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T h i s  paper in t roduces  a s i m p l i f i e d r o u t i n e  f o r  t h e geomet r i ca l  recons

t r u c t i o n  and t h e  k i n e m a t i c a l  c a l c u l a t i o n s  o f  an i n d i v i d u a l  t r a c k  produ-  

ced i n  a bubble chamber, t o  be used i n  smal l  computers. i t was a p p l i e d  

t o  t h e  neut ra l r e a c t i o n s  n-D, as descr ibed  i n  another  paper t o  appear 

s h o r t l y .  i t can be a p p l i e d  a l s o  t o  events w i t h  severa1 t r a c k s  i f  the  

c o n s t r a i n t  equa t ions  assoc ia ted  t o  t h e  energy and momentum, conserva t ion  

a r e  in t roduced .  S ince t h i s  r o u t i n e  i s  t o  be a p p l i e d  t o  ze ro  p rong  

events,  one has t o  be c a r e f u l  w i t h  the  energy c a l c u l a t i o n  o f  t h e  p a r t i -  

The events w i t h  an e r r o r  i n  t h e  energy l a r g e r  than a c e r t a i n  va-

lue ,must be remeasured and reanalyzed, w i t h  the  e r r o r  l i m i t  depending on 

the p a r t i c u l a r  r e a c t i o n  b e i n g  s tud ied .  

In t roduz- se  uma r o t i n a  i f icada para a reconstrução geométrica ca e os 

c á l c u l o s  c inemát icos de um t r a ç o  i n d i v i d u a l  p roduz ido  em uma câmara de 

bolhas,  para  s e r  usada em computadores de pequeno p o r t e .  E l a  f o i  a p l i -  

cada as reações neut ras  ?r-D, como d e s c r i  t o  em o u t r o  a r t i g o  a aparecer  

brevemente. Pode também s e r  a p l  i cado a eventos com mu i tos  t r a ç o s  se fo- 

rem i n t r o d u z i d a s  as equações de v í n c u l o  associadas i conservação de e- 

n e r g i a  e quant idade de movimento . Como a r o t i n a  é para s e r  a p l i c a d a  a 

eventos com um só t r a ç o ,  deve-se t e r  cu idado com o c á l c u l o  da e n e r g i a  

da p a r t í c u l a .  Eventos com um e r r o  na e n e r g i a  maior  que um c e r t o  v a l o r  

devem s e r  remedidos e reanal  izados, com o e r r o  1 i m i t e  dependendo da rea- 

ção p a r t i c u l a r  que e s t e j a  sendo estudada. 

- 

* Work p a r t i a 1  l y  suppor ted by FUNTEC - BNDE and CNPq. 



1. INTRODUCTION 

For d e f i n i t e n e s s ,  we cons ider  a c y l i n d r i c a l  bubble chamber w i t h  g lasses 

i,n t h e  bases. I t s  p o s i t i o n i n g  r e l a t i v e  t o  t h e  pho tograph ic  system len-  

ses i s  shown i n  F ig .  1. 

I n  t h i s  f igure,AAt i s  the  bubble chamber a x i s  and B and B' t h e  p a r a l l e l  

g lass  sur faces.  L i g h t  frorn a f l a s h  i n  A i s  focused i n  A ' .  

The re fe rence  f o r  the  c o o r d i n a t e  system i s  made through severa1 f i d u c i a l  

marks graved i n  the i n t e r n a ]  su r faces  B and B1.,Three o f  these marks, 

FA, FB and F a r e  s i t u a t e d  i n  the  v e r t i c e s  o f  an e q u i l a t e r a l  t r i a n g l e  i n  C 
B ' .  The lenses f rom th ree  pho tograph ic  cameras a r e  p l a c e d  i n  the ve r-  

t i c e s  C!,  C I  [ and C l  ! ! o f  ano ther  equi  l a t e r a l  t r i a n g l e  p a r a l  l e i  to t h e  . 
g l a s s .  T h i s  system i s  then a l i g n e d  

the  two t r i a n g l e s  l i e  on the  l i n e  AA 

l e  t o  FAFB. 

i n  such a way t h a t  the  c e n t e r s  o f  

' and the  d i r e c t i o n  C I C l ,  i s  p a r a l -  

2. MEASUREMENTS 

To measure one even t  we p r o j e c t  on a measuring t a b l e  one o f  the  views 

o f  t h a t  event .  Aft.er the  p lane  c o o r d i n a t e  measurements a r e  completed, 

we p r o j e c t  ano ther  view o f  the  same event ,  taken by ano ther  camera, and 

so on. 

