i  i n  a d i s -  

cussion o f  a random bond Hei senberg ferromagnet13. We assume 

- 
where M = i s  the o v e r a l l  magnet izat ion f o r  a quenched system I*. 

The bar r e f e r s  t o  averaging over the Jijis where each Jij ( from n.n. 

pa i r s )  i s  randomly determined by some p r o b a b i l i t y  d i s t r i b u t i o n  which i s  

the same f o r  each Jij. Going through the same s o r t  o f  manipulation which 

l e d  t o  E q . ( l l ) ,  we now c l e a r l y  ob ta in  

To f i n d  the Cur ie temperature, we assume M i s  small (and B ,  = O ) so 

@c < S . > = -  M C  J.,., M - t O  . 
'LZ ir 3 3 (14) 

4 

- - 
l f  Z = 6, we f i n d  s ince 7 - J, M = <Sjlz>, 

j 'i- 

I n  t h i s  approximation there  i s  no lower ing o f  Cur ie temperature due t o  

f l u c t u a t i n g  the J .  eis i n  the random system. That i s ,  (R) = T~ ( ' )  ( w i f h  
Tc 

J?:"' = 7 f o r  T$, where T:~) and yLC) r e f e r  t o  the Curie temperature 
23 



o f  the random and c r y s t a l l i n e  systems, respect ive ly .  Note tha t  a f t e r  

the approximation o f  Eq. (12),  we have made no f u r t h e r  approximations i n  

a r r i v i n g  a t  the r e s u l t  o f  Eq. (15). We w i l l  r e t u r n  t o  t h i s  l a t e r .  

Le t  us now apply our r e s u l t s  t o  s i t u a t i o n s  where sp in  glass behaviormay 

occur. We assume Jij can now be e i t h e r  p o s i t i v e  o r  negat ive but  7 2 0 .  

We a l so  assume the Jijls a re  d i s t r i b u t e d  i n  such a  fashion t h a t  f e r r o -  

magnetism i s  the on l y  poss ib i  1 i t y  f o r  long range order  (LRO). For our 

s i t u a t i o n ,  we can then de f i ne  sp in  glasses by r e q u i r i n g  two cond i t ions  

( w i t h  Bo'O): 

Eq. (16a) imp l ies  there  i s  no LRO. The parameter q i s  a l so  an order  

parameter, b u t  i s  measures l o c a l  o rder .  For example, i f  each sp in  were 

' f r ozen '  i n  p o s i t i o n  a t  low temperature i n  such a w a y  t h a t  i t  had a  

p re fe r red  d i r e c t i o n  which was randomly d i s t r i b u t e d  along e i t h e r  * z  from 

t e  t o  s i te, then M =  O, q # O and we have a  sp in  g ass s t a t e .  

e a r l y  the decoup 

scussion o f  sp in  

appropr ia te  f o r  the 

es i f B  =O, M = O ,  

then <SiZ> = O and 

l i n g  represented by ~ q . ( 1 2 )  i s  no t  

glasses, f o r  t h i s  decoupling imp l i  

hence q = O.  We need somehow t o  incorpora te  the i dea 

t h a t  the molecular  f i e l d  <F.> can be l o c a l l y  non zero even thoughM= 0. 
'L 

I n  p a r t i c u l a r  we might expect t ha t  i f  q # 0, then <F.> # 0, s ince q , 
'L 

i n  some sense, measures loca l  o rder .  To fo rmal ize  t h i s ,  we use a  de- 

coupl i ng  1 i k e  Eq. (7 ) ,  bu t  we assume t h a t  the <F .> i n  Eq. (7) can be re-  
3 

p l  aced by 

where 

1 J .  = - 1 J . , .  . 
3  Z i ' 3 3  



The f i r s t  term i s  exac t l y  the m l e c u l a r  f i e l d  t h a t  we would have f o r  a - 
c r y s t a l l i n e  s y s t e m w i t h  Jij = J f o r  a l l  n.n. p a i r s .  The second term 

vanishes i f  J = 5 ,  as i t should, and i t i s  a l so  p ropo r t i ona l  t o  6 as 
j 

we would expect on dimensional cons idera t ions  alone (q  = M~ f o r  a c rys-  

t a l l i n e  ferromagnet ic system). The Z f a c t o r  comes i n  because we would 

expect the ZM i n  the f i r s t  term t o  be analogous t o  the f a c t o r  whi ch mul- 

