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The zero  mass l i m i t  o f  the  massive T h i r r i n g  model, w i t h  i n t e r n a l  U(n) 

symnetry, I s t u d i e d  i n  p e r t u r b a t i o n  theory.  We show t h a t ,  on t h e  

cu rve  i n  t h e  space o f  c o u p l i n g  constants ,  where a l l  v e c t o r  and a x i a l -

- v e c t o r c u r r e n t s  a r e  conserved, one may i n t r o d u c e  an i n t r i n s i c  parame-

t r i z a t i o n  f o r  the  i n t e r a c t i o n  o f  t h e  ze ro  mass theory .  Th is  means t h a t  

the  i n t e r a c t i o n  takes the  c u r r e n t- c u r r e n t  form. 

Estuda-se, aqu i ,  em t e o r i a  de per turbação,  o  modelo massivo de T h i r r i n g  

em seu l i m i t e  de massa evanescente. Mostra-se que se pode, ao longo da 

curva  no  espaço das constantes de acoplamento onde todas as co r ren tes  

v e t o r i a i s  e a x i a i s  se conservam, i n t r o d u z i r  uma parametr ização i n t r í n  

seca para a in te ração ,  no l i m i t e  estudado. S i g n i f i c a  i s s o  que a i n t e -  

ração toma a forma cor ren te- cor ren te .  

1. INTRODUCTION 

The massive T h i r r i n g  model, w i t h  i n t e r n a l  ~ ( n )  s ymmetry, has revea led  

i t s e l f  as a v e r y  i n t e r e s t i n g  l a b o r a t o r y  t o  s tudy  ques t ions  re la ted  t o  

asympto t i c  s c a l e  invar iance .  Since i t does n o t  appear t o  be e x a c t l y  

s o l u b l e ,  i t  i s  impor tan t  t o  e x t r a c t  f rom i t  as much i n f o r m a t i o n  a s  

p o s s i b l e  by making use o f  p e r t u r b a t i o n  theory¹ One o f  t h e  most impor- 

t a n t  o b j e c t s  t o  s tudy  a r e  t h e  v e c t o r  and a x i a l - v e c t o r  c u r r e n t s  o f  the  

model, s i n c e  they p l a y  a c e n t r a l  r o l e  i n  any d iscuss ion ,  i n c l u d i n g  t h e  
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one a im ing  a t  an e x a c t  s o l u b i  l i t y2.  I n  renorma l i zed  p e r t u r b a t i o n  theory, 

on t h e  o t h e r  hand, t h e  Lagrangian i s  n o t  w r i t t e n  i n  terms o f  c u r r e n t s ,  

b u t  i n  terms o f  fou r- fe rmion  i n t e r a c t i o n s  m u l t i p l i e d  by c o u p l i n e  cons- 

t a n t s  gi, i=1,2,3. They a r e  n o t  r e n o r m a l i z a t i o n  i n v a r i a n t  and t h e i  r 

numer ica l  va lues do n o t  t e l l  us a n y t h i n g  about t h e  most impor tan t  p ro-  

p e r t i e s  o f  the  theory ,  name l y ,  whether i t s  mass less  l imi t possesses con- 

served a x i a l  c u r r e n t s .  

I  t i s ,  t h e r e f o r e ,  u s e f u l  t o  e l i m i n a t e  t h e  f o u r - f e r m i o n  i n t e r a c t i o n s  as 

much as p o s s i b l e  i n  favour  o f  c u r r e n t - c u r r e n t  i n t e r a c t i o n s ,  since, i n  the 

case t h e  c u r r e n t s  a r e  conserved, t h e i r  Green's f u n c t i o n s  can e a s i l y  be 

ob ta ined  by i n t e g r a t i o n  o f  t h e i  r Ward-Takahashi i d e n t i  t i e s 3 .  Bes i d e s  

t h i s ,  t h e  new coupl i n g  constants  di, i=1,2,3, do now t e 1  l us how f a r  

we a re  away from, say, asympto t i c  s c a l e  invar iance .  We c a l l ,  s u c h  a  

p a r a m e t r i z a t i o n ,  i n t r i n s i c 4 .  

