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The problem considered i s  the rea l  i za t i on  o f  the  k e t s  I (RIR2)Ub, which 

appear i n  the usual Clebsch-Gordan transformat ion f o r  i n t e g r a l  angular 

momenta, when one rea l i zes  the uncoupled ones, (%,m,> and tR,rn,>, by 

s o l i d  harmonics. i s  t h a t  the f i r s t  named ke ts  are  correspon- 

d ing l y  rea l i zed  by homogeneous and harmonic polynomials, def ined in  a 

6-dimensional Eucl i d i a n  space, and belonging t o  the se t  o f  hypersol i d  

harmoni cs whi ch car ry  the so-cal l e d  "mos t degenerate" i rreduci  b l e  re- 

presentat ions o f  the 6-dimensional r o t a t i o n  group. 

Considera-se o problema da real ização dos estados I (R,R,)LM> que compa- 

recem na t ransformação usual de Clebsch-Gordan, quando os estados desa- 

coplados IR,m,> e Item2> são rea l  i zados pelos só l  idos harmônicos. Mos- 

tra- se que os ket I (R,R,)LM> são correspondentemente real izados por po- 

l inômios homogêneos e harmônicos, de f i n idos  em um espaço euc l i d iano  a 

se i s  dimensões, pertencentes ao conjunto dos h i  persól  i dos harmônicos que 

portam as representações d i  tas as "mais degeneradas" do grupo das ro ta-  

ções a se i s di mensões. 

1. INTRODUCTION 

I n  the 1 i t e r a t u r e  o f  angular momentum, Refs.1-4, and group theory f o r  

phys ic is ts ,  Refs.5-9, Clebsch-Gordan c o e f f i c i e n t s  are i n t  r o d u c e d  v i a  

the well-known u n i t a r y  t ransformat ion which involves abstract " s ta te  

vectors" . One o f  the  present authors has wondered f o r  years why a 

r e a l i z a t i o n  o f  the  I (!Z,R,)LM> kets,  appearing i n  t h a t  e x p a h s i o n  f o r  
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i n t e g r a l  values o f  the angular  mornenta, RI, R,, we re  n o t  e x p l i c i t l y  

e x h i b i t e d  i n  spec ia l i zed  monographs. Indeed, i f  one i s  ab le  t o  g i ve  

the very well-known rea l  i z a t i o n  o f  the SO, generators, i n  terms o f  par-  

t i c l e  p o s i t i o n  vec tor  and i t s  g rad ient ,  and r e a l i z e  the uncoupled ke ts ,  

I!L1ml> and I!L,m,>, present i n  the C-G expans ion, by the u s u a l  so l  i d  

harmonics, one should a l s o  be ab le  t o  produce the corresponding r e a l i -  

za t i on  o f  the I (R~R,)L;M> kets .  Th is  i s  the purpose o f  the  present pa- 

per. 

Sect ion 2 i s  devoted t o  show the r e l a t i o n  o f  the r e a l i z a t i o n  sought f o r  

wi t h  the  homogeneous and h a r m n  i c pol  ynomi a1 s , i n s i  x v a r i  abl es , whi ch 

ca r r y  the "most degenerate" i r reduc i  b l e  representat  ions ( i  r reps) o f  3 6 ,  

the 6-dimensional r o t a t i o n  group. I n  order  t o  make i t comprehensible 

how the rea l  i z a t i o n  o f  the  I (R,!L,)LM> ke ts  comes up, i n  the C- G expan- 

s ion,  we summarize the essen t i a l  steps needed i n  cons t ruc t i ng  the i r r e -  

duc ib le  polynomial bases o f  SO,. De ta i l s  on the cons t ruc t i on  o f  those 

bases can be found i n  a paper by the present authors on the n o n r e l a t i -  

v i s t i c  quantum mechanical three-body problem. 

2. THE MOST DEGENERATE REPRESENTATION OF SO, AND ITS RELATION 
TO THE I(!-?, I L 2 )  LM> KET 

S t a r t i n g  f rom the beginning, we w r i  t e  down the Clebsch-Gordan t rans fo r -  

mation: 

r e s t r i c t i n g  ourselves t o  i n t e g r a l  angular momenta. The uncoupled ke ts ,  
!L 

we r e a l i z e  themby s o l i d  harmonicsYQ ( ~ ) = 1 ~ 1  1Yal,,(~),andY!L2m2(~), lm i  

whose argurnents, and s,, a re  independent 3-vectors i n  3-dimensional 

Euc l i d i an  space. Each o f  these i n f i n i t e  sets o f  s o l i d  harmonics ca r r y  

a11 s ingle- valued i r r e p s  o f  S03 , and are  l a b e l l e d  by the i n v a r i a n t  