A1 though one genera l  l y  d isposes o f  th ree  o r  more d i  f f e r e n t  photographies 

f o r  each even t ,  two o n l y  a r e  s u f f i c i e n t  f o r  the s p a t i a l  r e c o n s t r u c t i o n ,  

the  o t h e r s  be ing  used i n  more compl i ca ted  events.  I n  t h i s  paper o n l y  

two views a r e  considered,  those we c a l  l e d  I and I I  taken by cameras C I 
and C , , ,  r e s p e c t i v e l y .  

The measurements i n  each v iew a r e  made over  the f i d u c i a l  marks FA and 

FB, i n  t h i s  o r d e r ,  and over  f o u r  p o i n t s  a long  the  t r a c k ,  s t a r t i n g  f rom 

the i n t e r a c t i o n  p o i n t  ( ve r tex )  and d i v i d i n g  the  t r a c k  i n  th ree  approx i -  

mated equal  i n t e r v a l s .  







The masurement over each p o i n t  gives the X and Y coordinares of t ha t  

po in t  r e l a t i v e  t o  the measuring tab le  coordinate system. 

3. REFERENCE FRAMES 

Three reference systems are used i n  the analysis.  Tke 

ázmensional reference frame (OXYZ) is def ined such t h a t  

pí..incipaZ 
i t s  o r i g i n  

c ides w i t h  the f i d u c i a l  mark FA, the X and Y axes being p a r a l l e  

three 
co i  n- 

1 and 

perpendicular  t o  the d i r e c t i o n  FAFB, respect ive ly ,  and the p o s i t i v e  Z- 

- d i r e c t i o n  po in t s  from FA t o  the cameras. The fiducia': two dimensional 

reference f m e  i s  def ined f o r  each view pro jec ted on'the masu r ing  ta -  

b le,  i n  such a  way tha t  i t s  o r i g i n  coincides w i t h  the f i d u c i a l  mark ima- 

ge FA, the X and Y-di rec t ions  being para1 

p ro jec t i on  on the tab le  o f  the l i n e  FAFB, 

t d l e  two-dimensiona 2 reference frame i s  

table,  whose coordinates are  given by the 

e1 and perpendicular  t o  the 

respec t i ve 1 y  . Tke measwr2ng 

he one f i xed on the measur i ng 

two encoders. 

4. RECONSTRUCTION EOUATIONS 

Fig. 2 shows the p r i n c i p a l  frame OXYZ, the two f i d u c i a l  marks FA and 

F and the p o s i t i o n  o f  one photographic camera r e l a t i v e  t o  the bubble 
B 

chamber. The camera lens o p t i c a l  nodal p o i n t  i s  a t  C(U,V,W) and the 

o p t i c a l  ax i s  i s  p a r a l l e l  t o  2. p o ,  p, and 1 are the r e f r a c t i v e  indices 

o f  the l i q u i d  i ns ide  the bubble chamber, the f r o n t a l  glass and the a i  r 

between the f r o n t a l  glass and the camera, respect ive ly .  6 i s  the f ron-  

t a l  glass t h i c k n e s ~ " ~ .  

The reconst ruc t ion  1 ine  shown i n  Fig. 2 connecting the p o i n t  P~X,Y,Z) 

ins ide  the bubble chamber and the f i l m ,  ;epresents a  1 i y h t  r a y  path 

crossing the externa1 glass surface a t  the p o i n t  P'(Xf, Y', 6) .  The re-  

l a t i o n s  among the coordinates o f  a  p o i n t  P(XY2) ins ide  the bubble cham- 

ber and i t s  image P'(Xf, Y', 6 )  i n  the plane 226 are 



where (2 m nl) and (Zo, mo, n o )  are  the d i  r ec t i on  cosines o f  the 
1' 1' 

l i g h t  ray ins ide  the bubble chamber and ins ide  the f r o n t a l  glass, res-  

pec t i ve l y .  

