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WilsonJs renormal iza t ion  group recurs ion  equations f o r  a sp in  system 

are  examined and i t  i s  found tha t :  a) the convergence o f  the 4-spin 

c o r r e l a t i o n  coupl i n g  constant  (as func t i on  o f  R) i s  improved as one 

adds h igher  order  co r re la t i ons .  For d54 t h i s  f a c t  may make a s o l u t i o n  

o f  the coup l ing  constant  recurs ion  formulae feas ib le ;  b) o n l y  t o  f i r s t  

o rder  i n  n i s  renormal iza t ion  poss ib le  i n  the  case o f  q s6 theory. 

As equações de recor rênc ia  do método do grupo de renormal ização de 

W i  l son  para um sistema de spins são examinadas e encontra-se que: a) a 

convergência da constante de acoplamento da correlação de quat ro  sp i  ns 

(como função de R) melhora quando são acrescentadas correlações de o r -  

dem super io r .  Para d54, i s so  pode to rna r  p ra t i cáve l  a solução das 

fórmulas de recor rênc ia  para a constante de acoplamento; b) no caso da 

t e o r i a  n s6, a renormal ização só é possível  a t é  p r ime i ra  ordem em n. 

1. INTRODUCTION 

Wilson (Ref.1) has i n i  t i a t e d  a powerful method t o  deal w i t h  c r i t i c a 1  

phenomena i n  a s p i n  system ( o r  f o r  t h a t  mat ter  c o l l e c t i v e  mot ion i n  

many-body systems) . S t a r t i n g  wi t h  Kadanoff 's scal  i n g  idea (Ref .2), one 

d i v i des  the s p i n  system i n t o  b locks o f  spins.  One then introduces the 

e f f e c t i v e  Hami l tonian f fL  t h a t  describes t h i s  s p i n  b lock  ar ray ,  where L 

i s  the s i z e  o f  a b lock  and i t  i s  l a r g e r  than u n i t y  bu t  smal le r  than the  

c o r r e l a t i o n  length.  Increasing the s i z e  o f  each o f  the blocks t o  2L, 
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one obtains a new e f f ec t i ve  in teract ion,  ff2L, which describes the new 

array o f  larger  blocks. Continuing i n  t h i s  fashion, one then ends up 

w i th  an array o f  spin blocks o f  s ize Lc and a corresponding e f f ec t i ve  

Hami 1 tonian, ffL , such that  ffL = ffLc+l . This l a s t  property o f  
c C 

f f ~  

C 

spec i f ies  the c r i t i c a 1  po in t  associated w i t h  the phase t rans i t i on .  The 

idea behind the renormalization group i s  t o  a r r i ve  a t  t h i s t l f i xed  point" 

( ~ e f . 1 ) .  

I n  t h i s  paper, we sha l l  address ourselves t o  the convergence o f  the 

e f f ec t i ve  coupling constants that enter i n  the e f f ec t i ve  Harniltonian 

as one increases L. For t h i s  purpose we sha l l  u t i  1 ize, i n  Section 2, 

the renormal i zat ion group approximate recurzion equations as derived 

by Wilson (Ref . l )  . Throughout we shal l  use the same notat ion as i n  Ref. 

1. 

2. THE CONVERGENCE PROBLEM 

The recursion equations for  a spin system, treated as a nonre la t i -  

v i s t i c  f i e l d  theory problem, w i t h  general i n te rac t ion  between the spins 

(two -, four -, s i x  -, etc.  - spin correlat ions) taken into account, are 

as given i n  Ref.1: 



R 
where L E 2 and i t  defines, through R, a par t i cu la r  momentum shel l  i n  

the phase-space decomposition as ou t l i ned  i n  Ref.1. Here aL i s  a spin 

scal ing fac to r  (renormal i za t ion  constant) ; PL i s  a polynomial i n  even 

powers o f  the spin f i e l d  ~ ~ ( $ 1  (note that  the order o f  P i s  not rela- 
L 

ted t o L ) ;  w i s  re la ted t o  the volumeof the Rthmomentum shel l  and 

p, i s  the average value o f  the square o f  the wave number i n  the R = O 

she l l  . 