(Casimi r )  operators L2 (x)  (L2 ( y ) )  and L (z) (L3 (y))  , which correspond t o  - - - -  - 3  - - - 
SO, and i t s  SO, subgroup, respect ive ly .  Here, L ( X )  - - = - i x x V  and m- - g 
tatis nmtandis f o r  c ( y ) .  - Since and y are  independent var iab les ,  the 

commutators o f  L .(x) and L ~ ( ~ )  vanish. 
3 - 



For the coming discussion, i t  i s  convenient t o  reverse the C- G t rans- 

formation, r e w r i t i n g  i t  under the form 

and we are here adhering t o  the usual convention by which C-G c o e f f i -  

c i en ts  are  rea l .  I n  (2.2), the  l e f thand  s ide  denotes the rea l  i z a t i o n  

we are going t o  produce. I n  the r ighthand side,  we have the product o f  

two s o l i d  harmonics, i n  d i s t i n c t ,  and independent, var iab les .  These pro- 

ducts ca r ry  a11 i r r e p s  o f  the  d i r e c t  product group, s o , ( ~ )  x SO ,(Y) , 
wi t h  generators c(<) and k ( y ) ,  respect ive ly .  I t i s  then na tu ra l  t o  im- 

gine t h a t  the funct ions Y(L L )LM(I,y) are, i n  some way, re la ted  t o  the 
1 2  

polynomial bases of  the  group ~ , ( x , ~ ) ,  .-, o f  ro ta t i ons  i n  a 6 -  dimensional 

Euc l i d ian  space, E,, o f  vectors r = (-,Y), i .e., (c);  = x i' an d 
- (;)ii3 - li , i = 1,2,3. This because thé above d i  r e c t  product group 

i s  a subgroup o f  the l a rge r  o r t h o g o n a l  group, which can provide a11 

labe ls  present i n  Y 
(Rl& )LM' 

Before aiming a t  the center o f  the  target ,  we b r i e f l y  i nd i ca te  the main 

steps i n  producing the polynomial bases which car ry  t h e  i r r e p s  of  

5'0, (z,y_) . 

The f i f t e e n  generators o f  S0, (5 ,~ )  can be rea l  i zed by the a n t i s y m e t r i c  

operators, which i n  compact a no ta t i on  we w r i t e  as 

x? =xi  , x: = yi ; a,@ = 2 i ,  = 1 ,  They indeed f u l l f i l l  the 
'L 

commutation r e l a t i o n s  o f  the SO, algebra. I f  we then construct  the in -  

va r ian t  operators, we f i n d  t h a t  they produce a s ingle,  independent, l a -  

be l ,  we s h a l l  ca l1  i t  A ;  the s implest  i nva r ian t  operator which provides 

t h i s  labe l  i s  the one guadrat ic i n  the generators, narnely J2 = A?! A?!. 
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I n  the r e a l i z a t i o n  !2.3), i t  i s  g iven by 



where r_ stands f o r  a 6-dimensional vector,  i n  E,, components z, g; r' = - 
z2q2; V .. and v2 (which equals V: + v2 ) are the corresponding grad ient  

2 
and Laplace operators.  

S i  nce the  generators, (2.3) , are homogeneous operators o f  zero th  degree, 

i n  5 and g, they preserve the  degree o f  homogeneous pol  ynomial s i n  those 

var iables,  ;.e., they transforrn homogeneous polynornials i n t o  homogeneous 

polynomials o f  the  sare degree, and t h i s  shows t h a t  homogeneous polyno- 

mia1 s, i n  5, 3, ca r ry  representat  ions o f  SO, ( 5 , ~ ) .  These representat ions 

are, however, i n  general reduci b le.  To s e l e c t  the i r reduc ib le  polyno- 

mials, we have on ly  t o  impose t h e i r  harmonic i ty i n  E,, i.e.,12 Y(C,~)=O, 

s ince then they w i l l  be eigenfunct ions o f  the i nva r ian t  operator I,, 
(2.4), w i t h  eigenvalues (1/2)X(X+4): 

I n  (2.5), A i s  the  degree o f  hornogenei t y  ex t rac ted by the 6perator r.!, 
according t o  Eu ler 's  theorem; the no ta t i on  [g means t h a t  we are dealing 

w i t h  polynomials which ca r ry  i r r e d u c i b l e  representat ions.  SO, has rank 

three, bu t  t h e i r  i r r e p s  c a r r i e d  by polynomials are l abe l l ed  by a s ing le  

parameter, A, w i t h  i n t e g r a l  values s t a r t i n g  from zero.That i s  why these 

representat ions are sometimes c a l l e d  "most degenerate". I n  c l a s s i f y i n g  

the const i  tuents o f  a [A]-basis, we have per force chosen t h a t  chain o f  