Ca l l i ng  (Z,m,n) the d i r e c t i o n  cosine o f  the l i n e  P'C, the above re la -  

t i ons  can be wr i  t t e n  as 

Z 6 X' = X - (u-x') -+ ( U - X ' )  - , 
V o V 1 

whe r e  

The plane coordinates furnished by the measuring tab le  o f  the po in ts  

Pij ( i =  1,2,3,4 i s  the p o i n t  measured on the t rack  and j=1,2 i s  the 

view) are transformed t o  the f i d u c i a l  reference frame, a f t e r  which we 

take care o f  the magni f i ca t ion  fac tors .  Due t o  r e f r a c t i o n  i n  the f ron-  

t a l  glass, we have i to  t ransform a l l  the coordinates t o  the p r i n c i p a l  

frame, as required by equations 2a. and 2b. For t h i s  purpose, we must 

determine the pos i t i ons  o f  the f i d u c i a l  mark images on the plane Z = 6. 

Let  us ca l1  ( , G O  the coordinates o f  the ith f i d u c i a l  mark r e l a t i v e  

t o  the p r i n c i p a l  frame and (aij,Bij,6) the coordinates o f  the in tersec-  

t i o n  w i t h  the plane Z=6 o f  the l i g h t  ray t ha t  goes frorn tha t  f i d u c i a l  

mark t o  the cameraj .Omit t ing f o r  s i m p l i c i t y  the indices, equations 2.a 

and 2.b g ive  



The parameter v given by equation (3.b) i s  a func t ion  o f  a and B and so 
1 

the system o f  equations (4) must be solved by i t e r a t i o n .  Knowing (a, 

8) f o r  each wiew, we can t ransform the coordinates o f  the po in ts  measu-. 

red on the t rack  from the f i d u c i a l  frame t o  the p r i n c i p a l  frame o f  re- 

ference. 

5. CORRESPONDENT POINTS 

The system o f  equations ( 2 )  can be app l ied  on ly  t o  coordinates i n  the 

two views t h a t  correspond t o  the same po in t  ins ide  the bubble chamber. 

This cond i t ion ,  however, i s  i n  principie s a t i s f i e d  by the f i d u c i a l  

rnarks and the ver tex  only. I n  consequence, one must f ind over one o f  

the p ro jec t i ons  o f  the t rack  the o ther  three po in ts  correspondent t o t h e  

three po in t s  measured i n  the o ther  view. This determinat ion i s  no t  so 

complicated because each p o i n t  i n  the bubble chamber has the same Y 

coordinate i n  the two views. Th is  r e s u l t s  from the choice o f  the  f i d u -  

c i a l  system, whose X-axis i s  p a r a l l e l  t o  the l i n e  C , C I I .  Using the i n -  

t e r p o l a t i o n  method c a i l e d  sp l i ne  we f i t  a curve connecting the fou r  

po in t s  o f  the l a rges t  image o f  the t rack.  Over t h i s  curve, we determi- 

ne the three correspondent po in t s  measured on the shor tes t  image of the 

t rack.  According t o  the sp l i ne  method, the curve i s  described by a se t  

o f  d i f f e r e n t  t h i r d  degree polynomials, each one descr ib ing  the curve 

between two known po in ts .  The polynomials are adjusted by imposing t h a t  

the lSt and 2nd de r i va t i ves  rnust be continuous a t  each po in t .  Performing 

two in tegra t ions ,  one determines the polynomial f o r  each i n t e r v a l .  The 

two i n t e g r a t i o n  constants are obtained by using the cond i t ion  tha t  the ' 

polynomial passes by the two known p o i n t s 3 ' 4 .  

The i n t e r p o l a t i o n  i n  the se t  o f  values ( x ~  ,Yl) ,... , (X~,Y,) consists i n  



deterrn in ing Y  between t he  values Yk+,and Y  and then i n  c a l c u l a t i n g  X k 
by the formula 

where the  constants C a re  p r e v i o u s l y  c a l c u l a t e d  and g iven  by i,k 

w i t h  dk - - Xk+l - Xk ' 

where D and Dk+l a re  the  values o f  the  second d e r i v a t i v e s  o f  t he  curve 
k 

a t  the p o i n t s  (X Y ) and (X 
k' k k+l ,Yk+l ) r espec t i ve l y .  

6. SOLUTION FOR THE RECONSTRUCTION SYSTEM OF EQUATIONS 

Oncethe correspondent p o i n t s  a re  determined these values can be used t o  

o b t a i n  two pa i  r s  o f  equat ions ( 2 ) '  one f o r  each view. The system i s  

over  determined s i nce  the  values o f  Y '  a re  the  same. 

