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A computer i n t e g r a t i o n  o f  the Schrodinger equat ion f o r  a p a i r  o f  P a r t i -  

c les ,  wi t h  reduced mass m/2, i n t e r a c t i n g  by a p o t e n t i a l  o f  the form 

V(r)  = V, + X r  - y / r  was performed f o r  severa l  values o f  the parameter 

a = rn-y / (m~) ' /~  i n  the range 0.29 5 a I 0.65. Other physical  l y  i n te res -  

t i n g  q u a n t i t i e s  such as < l / r >  and 4 ~ 1 $ ( 0 )  l 2  where a lso  computed f o r  the 

f i r s t  e igenstates i n  S- ,  P- and D-waves. 

Realizamos a integração, por computador, da equação de Schrodinger para 

um sistema de duas pa r t í cu las ,  de massa reduzida m/2, in terag indo por 

um po tenc ia l  da forma V ( r )  = V, + A r  - y / r ,  para diversos valores do pa- 

râmetro a = r n y / ( r n ~ ) ' / ~ ,  no i n t e r v a l o  0.29 l a l  0.65. Calculamos também 

out ras  grandezas f is icamente interessantes t a i s  como < I  / r >  e 47r I $  (O) 1 
para as pr imei  ras exci tações em ondas S ,  P e D. 

1. INTRODUCTION 

I n the present work we repo r t  some o f  the r e s u l t s  o f  a computer i n t e -  

g r a t i o n  o f  the SchrHdinger equat ion f o r  a system o f  two p a r t i c l e s ,  o f  

reduced mass m/2, i n t e r a c t i n g  by a p o t e n t i a l  o f  the form 

This type o f  p o t e n t i a l  has been suggested by theore t  i ca 1 i nves t i ga t  ions 

o f  non-abel ian  gauge theor ies  as appl i ed  t o  the gauge model o f  s t rong 

in terac t ionsl .  I n  t h i s  context ,  the l i n e a r  p a r t  o f  V ( r )  r e p r e s e n t s  

the conf in ing ,  long-range, p a r t  o f  the i n t e r a c t i o n  between the cons t i -  
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tuents quarks, whereas the Coulomb-1 i k e  a t t r a c t i v e  p a r t  o f  i t comes 

from the short- range gluon exchange, as expected i n  asymptot ical  l y  

f ree gauge theor ies .  

The e igenfunct ions  o f  the Schrudinger equat ion f o r  the p o t e n t i a l  (1.1) 

c o n s t i t u t e  the s t a r t i n g  p o i n t  o f  a recent and ra the r  successful per-  

t u r b a t i  ve treatment o f  the meson masses (especi a1 1 y o f  those recen t l  y 

discovered vec tor  mesons forming the Ji-fami l y )  i n  which the Fermi-Brei t  

i n t e r a c t i o n  terms, a r i s i n g  from gluon exchange, are taken i n t o  account 

i n  f i r s t  order2.  

Having i n  mind f u r t h e r  appl i c a t i o n s  t o  hadron spectroscopy, we perform 

a c o m p u t e r  i n t e g r a t i  on  o f  the corresponding r a d i a l  Schrudinger 

equat ion,  f o r  severa1 values o f  the parameter a = n r y / ( r n ~ ) ' / ~  i n  a s u i -  

t a b l y  chosen range, namely, 0.29 5 a 5 0.65, i n  order  t o  examine the 

sensi t i v i  t y  o f  the so lu t i ons  on the parameters involved, f o r  the va- 

r i cus  p h y s i c a l l y  i n t e r e s t i n g  cases. We a l s o  compute o ther  re levant  

phys ica l  q u a n t i t i e s  such as <1/r> and 4~r1$(0) 1 '  f o r  the lower e x c i t a -  

t i o n s  i n  s-, P- and D-waves. 

As i s  we l l  known, the case y = O ( t h a t  i s ,  the pure l i n e a r  case)admits 

exact  so lu t i ons  on ly  f o r  S-wave s ta tes 3.  Since the case y = O i s  a l s o  

o f  some i n t e r e s t 4 ,  we a l s o  solve i t  f o r  the f i r s t  few e x c i t a t i o n s  i n  

P-  and D-waves. 

