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A simple way o f  computation i s  used t o  get the e f f e c t i v e  p o t e n t i a l  o f  

the Coleman-Weinberg Lagrangian i n  a one-parameter c lass o f  gauge    i n-

vo lv ing  ghosts. 

Uma técn ica de computação mui t o  simples permite a obtenção do potenci - 
ao e f e t i v o  do Lagrangeano de Coleman-Weinberg em uma classe de "gauges" 

de um parâmetro que contêm os chamados "ghosts". 

1. INTRODUCTION 

The problem o f  computing e f f e c t i v e  p o t e n t i a l s  has on l y  been solved by 

d isp lays  o f  v i r tuosism. Coleman and E. weinberg's3 way and ~ a c k i w ' s '  

are examples o f  t ha t :  f o r  anything but  the very s implest  models, i t i s  

hard t o  get  the one-loop con t r i bu t i on  and almost impossible t o  go f u r -  

ther.  

I n  1975, S.Y .  Lee and A.M. Sciaccaluga7 introduced a very c leve r  way 

o f  computing the e f f e c t i v e  p o t e n t i a l  o f  the theory, i nc lus ing  two- 

-1oop con t r i bu t i ons .  Apparently they were not  much i n t e r e s  t e d  i n 

app ly ing i t t o  gauge theor ies,  where the problems rea l  l y  are. 

I n  t h i s  paper we do p rec i se l y  tha t .  A f t e r  so l v ing  some complications 

wi  t h  the gauge-f i x i  ng terms, one has a very e f f  i c i e n t  technique t h a t  

a1 lows the computation o f  the e f f e c t i v e  p o t e n t i a l  up t o  (and including) 

* Postal  address: C.P. 20516, 01000-São Paulo SP. 



two-loop con t r i bu t i ons  i n  a one-parameter c lass o f  gauges i nvo l v ing  

ghos t s  . 

Our vers ion o f  the j u s t i f i c a t i o n  f o r  the method i s  g iven i n  se'cti.on 2. 

This j u s t i f i c a t i o n ,  requ i red by some d e l i c a t e  po in ts  re la ted  t o  gauge 

invariance, i s ,  t o  our knowledge, the on l y  complete one. I n  Sect ion 3, 
we apply i t  t o  the Coleman-Weinberg Lagrangian and computethe one-loop 

con t r i bu t i on .  A d iscussion about the choice o f  gauge i s  a l so  presen- 

ted. The ana lys is  o f  the two-loop c o n t r i b u t i o n  i s  ra the r  l o n g a n d w i l l  

be deferred t o  another pub l i ca t i on .  

2. THE METHOD 

Cons ide r  the Lagrangian 

whe re  

tha t  

V ( @ )  

i n  the 

i s  a polynomial i n  the sca la r  f i e l d  4 .  I t  i s  e a s y  t o  see 

c lass i ca l  f i e l d  theory described by t h i s  Lagrangian, U ( 4 )  

i s  the  energy per u n i t  volume f o r  t ha t  s t a t e  i n  which the f i e l d  takes 

the constant value 4 .  The genera l iza t ion  o f  t h i s  quan t i t y  t o  a quantum 

f i e l d  theory i s  c a l l e d  the e f f e c t i v e  p o t e n t i a l .  I t  i s  def ined i n  the 

fo l l ow ing  way l :  l e t  the funct iona l  generator o f  the one- par t ic le  i r -  

reduc ib le  ( I P I )  Green funct ions,  r[d, be developed i n  a p w e r  expan- 

s ion  o f  the  de r i va t i ves  o f  the f i e l d ,  

where V ,  2, ..., are ord inary  funct ions o f  4 .  V ( + )  i s  the e f f e c t i v e  po- 

t e n t i a l .  