Each p a i r  o f  equat ions (1) d e f i n e  one s t r a i g h t  l i n e  i n s i d e  the  bubble 

chamber. These two s t r a i g h t  l i n e s  i n t e r c e p t  a  c e r t a i n  p lane  Z=constant  

i n s i d e  the  chamber a t  two p o i n t s .  By c a l c u l a t i n g  and n i in imiz ing '  t he  

d is tance  d. between these two p o i n t s  we ge t  the bes t  s o l u t i o n  f o r  the  
Z 

system. We then d e f i n e  a  X: through 



where 

U. - X' ( V .  - Xi.)6 - 3 ii Gij - 9 - 3 
(v, Iij Aii - (v, 

We now w r i t e  axi/aXi = axi/aYi = a x i / a Z .  = O t o  ge t  t h e  b e s t  s o l u t i o n  , 
Z 

which i s  

These equa t ions  g i v e  the  va lues X.,Y.  and 2. we a r e  l o o k i n g  for.  Repla- 
Z Z 

c i n g  these  va lues i n  equa t ion  (5) we a l s o  determine x2 (not  normal ized)  

f o r  each.-'recons t r u c t e d  p o i n t .  

7. KINEMATICAL QUANTITIES 

A p a r t i c l e  w i t h  a k i n e t i c  energy T i n  t h e  presence o f  a  magnetic f i e l d  

B has a c u r v a t u r e  whose r a d i u s  i s  g iven  by 

where P i s t h e  momentum g iven  by P = [ T ( T + z ~ ~ ]  ' I 2  i n t h e  sys tem where 

c=l,  and a i s  t h e  ang le  between t h e  d i r e c t i o n  o f  mot ion and a p lane  nor- 

mal t o  t h e  magnet ic  f i e l d .  Th is  express ion  has t o  be correcced,  howe- 

ver ,  t o  take  care  o f  t h e  energy l o s s  o f  t h e  p a r t i c l e  a long  i t s  mot ion 



i n  t h e  l i q u i d  i n s i d e  t h e  bubble chamber. For t h i s  c o r r e c t i o n  we a d j u s t  

t h e  known pub l  i shed  curves f o r  t h e  energy o f  t h e  p a r t i c l e ,  - ( l / p )  (&'/&), 

versus T i n  t h e  medium under consi.derat ion, where s i s  t h e  t h e  t r a c k  

l e n g t h  and p  the  d e n s i t y  o f  the medium, w i t h  an equa t ion  o f  the form 

dZ'/ds = - K~T-, f o r  i ns tance ,  i n  an energy i n t e r v a l  c o n t a i n i n g  the  i n -  

t e r a c t i o n  energy o f  the  r e a c t i o n  be ing  s t u d i e d 5.  By the l e a s t  square me- 

thod  we determine the  cons tan ts  K and n. I n t e g r a t i n g  t h e  equa t ion  we get  

where T i s  the  p a r t i c l e  k i n e t i c  energy a t  a  d i s t a n c e  s f rom the  i n t e -  
s 

r a c t i o n  p o i n t .  

S i m u l a t i o n  i n  a computer o f  t h e  cu rve  correspondent  t o  a r- meson wi t h  

a k i n e t i c  energy i n t e r v a l  f rom 150 t o  280 MeV has shown t h a t  t h e  r a d i u s  

o f  t h e  bes t  c i r c l e  a d j u s  t e d  t o  t h e  p r o j e c t i o n  o f  the  f o u r  measured 

p o i n t s  on a p lane  perpend icu la r  t o  the  magnetic f i e l d ,  was t h e  curva- 

t u r e  r a d i u s  o f  t h e  t r a c k  a t  i t s  medium p o i n t .  Once t h i s  r a d i u s  i s  known, 

i t  i s  p o s s i b l e  t o  c a l c u l a t e  t h e  component P XY 
,:o the  (XY) p lane  a t  t h a t  p o i n t ,  

The ang le  a can approx imate ly  be g iven  by 

where 2 i s  t h e  p a t h  l e n g t h  i n  t h e  (x,Y) p lane  

o f  t h e  Mmentum p a r a l l e l  

9 

and Z1  and Z 4  a r e  t h e  Z 

coord ina tes  of the v e r t e x  and i n i t i a l  p o i n t  ( i = 4 ) ,  r e s p e c t i v e l y .  ~ n o w i n g  

a, t h e  t r a n s v e r s a l  momentum i s  g i v e n  by PZ=PXy tana. a  , as g i v e n  above, 

i s  n o t  e n t i r e l y  c o r r e c t ,  s i n c e  t h e r e  i s  a  loss  o f  energy assoc ia ted  t o  

t h e  component o f  t h e  mmentum i n  t h e  d i r e c t i o n  o f  t h e  magnetic f i e l d  . 
Th is  l o s s  was n o t  taken i n t o  c o n s i d e r a t i o n  here because the  length o f  

the  t r a c k  i n  t h i s  d i r e c t i o n  i s  g e n e r a l l y  a  ve ry  smal l  f r a c t i o n  o f  t h e  

t o t a l  l eng th .  The correspondent  e r r o r  i s ,  however, taken i n t o  conside-  

r a t i o n  l a t e r .  on. 