The computer rnethod o f  i n t e r g r a t i o n  we used was the "matching r n e t h ~ d " ~  

together wi t h  Nurnerov's formula6. 

I n  Sect ion 2, we s t a t e  the problem and present the main resu l  t s  o b t a i -  

ned. A b r i e f  d iscuss ion o f  the r e s u l t s  i s  given i n  Sect ion 3. 

2. THE PROBLEM AND MAIN RESULTS 

The r a d i a l  Schrddinger equat ion f o r  a system o f  two p a r t i c l e s ,  w i t h  

reduced mass m/2 ,  i n  the CM-system and i n  terrns o f  the dimensionless 

va r i ab le  (91=c=l) 



reads 

The eingenfunct ions f o r  bound-states obey the usual boundary condi t ions 

I n  (2.2),  E and a are dimensionless q u a n t i t i e s  def ined by 

where E i s  the energy eigenvalue. 

For the expecta t ion  value o f  l/r, we have, by using (2.1) ,  

upon def  i n i n g  



we can rewr i  t e  (2.6) as 

The quant i  t y  K,, def ined by Eq. (2.8) i s  tabu la ted f o r  the pure 1 i nea r  

case i n  Table 1 and p l o t t e d  against  a, i n  Figs. 4-6. 

Also o f  i n t e r e s t  i s  the value o f  the quant i  t y  ~ I T ~ $ ( o )  1 ' .  

-+ 
The value o f  $(r )  a t  the o r i g i n  i s  d i f f e r e n t  from zero on ly  f o r  S-wa- 

ves. I n  t h i s  case, we have 

where we used Eqs. (2.1) and (2.7). Def in ing 

we can w r i  t e  

D = 
l i m  U(p) 
P+O o 



Fig.1 - The eigenvalues E k  o f  Eq.  (2.4) as func t ions  o f  the parameter a, 

Eq.(2.5),  f o r  the f i r s t  f i v e  e x c i t a t i o n s  ( k = l ,  ..., 5) i n  S-wave. 



F i g . 2  - The same as  f o r  F ig .1 ,  i n  P-wave. 



F i g . 3  - The sane as for F i g . l ,  i n  O-wave ( i < = \ ,  2 ,  3,  4 ) .  



Fig.4 - The q u a n t i t y  K,, def ined by Eq.(2.8) as f unc t i on  o f  the para- 

meter a, Eq. (2.5), f o r  the f i r s t  f i v e  e x c i t a t i o n s  i n  S-wave. 



FIG. 5 
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Fig.5 - The same as for Fig.4 ,  i n  P-wave. 



F i g . 6  - The same as for  F ig .4 ,  i n  D-wave. 



L-O 

F i g . 7  - The q u a n t i t y  D, d e f i n e d  by Eq. (2.10) as f u n c t i o n  o f  the  para-  

meter  a, Eq. (2 .5 ) ,  f o r  the  f i r s t  f i v e  e x c i t a t i o n s  i n  s-wave. 



We n o t i c e  tha t  , f o r  the pure 1 inear  case, D=1, and we recover a w e l l -  

-known r e s u l t 3 .  

We tabu la te ,  f o r  each S-wave exci  t a t i o n ,  the quant i  t y  D, from which the 

value o f  4 1 ~ 1 $ ( 0 ) 1 ~  can be obtained by means o f  Eq.(2.12). 