The approximate sol u t i on  o f  these equations f o r  the Gauss ian (two-spin 

corre la t ion)  and modified Gaussian (higher order corre la t ions added) 

were discussed i n  Ref.1. I n  f i v e  dimensions and higher,the rap id  con- 

vergence o f  the higher order co r re la t ion  coupling constants as func- 

t ions o f  R renders the resu l ts  s im i l a r  t o  the Gaussian model. However, 

f o r  d < 4 the convergence o f  these coupl ing constants ( i n  Ref. 1 only 

the 4-spin co r re la t ion  was inc l  uded) i s  not guaranteed especial l y  i f  

one deals on ly  w i t h  two- and four-spin corre la t ions.  This fac t  comes 

through the appearance o f  the fac to r  ((2x2 -d'2)n) zd i n  the recursion 

equations f o r  the d i f fe ren t  coupl ing constants. Thus f o r  a 4-spin cor- 

r e l a t i o n  modified Gaussian, one has two coupling constants, namely, rR 

and XL and the above numeri cal  factors  become (n re fers  t o  the order o f  

corre la t ion)  4 and 1 6 ~ 2 - ~  respect ively.  Thus f o r  d > 5, the conver- 

gente o f  XR (AR - O) i s  guaranteed whereas f o r  d 5 4 i t  i s  not.This 
R +  w 

resul t, however, could be modified i f  one adds higher order correla- 

t ions (6-spin, 8-spin etc) . 

1 For the d = 4 case a1 though 1 6 ~ 2 - ~  = I, AR - R , ;.e., i t  i s  
R + w  

convergent, the fact that  the equation determi n i  ng AR i nvolved coupl i ngs 

t o  other corre la t ions could speed up t h i s  convergence. For 'd<4 ( 4 = 3  

t o  be speci f i c )  i t i s the very presence o f  these coupl i ngs that  may 

render A R  convergent. This na tu ra l l y  raises the question whether one 

can ca lcu la te  the c r i t i c a 1  po in t  (but not the c r i t i c a l  exponents!) f o r  

d < 4 cases using j u s t  the recursion formulae o f  the coupl ing constants 

without resor t ing t o  an exact and thus lengthy numerical so lu t ion o f  

the set o f  exact renormal i za t  ion group equat ions (Ref. 1) by a proper 

choice o f  the bare co r re la t ion  coupling constants. 



Fig.1 - Three-body scat te-  

r i n g  due t o  the presence 

o f  three-body fo rces  on l  y.  

Fig.2 - Figure 2a cor res-  

ponds t o  two-body scat te-  

r i ng ,  (2b) a t h ree- body  

s c a t t e r i n g  term due t o  two- 

-body forces.  

Fig.  3 - Higher-order co r rec t i ons  t o  the diagram i n  f i g u r e  1 .  

F ig.  4 - Two-body "scat te r ing"  i n  s6- theory.  



As an example o f  the type o f  recursion equations one might get f o r  the 

higher order corre la t ions,  we have worked out the y 6  case, i. e. , we 

have assumed the fo l lowing form f o r  Q,(y): 

Then recursion equations can be derived if one calculates I R ( z )  up t o  

t h i r d  order i n  X o  and f i r s t  order i n  v, . 

I t  i s  j u s t  

vergence o f  

the terms i n  r) R, qRhR, and A; that  might lead t o  the con- 

%+I f o r  d < 4. This can be general ized t o  the A yn case. 

As we argue below, i f  none o f  the lower order corre la t ions are missing, 

recursion equations can be derived i f  one calculates on ly  up to  f i rsT 

order i n  A: t o  see t h i s  we would l i k e  t o  make an analogy w i th  the many 

p a r t i c l e  scat ter ing problem. I t  i s  hard t o  envisage two-particle scat- 

te r ing  i n  a system where the only i n t e rpa r t i c l e  forces p r e s e n t  are 

three-body forces ( i n  a spin system, 6-spin corre la t ions) .  However, i t  

i s  obvious that  the reverse i s  t rue as shown i n  Figures 1 and 2. 