The usual way t o  wr t e  r[Q>1 i s ,  o f  course, 

Id'x 1 . . .d4xn r(") ( X l , .  . . ,xn)m(xl) . . .m<x,>, 



~ h e r e i ( ~ ) ( x ~ ,  ... x,) i r  then- po in t  IPI Green funct ion. Taking the 

Fourier transform and using t rans la t ion  invariance 2 ,  one obtains 

the Fourier components being calculated a t  zero rnomenta. Comparing t o  

(2) one gets, f o r  constant $, 

w'&ch allows the computation o f  the e f f ec t i ve  po ten t ia l  i n  terrns o f  an 

R ' i i n i  t e  ser ies whose coeff i c ien ts  are the ZPI Green functions o f  the 

theory. Though t h i s  i s  hardly a convenient method o f  computation, CO- 

leman and weinberg3 used i t  t o  obtain, w i t h  great ingenuity, the one- 

-1oop approximations i n  some cases. ~ ~ m a n z i k '  has shown that  V($) i s  

the expectation value of the energy per u n i t  volume i n  a s ta te  f o r  

which the f i e l d  has the constant value $. Clearly, i n  the t ree appro- 

ximation, V($) coíncides w i th  U($) o f  equation ( 1 ) .  For a theory i n  

which the vacuum expectation value o f  the f i e l d  operator does not va- 

nish, but has the value V, one has, instead of  (51, 

From t h i s  equation, i t  fol lows that  

which allows the computation o f  the vacuum expectation value as the SO- 

l u t i o n  o f  a minimum problem. This i s ,  perhaps, the most useful pro- 

per ty  o f  the e f f ec t i ve  po ten t ia l :  i t s  connection w i th  the spontaneous 

breakdown o f  symmetries. 

Computi.ng V(#) has been a hard task. The summation o f  an i n f  i n i t e  num- 

ber o f  Green functions was performed, as mentioned above, i n  Ref. ( 3 ) ;  



func t iona l  i n t e g r a t i o n  techn iques were used by ~ a c k i w ' ; ~  teven Weinberg6 

invest iga ted the connection o f  V($) w i t h  tadpole diagrams. Th is  l a s t  

technique insp i  red a very c leve r  procedure i nven  t e d  b y  Lee and 

~ c i a c c a l u ~ a '  which i s ,  t o  our knowledge, the on l y  simple and e f f i c i e n t  

way of  computing V($). The o r i g i n a l  p resenta t ion  t rea ted  o n  l y very 

simple cases, however, and the power o f  the method was, apparent ly,not  

recognized. We adapt i t  here t o  gauge theor ies.  

Consider, f o r  s i m p l i c i t y ,  a theory w i t h  j u s t  one sca lar  f i e l d ,  g i v e n  

by a Lagrangian f.($,a 4). Introduce a new f i e l d  
Fi 

where V i s  an arb 

comes L I ( $ I , ~ ~ + ~ )  

rewri  t e  Eq. (4) as 

i t r a r y  constant. I n  terms o f  $I ,  the Lagrangian be- 

, wi t h  some new ve r t i ces  which depend on v . We can 

Def in ing 

r 1  D1] = r[$l+v) 

and resumming Eq.(8), one gets 

-In the t r e e  a p p r o x i m a t i o n ,  i l l I@'- /  coincides w i t h  the Lagrangian 

L '  ( 4' ,a 4 % ) .  i t i s  then c l e a r  t h a t  (xl,. . -3: ) are proper v e r t i c e s  
lJ n 

computed wi  t h  the Lagrangian L ' ( @ 1  ,a 4 ' ) .  Four ier  t ransforming Eq.  (9) 
lJ 

one gets 



where ?(n) (0,. . .O) i s the n-poi n t  ptoper vertex computed, i n rnomentum 

space, wi t h  the Feynman rules o f  the Lagrangian L'. Going on, one has 

equation (1 2) becomes 

- - ( \ I  
= - p .  ( O ) .  I -  5 

That is ,  one gets a simple d i f f e r e n t i a i  equation invo lv ing the tadpole 

terrn computed according t o  the rules o f  Lagrangian L ' .  Put t ing v = 4 
a t  the end, one gets the e f f ec t i ve  po ten t ia l  V(+). 

3. APPLICATIONS 

We apply t h i s  method now t o  the Coleman-Weinberg Lagrangian: the elec- 

t rodynami cs o f  zero-mass scalar bosons. 

Our goal i s  t o  f i n d  the e f f ec t i ve  potent ia l  as a funct ion o f  and G2, 
that  i s ,  f o r  A =O. To our ava i l  the U(1) global gauge symnetry w i  l l  

Fi 
be used: i t  says tha t  V($ ,m2) i s  a funct ion only o f  m2 + m2 r es t r  

1 1 2 '  

t i n g  the problem t o  tha t  o f  determining the dependence on, say, al .  