A f t e r  these elementary considerat ions,  we pass t o  the presenta t ion  o f  

the r e s u l t s .  . 

i )  We f i  r s t  consider the case y =a = 0, corresponding t o  a pure 1 inear 

p o t e n t i a l .  The eigenvalues E~ f o r  the f i r s t  few e x c i t a t i o n s  i n  S - ,  P-  

and D-waves are tabu la ted i n  Table 

values o f  the quant i  t y  K,, def ined 

i i ) For the genera 1 case yfO, we p 

by p l o t t i n g  E ( ~ ~ ~ ( 2 . 4 ) )  as a func t  

0.29 5 a 0.65, f o r  the f i  r s t  exc 

1,2 and 3, r espec t i ve l y ) .  

i i i )  We a l s o  p l o t ,  i n  Figs. 4,s an 

1, together w i t h  the corresponding 

by Eq. (2.8). 

esent our r e s u l t s  i n  graph ica l  form, 

on o f  a (Eq. (2.5)), i n  the i n t e r v a l  

t a t i o n s  

6, the 

func t i on  o f  the parameter a, f o r  the f i r s t  

D-waves, respect ive ly .  F i n a l l y ,  i n  Fig.7, 

i s  p l o t t e d  aga ins t  a f o r  the f i r s t  e x c i t a t i  

i n  S-, P- and D-waves ( ~ i g s .  

q u a n t i t y  K1 (Eq. (2.8)) as a 

exci  t a t  i ons i n S- , P- and 

the q u a n t i t y  D (Eq.(2.10 ) )  

ons i n  S-wave. 

3. A SHORT DISCUSSION OF THE RESULTS 

We presented i n  the previous sect ion,  the resu l  t s  o f  ou r  computer i n -  

t eg ra t i on  o f  Eq. (2.2) f o r  the case y = a = O and f o r  values o f  the pa- 

rameter a, def ined by (2.5), i n  the i n t e r v a l  0.29 5 a 5 0.65. 

For the case a=O, the values obtained f o r  E k  corresponding t o  S-waves, 

agree w i t h  those known from the exact  s o l u t i o n 3  [i.e., E k  i s  minus the 

kth zero o f  A i  

For the genera 

near func t ions  

7 6 

1 case afO, the E k  are, i n  a very good approximation, li- 

o f  the parameter a, i n  the i n t e r v a l  considered, as can 



be seen f rom Figs. 1-3 (Note 7). We no t i ce  tha t ,  i f we ex t rapo la te  the 

" s t ra igh t  l i nes "  t o  the value a=O, we recover, i n  a good approximation, 

the values f o r  Ek given i n  Table 1. The slopes o f  the l i n e s  are seen 

t o  decrease ( i n  absolute value) f o r  increas ing k (higher exci  t a t i ons ) .  

Hence, as i s  c lea r  f o r  instance from Fig.1 f o r  S-waves, the l i n e s  be- 
come more and more para1 l e l  t o  the a-axis,  tending t o  the asymptotic 

*va lue E [31~(4k-l)/6J 2/3, as pred ic ted from the pure 1 inear case
3 . 

k 
This means tha t  the e f f e c t  o f  the Coulomb-like term become less and less 

important f o r  h igher exci  t a t i ons .  

The same l i n e a r - l i k e  behavior was obtained f o r  the  q u a n t i t i e s  K,, Eq. 

(2.8). Hence, <l/r> increases almost l i n e a r l y  w i t h  a, i n  the range 

considered. The slope o f  the " s t r a i g h t  l ines",  f o r  a given value o f  L, 

a l so  decreases f o r  h igher  exc i ta t i ons ,  as can be c l e a r l y  seen from 

Figs. 4,5 and 6. 

The values o f  the quant i  t y  ~ ( a )  f o r  S-wave exci  t a t i ons  shown i n  Fig.  7 

a l s o  e x h i b i t  a l i n e a r  increase w i t h  a and a l s o  the slopes decrease f o r  

h igher exc i ta t i ons .  We f i n a l l y  n o t i c e  t h a t  the  l i n e s  i n  Fig. 7 con- 

verge t o  the p o i n t  D(O)=l, as expected f rom the exact resul  t i n  the 

pure 1 inear case3. 

Table 1 - The eigenvalues E o f  Eq. (2.4) and  the quant i  t y  K,, def ined by 
k 

Eq.(2.8) f o r  the f i r s t  f i v e  e x c i t a t i o n s  (k= l ,  ...,5) i n  S- , P-and Pwave, 

i n  the pure 1 inear  case (y=O). 
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