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A general form o f  the  Eckart wave func t i on  i s  proposed f o r  the lth par- 

t i a 1  wave. Ana ly t i c  expressions f o r  the i n teg ra l s  usua l l y  encountered 

are  a l s o  presented. 

Propõe-se uma forma geral  para a função de Eckart  para a onda p a r c i a l  

I.  Apresentam-se também expressões a n a l í t i c a s  para i n teg ra i s  frequente- 

mente encontradas . 

The Eckart wave func t ion '  has been i n  use f o r  a long time2-', as an . 
approximate a n a l y t i c  form f o r  the r e l a t i v e  wave func t i on  o f  a s i n g l e  

p a r t i c l e  ou ts ide  a given core. Due t o  t h i s  wide v a r i e t y  o f  p r o b l e m s  

where Eckart wave funct ions are used and, even more recen t l y lO ,  i n  the 

study o f  the important low energy reac t ion  n+p + d + 2y, a general iza-  

t i o n  o f  the Eckart wave func t i on  i s  here presented. Ana l y t i c  expressi- 

ons f o r  the i n teg ra l s  which mostly occur are given. The wave func t i on  

was suggested phenomenologically from the behavior near the o r i g i n  as 

w e l l  as the  behavior i n  the asymptotic region t o  be o f  the forme 

where N i s  a normal izat  

f o l l ow ing  physical  s i gn  

ion  constant and R, n ,  k are parameters wi t h  the 

i f i cance:  R i s  the c u t  o f f  radius, below which 
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t h e  f i r s t  f a c t o r  dominates and g i v e s  a rn dependence near the  
- k r  

On t h e  o t h e r  hand, f o r  r  >>-R, t h e  asympto t i c  form i s  e /r, 

t h a t  k i s  t h e  wave number corresponding t o  t h e  separa t ion  ene 

k 2  = 2p f i z  ; 11 = ( reduced mass ) 
sep 

o r i g i n  . 
i n d i c a t i n g  

rgy,  E : 
sep 

Hence one has e s s e n t i a l l y  two f r e e  parameters n and R. I n  p r i n c i p l e  , 
i f  we can guess t h e  form o f  t h e  wave f u n c t i o n  near  the  o r i g i n ,  we may 

choose a s p e c i f i c  v a l u e  o f  n and thus be l e f t  w i t h  o n l y  one a d j u s t a b l e  

parameter R. 

The form i s  t h e  c o r r e c t  asympto t i c  form f o r  t h e  s p a r t i a l  wave 

( Z = 0 ) .  However, one can eas i  l y  show t h a t  t h e  c o r r e c t  asympto t i c  fo rmfo r  

the  Z t h  p a r t i a l  wave should be9 

The form (3)  i s  t h e  exac t  bound s o l u t i o n  f o r  the  Zth p a r t i a l  wave f o r  

V(P) + O (wi t h  no Coulomb i n t e r a c t i o n ) .  Thiis Eq.  (3) i s  a  more r e f  ined 

asympto t i c  form than J u s t  e-kr/,. Hence we propose a r e f i n e d  Eckar t  wa- 

ve f u n c t i o n  f o r  t h e  zth p a r t i a l  wave as 

where 

and 

a ,  = l / k  . 

The f a c t o r  N i s  a normal i z a t i o n  cons tan t .  The wavefunct ion (4) has o n l y  

one a d j u s t a b l e  parameter,  v&., R. This g ives  t o  q z  t h e  c o r r e c t  depen- 
L 

dence near  t h e  o r i g i n ,  qZ(r)  ---i r  , as w e l l  as i n  t h e  asympto t i c  

r e g  i on . r + o  



The form (4 )  o f  the  Eckar t  wavefunct ion i s  a1s.o very c o n v e n i e n t f o r e v a -  

l u a t i n g  many o f t e n  encountered i n t e g r a l s  i n  a n a l y t i c  form. A s im i  l a r  

form has a l ready  been used by us t o  propose a  s u i t a b l e  a n a l y t i c  wave  

f u n c t i o n  f o r  the  deuteron D(2=2) s ta te1 °  . Wri t e  Eq.  (4)  i n  the  form 

I 

+ z ( r ) =  fl 1 a,,, m(r)  . 
m=O 

We need t o  eva lua te  i n t e g r a l s  o f  the  general form 

where j i s  an i n t ege r ,  p o s i t i v e  o r  negat ive.  For the f u n c t i o n a l  form 

o f  $ ( r ) ,  we need t o  eva lua te  o n l y  i n t e g r a l s  o f  the  form Zm 

where p, q  are  i n t ege rs  and q  can be p o s i t i v e  as w e l l  as negat ive.  Wi th  

app rop r i a t e  d e f i n i t i o n  o f  a, 8, p, q, the  i n t e g r a l  o f  the  form (7) can 

be expressed i n  terms o f  ~(a ,B ,p ,q ) .  D i f f e r e n t i a t i n g  Eq. ( 8 )  w i t h  res-  

pec t  t o  8 ,  we ge t  a recurrence r e l a t i o n  

I n t o g r a t i n g  over  B 

s i nce  ~(a ,o ,p ,q )  = O .  For the  spec ia l  case p=q , we have 



We can now show by induction that for p L 1 , 

To obtain the 

I(a,B,p,q) = 

> general form p - q , we wri te 

substituting from Eq.  (12) in the last step. Introducing a new dummy 

index s = i +  j and uti l izing the elementary re-lation 

we obtain the final form 

(for p 2 qF1) . 

For q negative or zero, we can simply expand (~-e-~')~ and use elemen- 



t a r y  i n t e g r a l  formulas. The f i n a l  expression f o r  ~ ( a , B , p , ~ )  i s  very 

simple and convenient f o r  i nves t i ga t i ng  the  proper t ies  o f  the extended 

Eckart wave funct  ion. 
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