t i p l  i es  (J - J) i n  the second. l n  f ac t ,  a rnethod formal l y  equ iva lent  i 
t o  assumption (17) has been developed by ~ l e i n " .  Thus f o r  the d e t a i l s  

o f  developing our  assumptions i n  a more mathematical way, reference can 

be made t o  K l e i n ' s  paper. Using Eqs. (7) and ( 1 7 ) ,  and the same ideas 

t h a t  l e d  t o  Eq. ( I I ) ,  we now ob ta in  ( w i t h  B ,  = O), 

I f  we assume the J ' s  are  independently d i s t r i b u t e d  by a Gaussian d i s -  
i j 

t r i b u t i o n  w i t h  w id th  AJ, then so are  the J . ' s  bu t  w i t h  w id th  A J / > / Z .  I f  
3 

we use f o r  a p r o b a b i l i t y  dens i t y  

then 

and 

We do n o t  c a r r y  t h i s  c a l c u l a t i o n  any fu r the r ,  because Eqs. (21) and (22) 

(wi t h  Eqs. (19) and (20)) a re  formal l y  the  same Eqs. as d e r  i v e d  by 

Sherr ington and Ki  r kpa t r i ck16 '  " and i n  a r igorous fash ion ( f o r  Z-im) by 

Mor i t a  and Hor iguchi l* .  K l e i n  shows, however, t h a t  the same type o f  

procedure leads t o  a SI i g h t l y  d i f f e r e n t  s p e c i f i c  heat f rom t h a t  o f  

Sherr ington and Ki  r k p a t r i c k .  For low enough ternperatures and AJ / ( C f  ) 



l a rge enough Eqs. (21) and (22) p r e d i c t  l6 ' I7~ = O and q # O ,  i.e., the 

sp in  g lass s ta te .  Ac tua l l y  there  are  s t i l l  some d i f f i c u l t i e s  i n  pre-  

sent theor ies  o f  the sp in  glass s t a t e  when they are compared w i t h  a11 

a v a i l a b l e  experimental r e , su l t s l g .  Eqs. (21),  and (22) are su re l y  n o t  

the f i n a l  and best  s o l u t i o n  f o r  M and q. Mention here should a lso  bymade 

o f  the random s i t e  sp in  glass c a l c u l a t i o n  o f  ~ u t t i n ~ e r ~ '  , and o f  the 

random bond - random s i  t e  Green func t i on  CPA c a l c u l a t i o n  o f  ~ah i r -Khe l i 2 !  
Both authors ob ta in  the sp in  g lass s t a t e  f o r  appropr ia te  values of the  

pararneters governing the i  r systems. I t i s  a l so  worthwhi le t o  note t h a t  

annealed systems ( i n  which the thermodynamics i s  determined by averaging 

(over the J ' s )  the p a r t i  t i o n  func t i on  ra the r  than averaging the ther-  - i j 
modynamic func t ions  d i r e c t l y )  a re  no t  expected t o  show sp in  g lass beha- 

v i o r  a t  a1 lZ2. 

5. A COHERENT POTENTIAL APPROXIMATION 

We now rewri  t e  Eq. (8) wi t h  i = j and use the decoupl ing  approximation 

(12) t o  ob ta in  w i t h  G ~ ( s ~ ,  S I )  C. 
2 '  

where 

We now evaluate zi (and hence M = <- by Eqs. (2) and (6)) f o l  lowing a  

coherent p o t e n t i a l - l i k e  approximation which i s  somewhat s i m i l a r  t o  a  

c a l c u l a t i o n  o f  Tahi r-Khel i 13. L e t  

A .  = Giz' . 
2 71 

Then, we can w r i  t e  Eq. (23) as 



We i n t r o d u c e  a $& independent C , t o  be determined l a t e r ,  and d e f i n e  

- 
g-l = E  - C (27a) 

and 

Then Eq. (26) can be w r  i t t e n  as 

G . = g A  + g V G  
J i i i '  

We i n t r o d u c e  a Ti def  i n e d  so  , 

V.G = T . g  A  
3 j  3  j J  

and thus Eq.  (28) becomes 

We determine C so t h a t  

- 
T . A .  = 0 , 

'L 2. 