I n  Sec t ion  2, we s tudy  asympto t i c  s c a l e  i n v a r i a n c e  u s i n g  a  genera l i zed  

T a y l o r  s u b t r a c t i o n  scheme. l n  t h e  t h i r d  and f i n a l  Sect ion,weshow t h a t ,  

o u t  o f  a l l  ze ro  mass l i m i t  t h e o r i e s ,  t h e  one which i s  s c a l e  i n v a r i a n t  

admits an i n t r i n s i c  p a r a m r t r i z a t i o n :  we can r e w r i t e  i t s  equa t ion  o f  mo- 

t i o n  i n  terms o f  l i m i t s  o f  c u r r e n t s  and f i e l d s ,  and i n  such a  way t h a t  

i t takes the  form one would n a i v e l y  expect .  

2. PERTURBATIVE DISCUSSION 

I n  t h i s  Sect ion,  methods o f  renorma l i zed  p e r t u r b a t i o n  theory  w i  1  l be 

a p p l i e d  t o  t h e  T h i r r i n g  mode15, w i t h  an i n t e r n a 1  ~ ( n )  symmetry, a im ing  

a t  a  c l a s s i f i c a t i o n  o f  v a r i o u s  s i t u a t i o n s  accord ing  t o  the  n u m b e r  o f  

conserved c u r r e n t s .  

The p e r t u r b a t i v e  t rea tment  can be done i n  a  sys temat i c  way through nor-  

mal p r o d u c t  methods. We cons ider  t h e  model desc r ibed  by the f o l  l o w i n g  

e f f e c t i  ve Lagrangian dens i t y :  



-+ 
where X = (Al, A,, ..., 
o f  SU(n) ,  Ref.6. The f 

dent  coun te r  terms, f i  

l a t e r .  The e f f e c t i v e  

i n g  the  requi rements o 

A ) a r e  mat r i ces  o f  the  fundamental rep resen ta t ion  n 
i n i  t e  constants ,  cl, C* and c 3 ,  a r e  rnass indepen- 

xed by n o r m a l i z a t i o n  c o n d i t i o n s  t o  be s p e c i f i e d  

Lagrangian (2.1) i s  the  most genera l  one s a t i s f y -  

f renorrnal izabi  l i t y ,  Lo ren tz  covar iance,  p a r i  t y ,  

charge c o n j u g a t i o n  and U(n) syrnmetry. The Green's f u n c t i o n s  a r e  g iven  

by the  usual f i n i t e  p a r t  o f  the  Gell-Mann and Low formula,  w i t h  a sub- 

t r a c t i o n  scheme which uses t h e  f o r e s t  formula wi t h  modi f i e d  " T a y  l o r "  

opera to rs 7:  

L o g a r i t h r n i c a l l y  d i v e r g e n t  in tegrands  r e q u i r e  one s u b t r a c t i o n :  

(1).  whereas l i n e a r l y  d i v e r g e n t  in tegrands  should be s u b t r a c t e d  w i t h  T . 

The s u b t r a c t i o n  scheme (2.2-3) i s  convenient  f o r  t h e  d e r i v a t i o n  o f  ho- 

mogeneous paramet r i c  d i f f e r e n t i a l  equat ions f o r  the  N- p o i n t  f u n c t i o n s 5.  

I t  i s  a l ç o  c l e a r  t h a t  t h i s  s u b t r a c t i o n  scheme produces Green's f u n c t i o n s  

which a r e  w e l l  d e f i n e d  i n  t h e  rn + O l i m i t .  

D e f i n i n g  the  2N-point v e r t e x  f u n c t i o n  r (2N) by 

where the s u p e r s c r i p t  "prop" i n d i c a t e s  t h a t  o n l y  p roper  (amputated, one 

p a r t i c l e  i r r e d u c i b l e )  diagrams a r e  inc luded ,  we o b t a i n ,  f rom (2.2) and 

(2.31, t h e  r e s u l t s  



Using methods similar to those of Ref.7, the fol lowing differential equa- 

tion can be established: 

where 6, Bi(i=1,2,3) and y are mass independent functions of gi, i=1,2, 

3, which can be obtained from the equation above by application of the 
( 2 ~ )  normalization conditions satisfied by r . 