S O , ( ~ , ~ )  subgroups which would prov ide the l abe ls  t h a t  appear i n  the 

1 (R,%,)LM> ket ,  namely, 



I n  (2.6), R, and R, correspond t o  the i nva r ian t  operators c 2 ( ~ )  and 

L * ( ~ )  o f  SO,(X) - andSO,(y), respect ive ly ,  w i t h  c ( % )  = -i$ X V and 
-3: 

L ( ~ )  = - i~ x V the quantum numbers L and M are associated w i t h  the - -2 ' 
Casimi r operators o f  SO,(L) and SO, (M) , whi ch are L 2  and i,, wi t h  L = - 
L(X) + and L3 i t s  3rd. component. - - - 

I n  the const ruc t ion  o f  the i r reduc i  b l e  [ ~ I - ~ o l  ynomial s, the hypersol i d  

harmonics o f  E,, we s t a r t  by coupl ing the usual s o l  i d  h a r m o n i c s ,  
I (x) and YR (y_), v i a  C- G  c o e f f i c i e n t s ,  ob ta in ing  i n  t h i s  way ho- 

I Yelml - 2 2 

mogeneous and harmonics polynomials, i n  E6 , o f  degree &,+R2 i n  the s i x  

var iables,  xi a n d y  These hyperso l id  harmonics provide the rea l i za -  i' 
t i o n  o f  the  I (R,R2)Lm ke t  we were searching f o r .  They are eigenfunc- 

t i ons  o f  L ~ ( x ) ,  L ~ ( ~ ) ,  c2 and L3;  since t h e i r  degree i s  R1+R2, we have, - -  
of course, A = R, + R,. We s h a l l  come back t o  them a t  the very end. 

We t h i n k  i t  worthwhi le t o  terminate t h i s  paper by showing how the o the r  

i r reduc ib le  [ ~ ] - ~ o l  ynomials are constructed, i n  the be l  i e f  t ha t  having 

the whole set  o f  [A]-bases, one sha l l  be able t o  see theY T"+~J ( 3 ~ )  ,, 
~R,R~)LM 

against  the background o f  a1 1 [ ~ ] - ~ o l  ynomials. 

The hypersol i d r  Y['~+'J do not  exhaust the  sef  o f  hypersol i d  harmonics, 

i n  E,, s ince i f  we m u l t i p l y  

by a polynomial (so f a r  unknown) i n  the var iab les  1ç_2 and y2, hereaf ter  

denoted by B!; ^1QZ2,y2), which i s  homogeneous i n  the var iab les  Z, y, of  
1 2  

degree A-R,-%, = 2n, n = 0,1,2 ..., we ob ta in  new hyperso l id  harmo- 

n i c s  by imposing the requirement o f  harmonic i t  upon the expression ob- 

ta ined a f t e r  m u l t i p l i c a t i o n  o f  (2.7) by the B 6 l S s .  Since the Br'J9s 

are funct ions o f  3C2, y2, they are i nva r ian t  under S03(<) and SO,(y) and, 

therefore,  under SO,(L) as we l l .  This means that ,  i n  making the Ansatz 

I 



rx3 ( i n  which N c  R are normal iza t ion  constants introduced f o r  pro fess iona l  
1 2  

reasons) we d i d  not  s p o i l  the  cond i t ion ,  f o r  the YCA1's, o f  being e i -  

genfunctions o f  L'(x) , L ~ ( ~ ) ,  ~ ~ a n d  L3. The funct ions (2.8) are harmless - -  - -  - 
homogeneous harmonic polynomials o f  degree X=Rl+R2+2n. The requirement 

o f  harmonic i ty i s  enough t o  determine the Lx1's up t o  a m u l t i p l i c a t i v e  

constant, and the normal i z a t i o n  constants N have been chosen as t o  
R l R 2  

make the BC'Iss, up t o  the f a c t o r  r", coinc ide w i t h  Jacobi 's  polynomi- 

a l s :  

n = (1/2) (A-R,-%,) being the degree o f  the J a c o b i  polynomials, and 

r = (z'+~') Ref. 10. 

The Ansatz (2.8), w i t h  (2.9), gives a22 hyperso l id  harmonics, i n  E, , 
the c a r r i e r s  o f  the "most degenerate" representat ion o f  SO,. One can 

v e r i f y  t ha t  the labe ls  A,Rl,R2, L, M are re la ted  by the fo l l ow ing  bran- 

ching laws: 

We are a t  the end o f  our te ther .  I f  we now take n = O ,  i n  ( 2 . 8 ) ,  we 

[AI obta in ,  d is regard ing the m u l t i p l  i c a t i v e  constant NR , , the rea l i za-  
1 2  

t i o n  which has been revealed i n  (2.7), a subset o f  the polynomial bases 

of  SOG (3 ,~ ) .  
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