
Revista Brasileira de Física Vol. 6, N? 3, 1976 

Distribution Functions and Thermodynamic Functions of Many Particle 
Sy stems*

A. ISIHARA **, S. GOULART ROSA JR. and M. BAILYN "** 
Departamento de Física e Ciências dos Materiais, Instituto de Física e Química de São 
Carlos" * , Universidade de São Paulo, São Carlos SP 

Recebido em 24 de Agosto de 1976 

A method i s  g iven  o f  de te rmin ing  an upper bound o f the  e n t r o p y  o f  a 

c l a s s i c a l  i n t e r a c t i n g  system. i f t h e  d i s t r i b u t i o n  f u n c t i o n  can be s p l i t  

i n t o  an i n t e r a c t i o n  p a r t  and a f r e e  p a r t i c l e  p a r t ,  then t h e  former p l a y s  

the r o l e  o f  reduc ing  t h e  ent ropy.  When a Gaussian type  d i s t r i b u t i o n  func-

t i o n  can be in t roduced  f o r  t h e  f i r s t  t r i a l  d e s c r i p t i o n  o f  t h e  s p a t i a l  

d i s t r i b u t i o n ,  t h e  nex t  d i s t r i b u t i o n  f u n c t i o n  can b e  ob ta ined  by a pro -

duc t  o f  t h e  Gaussian f u n c t i o n  and t h e  Boltzmann f a c t o r .  A f a m i l y  o f  

Gaussian t r i a l  d i s t r i b u t i o n  f u n c t i o n s  i s  in t roduced  f o r  an e l e c t r o n  gas. 

i t was found t h a t  t h e r i n g  diagram energy corresponds t o  the  minimum 

f r e e  energy which t h e  f a m i l y  produces. i n c o n t r a s t  t o  t h e  r i n g  diagram 

method, our  new approach i s  ex t reme ly  s imp le  and genera l .  

.Apresenta-se um método de determinação de um l i m i t e  s u p e r i o r  para a en-

t r o p i a  de sistemas de mu i tos  corpos em in te ração .  Caso a função de d i s -  

t r i b u i ç ã o  possa ser  d i v i d i d a  em p a r t e  de i n t e r a ç ã o  e em o u t r a  de p a r t í -  

c u l a s  1 i v r e s ,  a p r i m e i r a  t r a z  consigo a redução da e n t r o p i a .  Quando uma 

função de d i s t r i b u i ç ã o ,  de forma gauss ianna ,puder ser  i n t r o d u z i d a ,  na 

t e n t a t i v a  i n i c i a l  de descr i ção  da d i s t r i b u i ç ã o  e s p a c i a l ,  a função de 

d i s t r i b u i ç ã o  s e g u i n t e  poderá se r  o b t i d a  por  p rodu to  da função gaussiana 

p e l o  f a t o r  de Bol tzmann Neste t raba lho ,  apresenta-se uma f a m i l i a  de gaus-

* Work p a r t i a l l y  suppor ted by BID g r a n t  no. 361/SF/BR.

** Permanent address: S t a t e  U n i v e r s i t y  o f  New York a t  B u f f a l o ,  B u f f a l o ,  

N.Y. 

*** Permanent address: Nor thwestern U n i v e r s i t y ,  Evanston, I l l i n o i s .  

****Postal address: C.P. 359-378, 13560 - São Car los  SP. 



s ianas t e n t a t i v a s  para um gas de e l e c t r o n s .  Achou-se que o  diagrama 

em ane l ,  para a  energ ia,  corresponde ao menor v a l o r  da energ ia  a  que 

a f a m i l  i a  dá l u g a r .  Contrastando com o  método dos diagramas em ane l ,  a  

abordagem nova, a  se r  e x i b i d a ,  é extremamente s imples e  g e r a l .  

1. INTRODUCTION 

The en t ropy  o f  a  p h y s i c a l  system i s  de f ined ,  i n  s t a t i s t i c a l  mechanics, 

e i t h e r  by  t h e  Boltzmann r e l a t i o n l  

o r  by the  H f u n c t i o n 2  

Here, W i s  t h e  number o f  p o s s i b l e  c o n f i g u r a t i o n s ,  and f ( x )  i s  the  d i s -  

t r i b u t i o n  f u n c t i o n  o f  t h e  system, x be ing  a  symbol ic  phase space v a r i a -  

b l e .  