L e t  u s  f i r s t  de f i ne  the  theory by choosing the  f o l l o w i n g  c l a s s  

o f gauges : 

L = -  1 e i E - , 

wi t h  t he  correspondi ng F a d d e e v - ~ o ~ o v ~  term 

By in t roduc ing 

formed Lagrang 

a new s h i f t e d  f i e l d  @ '  = - v ,  we pass t o  the  t rans- 
1 

an 

where, t o  s i m p l i f y  the  no ta t i on ,  we omi t ted  the prime o f  the f i e l d  

operator .  

The Feynman diagrams corresponding t o  t h i  s Lagrangian are  exhi b i  ted 

i n  Fig.  1; t h e i r  corresponding expressions are  





The one-loop tadpole diagrams are  shown i n  Fig.2, and given by 

The renormal i z a t i o n  performed here was the  ' t ~ o o f  t - ~ e l  tman'ss "pole 

subtract ion".  To be ab le  t o  compare our  resu l  t s  t o  some ex i  stent ones, 

i t  w i l l  be found convenient t o  in t roduce below o the r  renormal iza t ion  

p resc r i p t i ons .  

The bas ic  equat ion t h a t  g ives  the one- loop c o n t r i b u t i o n  t o  the e f f ec -  

t i v e  p o t e n t i a l  i s  



which gives 

X 
Putting v = (4' +. m2) "' and adding the zero-loop term (@: + @:)', 

1 2  v- 
we have the effective potential up to one-loop contributions. If, fol- 

lowing Coleman and Weinberg, we use the renormal ization prescriptions 

and 

the resul t wi 1 1  be 

For 5 -t (Landau gauge) , one gets exactl y the resul ts of Ref. (3) . Si- 
milar renormalization prescriptions for @, were omitted and made unne- 



cessary by the use o f  the U ( 1 )  symrnetry. Note t h a t  the  gauge - f i x i n g  

cond i t i on  i s  compatible w i t h  A = 0, the  p o i n t  a t  which the  e f f e c t i v e  
v 

p o t e n t i a l  was ca lcu la ted.  

Some more comments about the gauge- f ix ing terms are i n  order.  What we 

d i d  was t o  def ine  the theory according t o  ~addeev-Popov9 through the 

gauge- fixing and ghost terms given by eqs. ( 1  6 )  and  ( 1  7 )  and then 

s h i f t i n g  the theory, i nc lud ing  LG and LFp , by p u t t i n g  4 :  = $, - V . 
This i s  the c leanest way t o  proceed bu t  i s  not  the on l y  one. One cou ld  

th ink  o f  a c t i n g  i n  the fo l l ow ing  way: f i r s t ,  s h i f t  the f i e l d  0, i n  t he  

Lagrangian ( l 5 ) ,  then add gauge-f i x i n g  and ghost terms. In the  s h i f t e d  

theory, one can then compute the tadpole diagrams. By so l v ing  Eq. (14), 

one has the e f f e c t i v e  p o t e n t i a l  o f  the theory w i thout  s h i f t .  But, i n  

which gauge ? The na tu ra l  answer 

m i t  o f  the  gauge- f ix ing cond i t i on  

an example. 

Consider the Lagrangian (18), omi 

s: i n  the gauge determined by the li- 

LG as V + O .  We i l l u s t r a t e  t h i s  w i t h  

the l a s t  terms, rep lac ing them by 

What we ob ta in  i s  the  Coleman-Weinberg Lagrangian i n  the well-known R 5 
gauge ' O .  By proceeding i n  an analogous way, one has 

This should be, if t h i s  procedure i s  cor rec t ,  the  e f f e c t i v e  p o t e n t i a l  

o f  the unsh i f ted  theory i n  the gauge 



Now, i n  t h i s  gauge,' ~ a c k i w ~  has the  r e s u l t  (one-loop): 

which does not  agree wi t h  Eq. (26). Hence, the second approach i s  no t  

t rustworthy.  

One o f  us (H.F.) i s  g r a t e f u l  t o  J.  Frankel, R. KHberle and M. Gomes 

f o r  discussions. The o ther  two authors acknowledge f inanc ia1 support 

f rom FAPESP. 
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