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The e f f e c t  o f  b ind ing  on the electromagnet ic (e.m.) s t r u c t u r e  o f  a  nu- 

cleon i n  a  nucleus i s  examined by means o f  a  model cons i s t i ng  o f  a  

s i n g l e  nucleon which i s  bound i n  a  harmonic o s c i l l a t o r  p o t e n t i a l  and 

a l s o  coupled t o  the p ion  f i e l d  through the Chew-Low in te rac t i on .  We 

consider the " two-pion con t r i bu t i on "  t o  the  e.m. s t ruc tu re .  Th is  i s  the 

p a r t  which i s  probably most suscept ib le  t o  the b ind ing  e f f e c t .  By the 

b ind ing  e f f e c t  we mean the one which a r i ses  because the nucleon wave 

func t ions ,  i n  the  intermediate s t a t e  as w e l l  as i n  the  i n i t i a l  and f i -  

na l  s ta tes ,  a re  d i s t o r t e d  by the p o t e n t i a l  i n  which the nucleon i s  

bound. Th is  may be compared t o  a  s i m i l a r  co r rec t i on  t o  the impulse 

approximation f o r  pion-nucleus sca t te r i ng ,  Un l ike  the l a t t e r  which i s  

l i k e l y  t o  be q u i t e  appreciable, we f i n d  t h a t  the b ind ing co r rec t i on  t o  

the e.m. s t r u c t u r e  o f  the nucleon i s  n e g l i g i b l y  small.  The soca l l ed  

quenching e f f e c t  due t o  the Pau l i  p r i n c i p i e  when there  a re  o the r  nu- 

cleons i s  a l s o  discussed. 

Examina-se o  e f e i t o  de l igação na e s t r u t u r a  electromagnét ica (e.m.1 de 

um nucleon, em um nÜcleo,por meio de um modelo cons is t indo de um Ünico 

nucleon que es tá  1 igado em um potenc ia l  de osc i  lador  harmônico, e  tam- 

bém acoplado ao campo de pions, através da interação de Chew-Low. Aqui, 

consideremos a  l 'contr ibuição de dois pions" para a  e s t r u t u r a  e.m.. Es- 

sa é a  pa r te  provavelmente a  mais sensível  ao e f e i t o  de 1 igação . Por 

e f e i  t o  de 1  igação, entendemos o  f a t o  das funções de onda do nucleon, no 

estado in termediár io  bem como nos estados i n i c i a l  e  f i n a l ,  serem d i s -  
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Fig.1.  The two-pion contr ibut ion to  the e.m. s t ructure  o f  the nucleon. 

Fig.2.  The cross i ndi cates the ac t  

( b )  

ion o f  the externa1 potent ia l  . 

Fig.3.  A typ ica l  diagram f o r  pion-nucleon scat ter ing . The arrow 

indicates the intermediate s ta te  through, which a large binding 

correct ion resul t s .  



i s  coupled t o  the p ion  f i e l d  through the  Chew-Low in te rac t i on .  We c a l -  

c u l a t e  the e.m. form f a c t o r  and then the charge and magnetic moments 

o f  the nucleon, due to '  the two-pion diagram o f  Fig. 1 , f o r  f r e e  and 

bound nucleons. Un l i ke  the p ion  s c a t t e r i n g  from a bound nucleon,  we 

f i n d  t h a t  the  b ind ing  e f f e c t  on the  e.m. s t r u c t u r e  o f  the nucleon i s  

indeed very small.  We a l s o  discuss the  quenching e f f e c t  due t o  the 

Pau l i  p r i n c i p l e .  I n  Sec.2, we de f i ne  the model and ob ta in  expressions 

f o r  the charge and magnetic moment o f  the nucleon. Numerical r e s u l t s  

a re  given i n  Sec.3. We use u n i t s  such t h a t  c = 6 = 1 .  

2. DESCRIPTION OF THE MODEL AND CALCULATION 

We consider a  nucleon which i s  bound by a  " she l l -mde l  p o t e n t i a l "  ~ ( r ) ,  

and i s  a l s o  couples t o  the  p ion  f i e l d  through the Chew-Low in terac t ion .  