Equat ions (1.1) and (1.2) a r e  e q u i v a l e n t .  I n  us ing  these r e l a t i o n s ,  a  

max im iza t ion  process i s  commonly used f o r  e s t a h l  i s h i n g  e q u  i 1 i b r  i um. 

Through t h i s  max im iza t ion  o f  t h e  en t ropy ,  W o r  f ( x )  f o r  equi  1  i b r i u m  a r e  

determined. The Gibbs H-theorem f o r  t h e  canon ica l  d i s t r i b u t i o n  func- 

t i o n  i s  based on a  maximum en t ropy .  

The c o n f i g u r a t i o n a l  f u n c t i o n ,  W, o r  t h e  d i s t r i b u t i o n  f u n c t i o n  f ( x ) ,  i n -  

c ludes ,genera l l y ,  parameters c h a r a c t e r i z i n g  t h e  system and some ad jus -  

t a b l e  parameters which can be used f o r  maximizat ion.  For  ins tance ,  t h e  

n o r m a l i z a t i o n  c o n d i t i o n  o f  t h e  d i s t r i b u t i o n .  f u n c t i o n  i n t r o d u i e s  an ad- 

j u s t a b l e  parameter when Lagrange's method o f  m u l t i p l i e r s  i s  used. 

I t  i s  c l e a r  t h a t  t h e  a b s o l u t e  magnitude o f  t h e  en t ropy  determined byEq. 

(1.2) depends on how the  d i s t r i b u t i o n  f u n c t i o n  i s  normal ized.  S ince,  i n  

most cases, o n l y  t h e  r e l a t i v e  en t ropy  changes a r e  impor tan t ,  t h e  ambi- 
gu i  t y  i n  n o r m a l i z a t i o n  i s  g e n e r a l l y  i r r e l e v a n t .  However, the re  a r e a l s o  

cases where t h e  a b s o l u t e  magnitude o f  t h e  en t ropy  becomes impor tan t  . 



The t h i r d  law o f  thermodynamics i s  a  t y p i c a l  example. 

I t  i s  t h e  purpose o f  t h i s  paper t o  d iscuss  some v e r y  genera l  aspects  o f  

t h e  en t ropy  which a r e  impor tan t  f o r  a r b i  t r a r y  i n t e r a c t i n g  systems. I n  

t h e  f i r s t  p lace ,  we s h a l l  show t h a t  t h e  en t ropy  has an upper boundwhich 

i s  p r o p o r t i o n a l  t o  t h e  t o t a l  number o f  c o n s t i t u e n t s ,  N, o f  t h e  system. 

Hence, t h e  e x i s t e n c e  o f  t h e  thermodynamic l i m i t  w i l l  be c l e a r  i f a  lower  

bound i s  found a l s o  p r o p o r t i o n a l  t o  t h e  t o t a l  number. We s h a l l  then 

ana lyse  t h e  r o l e  p layed  by mo lecu la r  i n t e r a c t i o n s .  I n  a subsequent pa- 

per ,  we s h a l l  show how t h e  genera l  c o n s i d e r a t i o n  i n  t h e  p resen t  paper 

i s  a p p l i c a b l e  t o  many body s is tems f o r  e x p l i c i t  r e s u l t s .  I n  f a c t ,  s i g -  

n i f i c a n t  and e x p l i c i t  r e s u l t s  s h a l l  De d e r i v e d  f o r  t y p i c a l  many body 

systems. For convenience, i n  the  p resen t  paper, we sha l1  assume t h e  

system t o  be c l a s s i c a l .  Otherwise, our  c o n s i d e r a t i o n s  w i l l  be comple- 

t e l y  genera l .  A l though we do n o t  i n t r o d u c e  t ime e x p l i c i t l y ,  o u r  cons i -  

d e r a t i o n  w i l l  be v a l i d  even i f  the  system i s  i n  non- equ i l i b r ium.  

2. UPPER BOUND FOR THE ENTROPY 

For o u r  purpose o f  f i n d i n g  an upper bound f o r  t h e  en t ropy ,  l e t  us use 

t h e  i n e q u a l i t y  

where 

T h i s  i n e q u a l i t y  ho lds  f o r  a r b i t r a r y  non n e g a t i v e  d i s t r i b u t i o n  func t ions ,  

f ( x )  and g ( x ) ,  s a t i s f y i n g  t h e  same n o r m a l i z a t i o n ,  i .e .  ( 2 . 2 ) .  The p r o o f  

o f  the  inequal  i t y  has been g i v e n  e lsewhere3 b u t  s i n c e  i t does n o t  take  

space, we g i v e  an o u t l i n e  o f  i t :  



Here, i n  t h e  second equat ion,  t h e  impor tan t  c o n d i t i o n  ( 2 . 2 )  has been in- 

troduced, and t h e  non n e g a t i v e  c h a r a c t e r  o f  t h e  in tegrand  used. 

l n  t h e  d i s t r i b u t i o n  f u n c t i o n ,  we have used a symbol ic  v a r i a b l e  x .  