Normal products are in 

proper functions conta 

following notation wil 

troduced in the usual way. In particular, for 

ining only one special normal product vertex, the 

1 be used: 

NOTATION 

These normal product vertex functions satisfy differential equations 

analogous to (2.51, namely, 



where 6 6 , and t , th ,  are funct ions o f  the gi's, known from 
pe r tu rba t i on  theory, and 

The model (2.1) has two conserved vector  currents,  

whereas, f o r  the a x i a l  currents,  we have 

51 7 



The anomal i e s  i n ( 2 . 8 ~ )  and (2.8d) come f rorn the two i denti tieç 



2n(n - l )X  = - 
1 

and analogous forrnulae f o r  q ,  e A and A . 
2  '- 1 3  

One i n t e r e s t i n g  f e a t u r e  o f  the  renormal i z e d  theory  i s  t h e  p o s s i b i  1 i t y  of 

asyrnptot ic  conserva t ion  o f  the  a x i a l  c u r r e n t s ,  though c l a s s i c a l l y  t h i s  

i s  i rnposs ib le .  Forrnulae (2.7) and (2.8) can be used t o  o b t a i n  a  nurnber 

o f  i n t e r e s t i n g  r e s u l  t s :  

i )  By a p p l y i n g  D t o  b o t h  s ides  o f  (2.8a) and (2.8b), and u s i n g  (2.7) , 
we o b t a i n  

so t h a t ,  a t  an eígenvalue g = ( g  ) ,  d e f i n e d  by 
O 10 '  g20 'g30  

a11 c u r r e n t s  w i l l  s c a l e  c a n o n i c a l l y  i n  t h e  asyrnptot ic  reg ion .  Such 'a 

l i n e  o f  f i x e d  p o i n t s  has been i n v e s t i g a t e d ,  by M i t t e r  and weiszl , i n  

t h e  neighborhood o f  t h e  o r i g i n  g =g =g =O. 
1 2 3  

i i )  There e x i s t s  a  su r face ,  S1, i n  t h e  space o f  c o u p l i n g  cons tan ts  g , 
1 

g2 , g3 , pass ing  through t h e  o r i g i n ,  g =g =g =O, and on which B = 0. 
1 2 3  1 

On S1, t h e  i s o s c a l a r  a x i a l  c u r r e n t 8  i s  a s y r n p t o t i c a l l y  conserved. 

A p p l y i n g  t h e  d i f f e r e n t i a l  o p e r a t o r  

t o  b o t h  s i  des o f  (2.8c),  and us i ng 



and 

where A ,  i s  t h e  s o f t  rnass v e r t e x  i n s e r t i o n ,  we o b t a i n  t h e  equa t ions  

We now choose g 3 - c 3  so t h a t  al = O 

t h a t  el/a depends o n l y  on gl ( t h  

and, fur therrnore,  

i s  i s  always poss ib  

c, i s  chosen so 

l l e  i n  p e r t u r b a t i o n  

theory,  s i n c e  (e,/@) = A(gl-c) + h i g h e r  o r d e r  terrns, w i t h  AZO). Thus , 
frorn the  f i r s t  o f  the  equa t ions  (2.10) we g e t  

i i i )  There e x i s t s  ano ther  su r face ,  S2,  a l s o  pass ing  through t h e  o r  

on which =O. I n  the  case o f  ~ ~ ( 2 1 ,  where r (2N) and r ( 2 ~ )  
6.a 7.a 

1 i n e a r l y  dependent, t h e  i sovec to r  a x i a l  c u r r e n i  i s  conserved on S  
2 

o n l y  f o r  S U ( ~ )  does S2 have an i n t r i n s i c  meaning. 

I f  we app ly  Pi t o  b o t h  s ides  o f  (2.8d), we w i l l  g e t  

i g i n ,  

a r e  

.Thus, 



Thus, i f c i s chosen so t h a t  e2 /n  depends o n l  y on g,, and g2 i s  f i xed  
2 

so  t h a t  a26, + a 3 6 6  = O ,  i t  f o l l o w s  t h a t  

i v )  The sur faces  S, and S, i n t e r s e c t  a long  a l i n e  L1, pass ing  through 

the  o r i g i n ,  a long  which we have 

and a long  which a l l  a x i a l  c u r r e n t s  a re  a s y m p t o t i c a l l y  conserved. 