Here we are  assuming t h a t  a11 the  e f f e c t s  o f  meson exchanges b e t w e e n  

nucleons i n  a  nucleus are  represented by the p o t e n t i a l  ~ ( r ) .  The Hamil- 

ton ian cons is ts  o f  th ree pa r t s :  . 

where 

whi l e  Hr and HI are the  standard Hami 1 tonians i n  the Chew-Low theory2. 

The e.m. s t r u c t u r e  o f  the nucleon due t o  the  two-pion diagrarn (F ig . l )  

can be obtained by comparing the  S-matr ix  element f o r  the diagram w i t h  

-f 
where A, and A are the saca lar  and vec tor  p o t e n t i a l s  f o r  the externa1 

+ 
e.m. f i e l d ,  and p and j are  the charge and cur rent  dens i t i es  o f  the 

nucleon, respect ive ly .  The charge dens i ty  p cons is ts  o f  a  p a r t  due t o  

the  e.m. s t r u c t u r e  o f  the nucleon i t s e l f  and a  p a r t  due t o  the nucleon 

dens i ty  i n  the bound s ta te .  The c a l c u l a t i o n  o f  S  i s  very s i m i l a r  t o  



t h a t  o f  ~ i y a z a w a ~  f o r  a f r e e  nucleon, the on l y  d i f f e rence  being t h a t  

now the nucleon propagator i s  [ Zíri(p, - Ev + i&)]-', where E  (v%.,!L,rn) V 
i s  an eigenvalue o f  HN, i .e., 

HNqV = Ev% (Eo i s  se t  t o  be zero ) , ( 2 . 4 )  

and a l s o  the ve r tex  p a r t  i s  g iven by the m a t r i x  element o f  H between I 
two nucleon-states. We w i l l  conf ine  ourselves t o  the case where the nu- 

c leon i s  i n  the ground s t a t e  (v=O) both i n  the i n i  t i a 1  and f i n a l  s ta -  

tes.  Then we need m a t r i x  element <V/H, 10>, where v stands f o r  the i n -  

termediate s t a t e  o f  the nucleon. I n  eva lua t i ng  t h i s  ma t r i x  element, i t  

i s  convenient t o  w r i  t e  the nucleon wave func t ions  as 

Then, < V ~ H  10> can be reduced t o  the form I 

where g i s  the renormalized coup l ing  constant  ( ( g 2 / 4 ~ )  = 0.08)  , 
LL+ = 

= (k2 + p2) ' I 2  and 

G ( k )  = r2dr jQ ( k r )  fu ( r )  fo  (r)  
V i 

Other no ta t i ons  are  the same as i n  Refs. 2  and.3. The S-matrix element 

i s  g iven by3 



Comparing t h i s  S w i t h  (2.31, we f i n d  

and 

The charge Q = & p ( r )  i s given by I 

where a = ( 2 / ~ )  (g2/4a). Here the summation f o r  the quantum number rn has 

been performed. This Q i s  the  charge which corresponds t o  Fig.1, and 

not  the e n t i r e  charge o f  the nucleon. To ob ta in  the magnetic moment K, 
1 + +  + -t i + +  

r e c a l l  the  r e l a t i o n  KU = / ( r x j ) d r  and use the t r i c k  r+ - - i (Vk f -Vk ) ,  2 
which leads t o  



where f3 = (4/31~) ( g 2 / 4 ~ ) .  I n  the f o l  lowing, the  f a c t o r  .r3 

w i l l  be suppressed. 

i n Q  and K 

So f a r  we have not  spec i f i ed  the "she l l  m d e l  po ten t i a l"  

we now assume t o  be a harmonic o s c i l l a t o r  po ten t i a l ,  

V ( r ) ,  which 

(2.13) 

Then Ev, fv and Gv(k) are  a11 e x p l i c i t l y  known. I n  p a r t i c u l a r ,  

Since E i s  independent o f  R, the R-sumnations i n  Eqs.(2.11) and (2.12) v 
can be easí l y  done (see ~ p p e n d i x )  and we ob ta in  

where b2 = l/(mq). 

The sumnations f o r n  i n  the above formulas can be converted i n t o  i n te -  

g ra t  ions using 

> 
where m - 1 i s  an integer.  We then ob ta in  



m 

!J o 
[; - 1 j] Q = j: $ I d\ e- lu  A exp - ( e  

m 
B = -  \ A e-" ~ ( l  + - exp (e-hn - I)], (2.19) 

P 
2w 

o 

where K = k2/(2m) and K / n  = (bk)2/2.  