T h i s  v a r i a b l e  can represen t  v e l o c i t i e s ,  coord ina tes  and even d i s c r e t e  

v a r i a b l e s  (such as s p i n s ) .  

A s e t  o f  con juga te  phase space v a r i a b l e s  may have a dimension, b u t  t h e  

form o f  Eq. (1.2) suggests t h a t  i n t r i n s i c  p r o p e r t i e s  o f  t h e  en t ropy  can 

be s t u d i e d  by u s i n g  d imensionless phase space v a r i a b l e s ,  x, and a d i -  

mensionless f ( x ) ,  because t h e  dirnension o f  t h e  en t ropy  has been p r o v i -  

ded by t h e  Boltzmann cons tan t  K .  

Based on  t h i s  observa t ion ,  l e t  us cons ider  a three- dimensional  system 

which i s  descr ibed  by a " t rue"  d i s t r i b u t i o n  f u n c t i o n ,  f ( x ) .  L e t  us as- 

sume t h a t  f (x)  i s  unknown b u t  a t r i a l  d i s t r i b u t i o n  f u n c t i o n  g ( x )  e x i s t s .  

L e t  us choose 

which i s  normal ized t o  1 i n  t h e  3-0 space and has an a d j u s t a b l e  parame- 

t e r .  Obvious ly ,  CJ(X) represen ts  t h e  Maxwell d i s t r i b u t i o n  f u n c t i o n  i f  

1ç2 = m 2 / 2 ~ y  . I n t r o d u c i n g  Eq.(2.4) i n t o  ineq . (2 .1 ) ,  we f i n d  

where <x2> i s t h e  second moment o f  f(x) . S i  nce f(x) i s normal i zed t o  

1, as 9(x) i s ,  

The parameter A can be chosen such t h a t  the  r i g h t  hand s i d e  i s  a m i n i -  

mum. Then 



I  t i s  i n t e r e s t i n g  t o  observe, i n  ineq.  (2.5), t h a t  t h e  second moment o f  

the  d i s t r i b u t i o n  f u n c t i o n  determines the  upper bound. Note t h a t  the  

sharper  t h e  d i s t r í b u t í o n ,  the  s m a l l e r  t h e  upper bound. 

We have used a  s i n g l e  v a r i a b l e ,  X, i n  Eq.(2.4).  I t  i s  s t r a i g h t f o r w a r d  

t o  g e n e r a l i z e  t h e  above c o n s i d e r a t i o n s  t o  t h e  case o f  N p a r t i c l e s .  I f  

these p a r t i c l e s  a r e  t h e  same, we w i l l  have 

Hence, the  en t ropy  o f  t h e  system can be p r o p o r t i o n a l  t o  N i f  a  lower  

bound f o r  the en t ropy  S i s  p r o p o r t i o n a l  t o  N. We would then e s t a b l i s h  

the  existente' o f  the thermodynamic 1 imi t .  

3. INTERACTION EFFECT 

Let  us i n v e s t i g a t e  the  case where t h e  phase space i s  c h a r a c t e r i z e d  by 

two v a r i a b l e s  p and q. L e t  us a s s o c i a t e  p w i t h  momentum space, and q 

w i t h  c o o r d i n a t e  space. I f  the  system i s  c l a s s i c a l ,  we can express t h e  

" t rue"  d i s t r i b u t i o n  f u n c t i o n  f(p,q) i n  a p roduc t  form: 

where f,(p) s h a l l  be the  Maxwell d i s t r i b u t i o n  i n  momentum space, as i n  

Eq. (2.4), and f2(q) rep resen ts  t h e  c o o r d i n a t e  space p a r t .  L e t  us  use 

the  n o r m a l i z a t i o n :  

Correspondingly ,  we choose a  " t r i a l "  d i s t r i b u t i o n ,  i n  t h e  p-q space, as 

f o l  lows 



Th is  " tr  

i n f o r m a t  

i n  Eq. (3 

That i s ,  

element. 