Now, 6 =O f o l l o w s  f rom t h e  l a s t  equa t ion  (2.111, which becomes 
3 

Conservat ion o f  the  a x i a l  c u r r e n t s  requ i  res a,=a2=a3= O.  From (2.12) , 
we have t h e  homogeneous equa t ions  

M i t t e r  and weiszl have v e r i f i e d  t h a t ,  i n  lowest o rder ,  a determinant  

s i m i l a r  t o  t h e  one o f  Eq. (2.15) i s  nonvanish ing,  i m p l y i n g  



3. EQUATION OF MOTION IN TERMS OF CURRENTS 

I n  t h i s  Sec t ion ,  we want t o  r e w r i t e  t h e  equa t ion  o f  mot ion s a t i s f i e d  by 

the  f i e l d  $, descr ibed  by t h e  e f f e c t i v e  Lagrangian (2.1) ,  

= d e l t a  terms , (3.1) 

i n t o  one where. t h e  i n t e r a c t i o n  i s  i n t r i n s i c a l l y  paramet r i zed  i n  terms 

o f  l i m i t s  o f  c u r r e n t s  and the  f i e l d  $ ( x ) .  We w i l l  show t h a t  we o b t a i n  

the  n a i v e l y  expected equa t ion  o n l y  i n  t h e  m + O l i m i t  and on t h e  curve  

L1, a long  which a1 l v e c t o r  and a x i a l  v e c t o r  c u r r e n t s  a r e  conserved i .e., 

i n  the  s i t u a t i o n  when s c a l e  i n v a r i a n c e  ho lds .  T h i s  reparamet' .r izat ion 

i s  e s s e n t i a l ,  i f  one t r i e s  t o  s o l v e  t h e  model e x a c t l y  v i a  the  i n t e g r a -  

t i o n  o f  Ward-Takahashi i d e n t i  t i e s 3 .  

We w i l l  thus express t h e  c u r r e n t s  as l i m i t s  o f  f i e l d s ,  when the  separa- 

t i n g  d i s t a n c e  van ishes 3:  

where ZS, Z a r e  renormal i z a t i o n  cons tan ts  depending l o g a r i  thmica l  l y  on v 
I n  terms o f  t h e  W i  l son  expansions

g 



we have Z = as," + . s.v 1 

I n  o r d e r  t o  r e w r i  t e  (3 .11,  l e t  us i n t r o d u c e  the  o p e r a t o r s  

The c o e f f i c i e n t s  E. and F .  a r e  m-independent due  t o  o u r  s u b t r a c t i o n  
'L 'L 

scheme, (2.2) and (2.3) .  I n  o r d e r  t o  show the  absence o f  d i  r e c t i o n -  

-dependent terms o f  the form 



we proceed as f o l  lows. Due t o  o u r  s u b t r a c t í o n  scheme, the  l i m i t  m -+ O 

c e r t a i n l y  e x i s t s  ( t h e  problem i s  t o  e s t a b l i s h  an equa t ion  o f  mot ion li- 

ke  (2.81, be low).  

We now use the c u r r e n t  conserva t ion  laws, which a r e  the e s s e n t i a l  to01 

i n  e s t a b l i s h i n g  o u r  r e s u l t .  I n  t h i s  l i m i t ,  and a long  the  curve found i n  

the  p rev ious  Sec t ion ,  where Bi = O, i = 1,2,3, a11 v e c t o r  and a x i a l -  

- v e c t o r  c u r r e n t s  a r e  conserved. We can thus i n t e g r a t e  the Ward-Taka- 

hashi  i d e n t i t i e s  w i t h  s u i t a b l e  boundary c o n d i t i o n s ,  and f i n d  the  c u r -  

r e n t - c u r r e n t  Greenys f u n c t i o n s  w i t h  an a r b i t r a r y  number o f  $ andq. Note 

t h a t  t h i s  i s  a  t r i v i a l  s t e p  and i t i s  o f  courses unnecessary t o  e x a c t l y  

s o l v e  the  model t o  do so. Th is  f a c t  w i l l  be used over  and over  agaín , 
below. 

Now, we c a l c u l a t e  

There do n o t  appear any d i  rect ion- dependent  terms i n  (3 .6) ,  and hence 

l i m i t s  d e f i n i n g  Al(x) and A 2 ( x ) ,  Eqs. (2.4),  a re  d i rec t ion- independent .  