8. ERRORS 

The c a l c u l a t i o n  o f  t h e  e r r o r  p ropaga t ion  i n  t h e  energy takes i n t o  con- 

s i d e r a t i o n  (a) t h e  e r r o r s  i n  t h e  adjustment  by a  c i r c l e  o f  t h e  cu rve  

pass ing  through the  f o u r  p o i n t s  p r o j e c t e d  i n  a  Z = cons tan t  p lane,  (b) 

the  a p p l i e d  magnetic f i e l d  i n d e t e r m i n a t i o n ,  (c)  t h e  e r r o r  i n  t h e  ad- 

justment  o f  t h e  s t r a i g h t  l i n e s  connec t ing  ad jacen t  p r o j e c t e d  p o i n t s  i n  

t h e  Z = cons tan t  p lane,  which g ives  an e r r o r  i n  t h e  t r a c k  i n c l i n a t i o n  

ang le  a. 

As a  consequence o f  these e r r o r s ,  i t  r e s u l t s  an i n d e t e r m i n a t i o n  i n  t h e  

p a r t i c l e  mmentum a t  the  m idd le  o f  t h e  pa th ,  g i v e n  by 

where t h e  e r r o r  AP o f  t h e  component o f  t h e  momentum normal t o  t h e  
-f 

XY 
magnetic f i e l d  B i s  g i ven  by 

where R i s  t h e  r a d i u s  o f  t h e  c i r c l e  p r o j e c t e d  i n  t h e  p lane  normal t o  
-f 
B ,  s i s  t h e  t r a c k  l e n g t h  p r o j e c t e d  i n  t h i s  p l a n e  and Z  i s  t h e  Z-coor- 

d i n a t e  o f  t h e  s p a t i a l  p o i n t s .  

The k i n e t i c  energy e r r o r  i n  the  m idd le  o f  the  t r a c k  i s  f i n a l l y  g ivenby 

When AT/T i s  l a r g e r  than  a  c e r t a i n  p r e v i o u s l y  chosen va lue,  t h e  t r a c k  

must be remeasured. 



9. CONCLUSION 

I t  was poss ib le  t o  use a  s i m p l i f i e d  rou t i ne  f o r  the geometrical recons- 

t r u c t i o n  o f  an i nd i v i dua l  t r ack  produced i n  a  bubble chamber, w i thout  

in t roduc ing appreciable e r r o r  i n  the c a l c u l a t i o n  o f  the energy o f  the 

p a r t i c l e .  The rou t i ne  can be appl ied  t o  severa1 values o f  energy and 

magnetic f i e l d ,  i f  the p a r t i c l e  energy loss i s  described by an equation 

adjusted f o r  the appropr iate energy i n t e r v a l  . 

The ca l cu la t i ons  were s i m p l i f i e d  by the i n t roduc t i on  o f  the "spl inet '  i n -  

t e r p o l a t i o n  method t o  ca l cu la te  the correspondent po in t s  be tween  the 

t racks viewed by d i f f e r e n t  cameras, which al lows the use o f  small com- 

puters f o r  the ca lcu la t ions  w i thout  loss o f  p rec is ion .  This k ind o fana-  

l y s i s  can be app l ied  t o  an event w i t h  sevefal  t racks i f  the cons t ra in t  

equations associated t o  the energy and momentum conservation are  taken 

i n t o  account. Also some t r i v i a l  m d i f i c a t i o n s  should be done f o r  long 

t racks o r  f o r  p a r t i c l e  energy losses l a r g e r  than those considered here; 

i n  p a r t i c u l a r ,  more po in t s  should be measured along the t racks.  

We are t h a n k f  u l  t o  the technic ians José Carlos de Araujo and N i  10 

Domingos da Paz f o r  the assembly o f  the equipment and t o  Dr.C. A. S i l va  

Lima f o r  h e l p f u l  discussions. 
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