i a l "  d i s t r i b u t i o n  f u n c t i o n  i s  cons tan t  ( w h i t e  spectrum f o r  o u r  

ion )  i n  c o o r d i n a t e  space. S ince g(p,q) has t o  be normal ized as 

.2 ) ,  we r e q u i r e  

+ 
dq = & / V ,  where V i s  t h e  t o t a l  volume and dr i s  t h e  volume 

I n t r o d u c i n g  Eqs. (3.1) and (3.3) i n t o  ineq.  (2.1), we f i n d  

Note t h a t ,  wi t h  the  p roduc t  form o f  Eq. (3 .1) ,  the  t o t a l  e n t r o p y  o f  the  

system i s  the sum o f  the mornentum space p a r t  and the coord ina te  space 

p a r t .  lneq.(3.5) s t a t e s  t h a t  the i n t e r a c t i o n  p a r t  o f  the e n t r o p y  i s n e -  

g a t i v e .  That t h i s  i s  an i n t r i r i s i c  p r o p e r t y  o f  the  en t ropy  i s  c l e a r  be- 

cause we have been u s i n g  3 d imensionless v a r i a b l e .  A c t u a l l y ,  t h e  r e s u l t  

(3.5) i s  a  d i r e c t  consequence o f  ineq. (2.1) when g ( x )  i s  s e t  equal  t o  1. 

The p h y s i c a l  meaning o f  t h i s  negat iveness has y e t  t o  be exp lo red .  The 

r e s u l  t i s  q u i t e  genera l ,  be ing  iadependent o f  the p a r t i c u l a r  s p a t i a l  

d i s t r i b u t i o n  o f  the system and o f  the  c h a r a c t e r o f  the  p o t e n t i a 1 , a t t r a c -  

t i v e  o r  r e p u l s i v e ,  which produces i t .  

The c r u c i a l  p o i n t  i s  t h a t  the  i n t e r a c t i o n  causes a c e r t a i n  s p a t i a l  order 

which i n  t u r n  r e s u l t s  i n  an en t ropy  reduc t ion .  From t h i s  v iewpo in t , i n -  

t e r a c t i o n s  always feed n e g a t i v e  va lues t o  the  en t ropy .  

We have cons idered  r a t h e r  s imp le  cases where the t r i a l  d i s t r i b u t i o n  func- 

t i o n ,  g ( x ) ,  does n o t  depend on coord ina tes .  Since i t  i s  o f t e n  p o s s i b l e  

t o  descr ibe  a system approx imate ly  by an e f f e c t i v e  f i e l d ,  : e t  us choose 

a " t r i a l "  d i s t r i b u t i o n  f u n c t i o n  such t h a t  



where g(') (q.) represents the p a r t  due t o  the e f f e c t i v e  f i e l d .  I t i s  a  
2 7, 

f unc t i on  o f  a  s i ng le  p a r t i c l e  coordinate, qi . The func t ion  g!')(pi) re- 

presents the k i n e t i c  energy p a r t .  Eq.  (3.6) irnproves Eq. (3.3). Again , 
t o  the t rue  d i s t r i b u t i o n  func t ion  may be given the form o f  Eq.  (3.1) . 
More e x p l i c i t l y ,  we use 

where q = qi - q . and (ij) means a  pa i  r o f  p a r t i c l e s ,  i and j . We i j 3 
have the normal iza t ion  cond i t ion  tha t  

where F i s  the i n t e r a c t i o n  p a r t  o f  the f ree  energy, QN being the con f i -  

gura t iona l  p a r t i t i o n  func t ion  . 

Under t h i  s  condi t i o n ,  ineq. (2.1) becomes 

where p (q. .) and p (q ) are the p a i r  and s i n g l e t  d i s t r i b u t i o n  funct ions 
7. 23 1 1  

o f  the given system: 

The normal iza t ion  o f  these funct ions are 



Inequal  i t y  (3.9) then i n d i c a t e s  t h a t  the t r u e  en t ropy ,  as g i v e n  by the 

l e f t  hand s ide ,  has an 'úpper bound. That i s  

s I < ~r < tng(0)  (ql)> , 
2 

(3.12) 

where < ~ n g ! ' ) ( q ~ ) >  i n d i c a t e s  t h e  average taken w i t h  respec t  t o  p ( q  ) .  
1 1  

We conclude t h a t  the  use o f  an e f f e c t  

g ( 0 )  (qi) i ncreases t h e  e n t  ropy . 