Since the  o p e r a t o r s  on the r.h.s. o f  Eq. (2.5) have d i  rect ion- independent 

~ ~ e e n ' s  f u n c t i o r ~ s ,  the  same i s  t r u e  f o r  t h e  c o e f f i c i e n t s  E and Fi. i 

We thus o b t a i n  the  f o l  l ow ing  z e r o  mass 1 i m i t ,  f o r  (3 .1 ) :  

- ( d e l t a  terms ) I  ii +(zi) Ti $ ( Y . ) l ~ >  = O ,  
, - -L L 1  j = l  



Now we want t o  show t h a t  the c o e f f i c i e n t s  d i = 1,2,3, are f i n i t e  , i' 
using again the conservation o f  a l l  currents along our curve L, . The 

c o e f f i c i e n t  d, w i l l  be shown t o  be l oga r i t hm ica l l y  d ivergent ,  i n  every 

order, b u t  a c t u a l l y  exponentiates t o  zero. 

W i  t h  the. equation o f  m t i o n  (3.81, we calcula.te 

The 

ca 1 

terms conta in ing  A I  and A, can eas 

l y .  For the r.h.s. o f  (3.91, we make 

i l y  be shown t o  van 

a Wilçon expansion 

i s h  

(3.9) 

i d e n t i -  



+ r 3 N 1  [fiSq] ( r )  + r 4 N 2  [($!J) ($y57$)] (r) 1 

But s i n c e  t h e  i s o s c a l a r  a x i a l  c u r r e n t  i s  conserved, we g e t  

d r  = d r  = d r  = d r  = O .  
3 2  3 5  3 3  3 4  

Since r = 1, i n  z e r o t h  o rder ,  we o b t a i n  

d = O  
3  

whi ch means 

w i t h  f(g ,g ) determined f rom (3.13) as a power s e r i e s  i n  g and 
1 2  2 9 3  

Next, we app ly  the  same procedure t o  t h e  i s o v e c t o r  a x i a l  c u r r e n t :  

The te rm i=l i s  absent,  because o f  C- invar iance .  Now f rom 



We see tha t  the 8.h.s. o f  (3.16) has no d i  r ec t i on  dependent terms, since, 

by e x p l i c i t  computation v i a  Ward-Takahashi i d e n t i t i e s ,  the r.h.s. i s  d i -  

r ec t i on  independent. Consequently, we have the fo l l ow ing  Wilson expan- 

s ion:  

z;'{ : T ( X + E ) Y ~ X ~ A ~  (x) + Ã2 (X+E) y5ha$(x) : 1 

where C- invariance'was used t o  exclude a term propor t  iona l  t o  

N2 [($Y~$) ($yuy5ha$)] (x) . 

There i s  no such argument f o r  direction- independent ava i l ab le  f o r  A 3  : 

Zil(: ~ ( X + E ) ~ ~ A ~ A ~ ( X )  + Ã3(x+€)y5ha$(x):] 



i n s e r t i n g  (3.17) and (3 .18)  i n t o  (3 .16)  we obta in  

- ia'{ 2 z;l : ~ ( r + ~ ) y u y 5 ~ a ~ ~ x )  : I  = 

Again from the conservation o f  the cur rent  above, we get 

d s ( 3 )  = d s ( 3 )  = d s ( 3 )  = 0 
3 7 3 5 3 6 

Since, i n  zeroth order,  we have 

we obtain,  from (3.20), 

i n  pe r tu rba t i on  theory. 
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The f i e  1 d equat  i on (3.8) now Decomes 

0 I x  - d 1 im [N, [Gyp$J(x+ n)yu$(x) 
wo 

where 

App ly ing  D, as g i v e n  Dy Eq. (2.101, t o  (2.231, we o b t a i n ,  u s i n g  (2.7) and 

Bi = O, i = 1,2,3 : 

Since t h e  i s o s c a l a r  c u r r e n t  sca les  canon ica l  l y ,  we have t h a t  ( 6 - l ) t  =2y, 
1 

so t h a t  f rom (3.24) f o l l o w s  

Thus d i s  an p i n d e p e n d e n t  f u n c t i o n  o f  g , whereas d s a t i s f  i e s  
1 1 



Since y > O ,  i n  the  i n t e r a c t i n g  case, we g e t  

l i m  d = O .  
€'O 
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