As i s  well-known, there  i s  a b i g  d i f fe rence between Fig. 1 and Fig.2b, 

i n  t ha t  the l a t t e r  corresponds t o  the  sca t te r i ng  o f  three-part ic les se- 

quen t ia l l y ,  where one deals w i t h  a propagator o f  an "almost-real" par-  

t i c l e  ( i t  i s  a v i r t u a l  p a r t i c l e  bu t  approaches i t s  energy s h e l l  i n  the  

forward d i  r e c t i o n  (Ref . l i ) ) .  I n contrast ,  Fig. 1 corresponds t o  the ver- 

tex  func t i on  t o  zeroth-order i n  the coupl ing  constant (Ref .3). 

These diagrams are b a s i c a l l y  the on l y  ones tha t  one rnay deal w i t h  i n  

d iscussing renormal iza t ion  i n  a m d e l  sp in  system w i t h  a Hamil tonian 

o f  the form as2 + bs4; thus diagram 1 i s  the  f i rs t- order  c o n t r i b u t i o n  

f rom the s6 term (per turbat  ion  i s done i n b and c where a>>b >>c ) and 

diagrarn 2a are the f i r s t  and second-order con t r i bu t i ons  from the s4 
term respect ive ly .  I n  the absence o f  diagram 2a, the on l y  three-body 

sca t te r i ng  process possible i s  t ha t  o f  Fig.1 (as the zero th  order).Cor- 

rec t i ons  t o  t h i s  process frorn higher- order con t r i bu t i ons  are shown i n  

Fig.3. Th is  however, does not  exclude the p o s s i b i l i t y  o f  a two- part i-  

c l e  " scat ter ing"  i n  an s6 theory, namely, v i a  p r o c e s s e s  as the one 

shown i n  Fig.4. A s c a t t e r i n g  o f  t h i s  type, i n  the n o n r e l a t i v i s t i c  re-  

gime, i s  not  rneaningful. I n  a sp in  system, however, i t  corresponds t o  

the f i r s t - o r d e r  4-spin ver tex  func t i on  (Ref.3). Th is  however i s  a se- 

cond-order diagram i n  the s6 coupl ing  constant and i t  i s  not  a1 lowable 

i n d e r i v i  ng recurs ion  equations o f  the type d i  scussed (Ref. 1) .  

What happens, then, i n  the absence o f  2a i s  t ha t  recurs ion formulae , 
corresponding approximatel y t o  the renormal i za t i on  g r o u p  equat ions 

cannot be obtained. To check t h i s  one merely der ives these formulaewhen 

Q ~ ( Y )  = roy2+rloy6 ( the  no ta t i on  i s  t h a t  o f  (Ref . l )  and one then f inds 

tha t  t o  f i r s t  o rder  i n  no (which i s  the  highest  order one can include) 

a two-body s c a t t e r i n g  term (4-spin co r re la t i ons  or ,  5'" i s  generated 

i n Q, (y) thus render i  ng the  procedure o f  renormal i z a t  ion  useless i n  

g e t t i n g  the c r i t i c a 1  value o f  the s2 constant, rC. Obviously there i s  

a way o f  descr ib ing c r i  t i c a l  phenomena i n  a s6-theory,  but  i s  not  the 

renormal i z a t i o n  group method (Ref .3). What t h i s  impl i es  too i s t h a t  

sca l i ng  breaks down since reno rma l i zab i l i t y  i s  c lose l y  associated w i t h  

scal  i ng  (Ref. 1) (where scal  ing  i s  taken t o  be a more general concept 

than conventional 1 y t reated)  . Thi s, i n  a way, conf i rms M igda l  ' s  con- 

ten t  i o n  (Ref .3) . 
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