Next, l e t  us examine two 1 i m i t i n g  cases, the  loose-binding 1 i m i t  (q-tO) 

and the t i gh t- b ind ing  l i m i t  (F). I n  the loose-binding l i m i t  , the  

1 - i n teg ra t i on  i n  (2.18) and (2.19) can easi  l y  be done by expanding the 

integrands i n t o  power se r ies  o f  11. The f i r s t  terms i n  Q and K g i ve  

and 

which we i n t e r p r e t  as those f o r  a f r e e  (unbound) nucleon. The second 

terms o f  the  expansions lead t o  

and 

which represent b ind ing cor rec t ions.  I n  the t i gh t- b ind ing  l i m i t ,  on 

the o the r  hand, on l y  the n=O terms i n  (2.15) and (2.16) remainand a l so  

exp(-b2k2/2)+1. Hence, we a r r i v e  a t  



which are i d e n t i c a l  w 

Chew-Low theory i n  wh 

i t h  the corresponding 

i c h  the nucleon i s  he 

q u a n t i t i e s  i n  the s t a t i c  

d f i xed 3" .  Note tha t  QT 

and K~ are  obtained from QL and K~ by ignor ing the nucleon recoi  1 ener- 

gy, K. Also the so- cal led c losure  approximation i n  which the exc i ta -  

t i o n  energy E i n  (2.15) and (2.16) i s ignored gives QT and K~ . n 

So f a r  we considered on ly  one nucleon bound i n  the n=O s ta te .  If there 

are o ther  nucleons, the intermediate s ta tes  which are occupied by them 

have t o  be excluded i n  the summations i n  (2.15) and (2.16). Note that ,  

s ince the p ion  considered i s  charged, the  charge o f  the nucleon i n  the 

intermediate s t a t e  has t o  be d i f f e r e n t  from tha t  o f  the i n i t i a l  s ta te .  

For example n=O f o r  4 ~ e  and n=O and 1 f o r  160 have t o  be excluded.This 

i s  the  so- cal led quenching e f f e c t  due t o  the Pau l i  p r i n c i p l e ,  and i s  

equivalent  t o  the e f f e c t  o f  the exchange cu r ren t 5.  O f  course the two- 

-p ion process cont r ibu tes  on l y  t o  the isovector  p a r t  o f  the e.m.struc- 

t u re  and hence i t s  t o t a l  c o n t r i b u t i o n  t o  an isosca lar  nucleus such as 

' ~ e  and 160 i s  nu1 I. I t would be s t i  1 1  o f  i n t e r e s t  t o  see how the nu- 

cleons are i n d i v i d u a l l y  modi f ied.  

3. RESULTS AND DISCUSSIONS 

For a11 the K- in tegra t ions i n  the preceeding Section, i t  should be un- 

derstood tha t  there i s  a c u t - o f f  f a c t o r  v 2(k ) .  We present the r e s u l t s  

f o r  

v* (k) = exp ( - k 2 / ~ 2 )  , 

w i t h  A = 6u . The cu t- o f f  parameter A 5 7u was found reasonable i n  the 

recent anal ys i s  o f  pion-nucleon s c a t t e r i n g  us i ng  the Chew-Low theory 6 .  



The pion-nucleon coupl ing constant i s  taken t o  be g 2 / 4 ~ = ~ . ~ 8 ,  and a l so  

~ 6 . 8 ~ ~  p=138 MeV are used. 

For the harmonic o s c i l l a t o r  po ten t i a l ,  

= 41 MeV , (3.2) 

leads t o  a reasonable nuclear s i z e  f o r  the nucleus o f  mass number A 

( ~ e f  .7). Eq. (3.2) g ives b=1 . O  A ' / ~ F ,  and hence b=1.3 F f o r  A = 4 and 

b=1.6 F f o r  ~ = 1 6 .  These values may be compared w i t h  b=1.31 F f o r  4He 

and b= l  .76 F f o r  160, whi ch were obtained f rom anal yses o f  the charge 

form fac to rs 8.  As a t y p i c a l  value we choose b=1.4 F, which corresponds 

t o  q=21 MeV. 