The fo rma l  aspects  o f  the  en t ropy ,  whi 

v ious  sec t ions ,  do n o t  change. Here S 

ve f i e l d  d i s t r i b u t i o n  f u n c t i o n  

ch we have d iscussed i n  t h e  p re -  

, denotes the  p a r t  o f  the  e n t r o p y  

which depends on the  i n t e r a c t i o n .  Note t h a t  ineq.  (3.12) can be much 

more r e s t r i  c t  i v e  than what i neq. (3.5) suggests :  t h e  average <kn&:)(q,) > 

can be n e g a t i v e  f o r  g!O\ql) - exp[-8@(ql)], where $(ql) i s  t h e e f f e c t i v e  

p o t e n t i a l  and B = ~ / K T .  So f a r ,  we have d iscussed some formal  aspects o f  

the  en t ropy .  I t  i s  very d e s i r a b l e  t o  f i n d  a lower  bound which i s  p ro -  

p o r t i o n a l  t o  N. However, t h i s  may n o t  be g e n e r a l l y  p o s s i b l e  because t h e  

r e l e v a n t  s t a t e s  rnust be those where the  i n t e r a c t i o n  i s  e f f e c t i v e .  The 

s p e c i f i c a t i o n  o f  such s t a t e s  shou id  va ry  f rom one system t o  another .  I n  

o t h e r  words, i t  i s  d i f f  

t o  minum en t ropy .  

I n e q u a l i t y  (3.9) sugges 

ve a good approx imat ion  

c u l t  t o  s p e c i f y  a unique s t a t e  whichcorresponds 

s t h a t  a s u i t a b l e  cho ice  o f  g!o)(ql) shou ld  g i -  

t o  the  l e f t  hand s i d e  which i s  general l y  unknown. 

I n  p r a c t i c e ,  i t  i s  perhaps more conven ien t  t o  express the  i n e q u a l i t y  i n  

t e r m s o f  the  f r e e e n e r g y .  I f ,  as i n  Eq.(3.6), a t r i a l  d i s t r i b u t i o n  

f u n c t i o n  i s  chosen, and i f  the  n e x t  approx imat ion  i s  chosen such t h a t  

$7 
(1) 

the  Bogol iubov inequa l  i t y  wi 1 



where <$>, ind ica tes  the average taken wi t h  respect t o  g(') (p,q). The 

f r e e  energy, F , can be found from the normal izat ion cond i t ion  

As i n the case o f  i neq. (3.9) , we t r y  t o  choose <$>, as low as poss i b l e  

This depends on so t h a t  a very good approximation f o r  F i s  obtained. 

the choice o f  the t r i a l  d i s t r i b u t i o n  g ( 0 )  (p,q). 

4. APPLICATION TO THE ELECTRON GAS 

now apply our consideratíons o f  Sectíon 3 t o  an Let us 

We wi 1 

can be 

e l e c t r o n  gas . 
1 show tha t  the r i n g  diagram formula f o r  a c l ass i ca l  e lec t ron  gas 

obtained very eas i l y .  

For an e lec t ron  gas, w i t h  p o s i t i v e  charges i n  the background, we requ i -  

re charge neutra1 i ty .  Therefore, i t i s  reasonable t o  choose g(x) i n  

such a way t h a t  the l e f t  hand s ide o f  ineq.(3.14) does vanish. Thismeans 

t h a t  g (x )  should correspond t o  a completely random d i s t r i b u t i o n  w i thout  

any e f f e c t  from the Coulomb in te rac t i on .  

We s t a r t  wi t h  the momentum space representat ion o f  the Coulomb in te rac -  

t i o n :  

whe re 



The sum f o r  p+ may be consi  dered as a random process 

4 

Hence, by analogy t o  the case o f  an i dea l  gas, we choose the  zerothorder  

" t r i a l "  d i s t r i b u t i o n  func t ion ,  which serves a c t u a l l y  as a we igh t  func-  

t i on ,  as f o l l ows :  

where X i s  an ad jus tab l e  parameter, C the  normal i z a t i o n  cons tan t ,  and 

The f a c t o r  f l 1 l 2  keeps the magnitude o f  x smal I .  The nex t  o rde r  

f u n c t i o n  i s  g iven  the form o f  Eq.(3.13): 

where n = N/V . 