and hence t h e  des i  r e d  average Green f u n c t i o n  i s  

The problem i s  so lved,  once we e v a l u a t e  C f rom Eq. (31 ) .  We approxima- 

t e 1 3  by Ti Ãi and thus we determine C tiy 

- - -  
Note t h a t  TiAi = T . A .  i s  t h e o n l y  f u r t h e r  ? ipprox imat ion we have made 

' L ? ,  

beyond Eq, (12 ) .  Thus any d e v i a t i o n  o f  o u r  r e s u l  t s  f rom Eq.  ( l s ) , w h i c h  

f o l l o w s  e x a c t l y  f rom E q .  (12) ,  must be due t o  t h i s  f u r t h e r  approxima- 

t i o n .  I n  o r d e r  t o  a p p l y  E q .  ( 3 3 ) ,  we need c convenient  express ion  f o r  

T .. By E q .  (30) ,  we have 
'L 



V.G.  = g V A  + V .  g T A .  g 
3 3 3 j  3 3 3  

Us i ng Eq. (27b), Eq. (33) becomes 

where g = (2 - C)- ' .  Eqs. (32)  and (34) are the bas ic  equation of our 

coherent p o t e n t i a l  approxirnation. 

To go f u r t h e r ,  we must assume a p r o b a b i l i t y  d i s t r i b u t i o n  f o r  the Jijls. 

We assume, f o r  Z = 6 and f o r  n.n. i n te rac t i ons ,  t ha t  

J = ? + c 5  w i t h p =  1 / 2 ,  i j (35a) 

and 

- 
Z i  = J - 6 w i t h p  = 1/2 , (3%) 

where p i s  the probabi 1 i t y .  Also, we have i n  mind t h a t  7>0 and l a t e r  

wi 1 1  be assumed. Equat ion (34) then becomes 

Although the d e t a i l s  a re  no t  p a r t i c u l a r l y  ed i f y i ng ,  i t  tu rns  out  t h a t  

1 O 7  



- 
Eq.(37) i s  no t  too d i f f i c u l t  t o  solve f o r  g (where C = E - g-l); G .  can 

3 
then be ob ta i  ned f rom Eq. (32) . Then us i  ng Eqs. (2 )  , (6) , and (9) and 

so l v ing  f o r  M = we f i n a l l y  ob ta in  (w i th  Bo = 0) :  

Assuming M i s  smal 1 (T near TLR)) and A 6/7 << 1, we ob ta in  from Eq. 

where 

and where 

Eq. (40) should be an approximation t o  Eq. (15). l t  i s  not ,  in  the sense 

t h a t  i t  gives the  apparent ly  p leas ing r e s u l t  t h a t  small A > 0  imp l ies  the 

Curie temperature i s  lowered. Thus on l y  i f  we be l ieve t h a t  the s imul-  

taneous appl i ca t i ons  o f  the approximation o f  Eq. (12) and the approxi-  
- -- 

mation T A E T.A. i s  somehow b e t t e r  than the approximation o f  Eq. (12) i i  2 2  

alone, can we accept Eqs. (39) and (40)  as r e l  i a b l e  pred i  c t i ons .  More 

1 i k e l y ,  the p leas ing r e s u l t  o f  Eq. (40) r e s u l t s  from a f o r t u i t o u s  can- 

c e l l a t i o n  o f  e r r o r s .  I n  f ac t ,  a p p r o x i m a t i ~ n s ~ ~  s i m i l a r  t o  those we 

have made (and which a l so  resu l  t i n  a lower ing o f  the Cur ie temperature) 

are known t o  be unsa t i s fac to ry  i n  o ther  respects 2 4 .  Our demonstration 

o f  inconsistency appears, however, t o  be p a r t i c u l a r l y  c l ea r .  We are not  



c la im ing  the CPA i n  general i s  no t  use fu l .  We are  on l y  n o t i n g  tha t  i t s  

s t ra igh t fo rward  appl i c a t i o n  can lead t o  incons is tent  p red i c t i ons .  To i m -  

prove our  c a l c u l a t i o n  we would have t o  improve on our decoupling appro- 

x imat ion and/or t r y  t o  improve on the approximation (Eq. (33)) used f o r  

determining C. This may lead t o  very deep waters, bu t  un for tunate ly  

when one looks c r i t i c a l l y ,  the s implest ,  most s t ra igh t fo rward  ca lcu la-  

t i o n ,  even when i t  leads t o  reasonable resu l t s ,  may no t  be accurate t o  

the order  necessary t o  p r e d i c t  these r e s u l t s  w i t h  confidence. 
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