Table 1 shows the resu l t s  f o r  Q and K f o r  b=0, 1.4 F, and m . The 

b ind ing e f f e c t ,  which i s  t he  d i f f e rence  between b=1.4 F and b = m ,  i s  

very sma11. I t i s  about 1% f o r  the magnetic moment, and s l i g h t l y  l a r -  

ger f o r  the charge. These cor rec t ions are  accurately g iven by (2.22) 

and (2.23). We have a l so  examined the root-mean-square radius f o r  the 

charge d i s t r i b u t i o n  and found tha t  the b ind ing co r rec t i on  i s  o f  the  

order  o f  1%. Therefore, we conclude t h a t  the b ind ing e f f e c t  on the  

nucleon s t r u c t u r e  i n  a nucleus i s  n e g l i g i b l e .  

TABLE 1 

Table 1 - Charge Q and magnetic moment K [in uni  t s  of e/(2m)] . The 

b ind ing e f f e c t  on Q i s  AQ = Q(b=1.4 F) - &(b-1. 

The e f f e c t  we have found i s  much smal ler  than t h a t  was est imated befo- 

r e  by a d i f f e r e n t  method
g
. As was po in ted t o  us by Goebel ( p r i v a t e  

communi cat  ion) , our previous ca l  c u l a t  ion d i  d no t  take account o f  the 



wave func t i on  renormal iza t ion  k i g . 2  (a)] which l a r g e l y  cancels the  

e f f e c t  considered [ ~ i ~ . 2  (b)]. The s t a t i c  approximation which we pre- 

v ious l y  used i s  inadequate f o r  handl ing  the e f f e c t  o f  ~ i g . 2 ( a )  because 

one o f  the nucleon propagators f o r  i t  becomes i n f i n i t e .  Our present 

c a l c u l a t i o n  i s  f r e e  from t h i s  d i f f i c u l t y  because the  nucleon motion i s  

taken care o f  by using bound-state wave func t ions  throughout. We the- 

r e f o r e  withdraw our previous suggestion t h a t  the b ind ing  e f f e c t  i n  the  

sense as we have discussed may be very important i n  understanding the 

magnetic moments o f  3 ~ e  and 3 ~ .  

I n  a s i m i l a r  model c a l c u l a t i o n  f o r  pion-nucleus s c a t t e r i n g  a t  medium 

energies, i t  was found tha t  the b ind ing  e f f e c t  r e s u l t s  i n  an increase 

o f  the pion-bound nucleon s c a t t e r i n g  cross sec t ion  i n  the 3-3 resonan- 

ce region by 50 t o  70%. However, i t  was a l s o  po in ted ou t  t h a t  t h i s  

l a rge  b ind ing  e f f e c t  stems from processes i n  which the energy o f  the 

intermediate s t a t e  can co inc ide  w i t h  t h a t  o f  the i n i t i a l  s t a t e  (see 

Fig.3). For the e.m. s t r u c t u r e  there  are  no such processes involved.  

The Table 2 shows the f i r s t  severa1 terms i n  the n-summations.As poin-  

ted o u t  a t  the  end o f  Sec.2, some o f  these terms are  quenched i n  a nu- 

c leus  because o f  the Pau l i  p r i n c i p l e .  One can see from t h i s  t a b l e t h a t  

the quench ing 'e f fec t  can be q u i t e  appreciable,  and an order  o f  magni- 

tude l a r g e r  than the b ind ing e f f e c t .  

TABLE 2 

-- 

Table 2 - Cont r ibu t ions  from intermediate s ta tes .  
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APPENDIX 

Our quantum numbers v=(n,R,m) are  the same as those i n  Ref. 10 which 

gives f ( r )  e x p l i c i t l y .  The i n t e g r a t i o n  i n  (2.10) f o r  the harmonic v 
osc i  l l a t o r  can be done e a s i l y  w i t h  the  resu l  t 

where p = (n-R)/2 > O. To do the R-summation ( f o r  a  f í x e d  value o f  n ) 

i t  i s  i n  f a c t  unnecéssary t o  know c expl  i c i t l y .  We on l y  need v 

which fo l l ows  from the f o l l o w i n g  i d e n t i t i e s :  

(A. 3) 
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