Since g (0 )  (x) and hence 9' ' )  (x)  a re  normal i zed  t o  one, we f i n d  

(4.4) 

t r i a l  

(4.5) 

(4.6) 

which corresponds t o  Eq. (3.15). W i  t h  Eq. (4.31, the average can be taken 

a t  one. We a r r i v e  a t  

where k i s  the Debye cons tan t  g iven  by 

The .f ree energy g i  ven by Eq. (4.7) depends on the parameter A.  I t i s i n -  

t e r e s t i n g  t o  observe t ha t ,  f o r  l a rge  q, the  f i  r s t  expansion term o f  the  



l oga r i  thmic f unc t i on  i s  cancel l e d  exac t l y  by the second term, i rrespec- 

t i v e  of A . The free energy i s  lower f o r  smal l e r  A , bu t  s ince the form 

o f  Eq. (4.3) requi res X>1/2, the lowest f r e e  energy expression i s  

The above r e s u l t  i s  known as the r i n g  diagram r e s u l t 4  - a r e s u l t  which 

has been obtained by a r i n g  diagram summation. I n  the case o f  diagram 

theory, the fac to r  1/2 comes from the weight f a c t o r  f o r  a r i n g  fo rmat i -  

on and the two terms i n  the c u r l y  brackets represent the r i n g  cont r ibu-  

t i o n s  which s t a r t  w i t h  terms o f  o rder  e'. Hence, the l a s t  term plays 

the r o l e  o f  e1 iminat ing  the f i r s t  expansion term o f  the logar i  thmic func- 

t i o n .  I n  our case, i t  i s  due t o  the non- 

ton i an 

the terms i n  the 

the random d i s t r  

Note i n  our r e s u l t  t ha t  the f ree  energy 

c u r l y  brackets vanish. 

i b u t i o n  o f  Eq. (4.3). 

l uc tua t i ng  term o i  the Hainil- 

s negative. Only when k+O , 
I n  t h i s  case, the system has 

The fam i l y  o f  tr 

general ized t o  

i a1  weight funct ions,  int roduced by E q . ( 4 . 3 ) ,  

which i s  character ized by two parameters, X and p. Fol lowing 

p resc r i p t i on ,  we f i n d  

may be 

(4.10) 

the same 

from which we conclude tha t  unless the cond i t i on  p = X i s  sa t i s f i ed , the  

f ree  energy w i  1 1  g ive  r i s e  t o  an i n f r a r e d  divergence. Therefore, f o r  

the Gaussian type t r i a l  weight funct ions,  the case X = p = 1/2 produces 

the hest  r e s u l t .  



5. CONCLUDING REMARK 

We have used a  Gaussian t r i a l  f unc t i on  as the zeroth approximation. Let  

us now introduce a  sma11 pe r tu rba t i on  t o  t h i s  t r i a l  f unc t i on  and watch 

the consequence o f  i t .  Let us choose 

where y  i s  a  sma11 pe r tu rba t i on  parameter, and e r f ( y / 2 )  the e r r o r  func- 

t i on .  

Fol lowing the same p r e s c r i p t i o n  given i n  the previous sect ion,  the f ree  

energy i n  the next  approximation i s  given by 

whe re  

For small y, the e r r o r  f unc t i on  can be expanded. We f i n d  then 

whe re  

-+ 
Note tha t  h(f,q)<0. The minimum o f  h ( ~ , ~ )  occurs a t  



w i t h  t h e  minirnum va lue  

Usi,ng t h i s  minirnum value,  we f i n d  the  t o t a l  p e r t u r b a t i o n  t o  the  f r e e  

energy, due t o  t h e  y term, t o  be 

The l a s t  te rm makes t h e  i n t e g r a l  nega t i ve ,  b u t  has t o  be s e t  equal  t o  . 
zero  because o f  charge neu t ra1  i t y .  

Therefore,  the  f r e e  energy o f  the  system w i  11 increase by the  f i r s t  term 

o f  Eq. (5 .8) .  I t  i s  ve ry  i n t e r e s t i n g  t o  observe t h a t  t h i s  increase i s  

p r o p o r t i o n a l  t o  k 3  as i n  the  case o f  the  ~ e b ~ e - ~ U c k e l  f r e e  energy. 

We have observed e s s e n t i a l l y  the  same p r o p e r t y  w i t h  the  t r i a l  f u n c t i o n  

Therefore,  i t seems t h a t  t h e  Gaussian t r i a l  f u n c t i o n  was indeed a ve ry  

good one. 
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