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D e r i v a t i o n s  o f  t h e  e q u i l i b r i u m  values o f  occupa t ion  numbers a r e  made

u s i  ng t h r e e  approaches, namely,  t h e  BOI tzmann "elementary" one, the  en- 

semble method o f  Gibbs, and t h a t  o f  Darwin and Fowler as w e l l .  

Derivam-se os v a l o r e s  de equi  l í b r i o dos números de ocupação em t r ê s d i  - 
f e r e n t e s  abordagens, a saber, a " elementar"  de Boltzmann, o método dos 

ensembles de Gibbs, e também o de Darwin e Fowler.  F ica  ass im estabe-  

l e c i d a ,  a e q u i v a l ê n c i a  desses métodos em p a r a e s t a t í s t i c a .  

1. INTRODUCTION 

There a r e  e s s e n t i a l l y  t h r e e  methods used i n e q u i l i b r i u m  s t a t i s t i c a l  me- 

chanics,  namely, t h e  Boltzmann method o f  i d e n t i f y i n g  t h e  e q u i l i b r i u m  sta-  

t e  w i t h  t h e  most probable one; t h e  Gibbs ensemble method o f  p o s t u l a t i n g

a canon ica l  d i s t r i b u t i o n ;  and t h e  Darwin-Fowler method' o f  i d e n t i f y i n g  

t h e  e q u i l i b r i u m  s t a t e  w i t h  t h e  average s t a t e .  Most textbooks on s t a t i s -  

t i c a l mechanics i n c l u d e  d iscuss ions  o f  t h e  f i r s t  two methods. The i n -  

c l u s i o n i n t o  t h e  t e x t  o f  the  l a s t  method, which schrud inger2  seems t o  

advocate, i s  l e s s  usual . The equiva lence o f  those methods i s  usual  1 y 

demonstrated f o r  t h e  i d e a l  Boltzmann, Bose-Einste in ,  and Fermi-Dirac s t a-  

t i s t i c s .  However, t h e  equ iva lence  i s  n o t  guaranteed when the  methodsare 

a p p l i e d  t o  d i f f e r e n t  s t a t i s t i c s  such as p a r a s t a t i s t i c s 3 ,  where eachener-  

gy leve1  can a f f o r d  up t o  some number k o f  p a r t i c l e s ,  and can be regar-  

ded as a g e n e r a l i z a t i o n  o f  the  above mentioned s t a t i s t i c s .  I t  seems de- 

s i r a b l e  t o  c o n f i r m  t h e  equiva lence o f  those methods f o r  p a r a s t a t i s t i c s .  

I n  most textbooks however d iscuss ions  on p a r a s t a t i s t i c s  a r e  r a t h e r  r a r e .  



I n  h i s  book  ls ihara '  presents a  b r i e f  d i s c u s s i o n  on pa ras ta t i s -  

t i c s  and der ives the equ i l i b r i um occupation numbers based on Boltzmann's 

rnethod; however, some c l a r i f i c a t i o n  seems t o  be needed i n  h i s  de r i va t i on .  

I n  the fo l lowing,  we s h a l l  consider p a r a s t a t i s t i c s  f o r  a  system o f  

non-dist inguishable p a r t i c l e s  and der ive  the e q u i l i b r i u m  occupation num- 

bers, by using the th ree methods mentioned above. I n  the de r i va t i ons  , 
the equivalence o f  those methods sha l l  become c learer ,  s p e c i a l l y  between 

Boltzmann, and Darwin-Fowler, approaches. 

2. DERIVATION OF THE DISTRIBUTION FUNCTION 

2.1 The Boltzmann method 

I n  t h i s  approach, energy l eve l s  are grouped i n t o  c e l l s  such t h a t  the j 
t h  

jth 
c e l l  contains m leve ls .  I den t i ca l  p a r t i c l e s  belonging t o  the same i 
c e l l  a re  assumed t o  have the same average energy, E ~ .  The n p a r t i c l e s  

j 
o f  the jth c e l l  a re  d i s t r i b u t e d  over a11 leve ls ,  i n  the c e l l ,  i n  a11 pos- 

s i b l e  al lowed ways w c o n t r i b u t i n g  w i t h  an energy E n t o  the system. i' j i 

Thus, f o r  a system o f  N i d e n t i c a l  p a r t i c l e s ,  w i t h  a  t o t a l  energy E, one 

has : 

where W{n .) i s  the t o t a l  number o f  ways o f  d i s t r i b u t i n g  the 
3 

spec i f i ed  by the se t  h.) . 
3 

(2.1) 

(2.2) 

( 2 . 3 )  

p a r t i c l e s  

The equ i l i b r i um occupation numbers are then t o  be evaluated from the fo l -  

lowing maximization cond i t ion :  



where a and 6 are  Lagrange m u l t i p l i e r s  associated w i t h  cons t ra in t s  (2.1) 
a and (2.2). The major task i s  t o  f i nd  an expression f o r  w as a func t ion  i 

o f  n For Bose-Einstein and Fermi-Dirac s t a t i s t i c s ,  w i s  usua l l y  de- i' i 
r i ved  separately by elementary methods. For p a r a s t a t i s t i c s  which al lows 

up t o  k p a r t i c l e s  i n  each leve l ,  we s h a l l  use the method o f  generating 

funct ions.  I t  i s  not d i f f i c u l t  t o  see t h a t  the pe r t i nen t  generatingfunc- 

t i o n  i s  g iven by 

n 
and w i s  the coe f f  i c i e n t  o f  the term z j. Hence, 

i 

A1 though expression (2.6) i s  exact, i t i s  too compl ica ted t o  be usefu l  . 
We thus r e w r i t e  (2.6) according t o  Cauchy's theorem6: 

where C i s  a c losed path around the  o r i g i n ,  and 

Since rn i s  supposed t o  be large, and g.(z)  i s  a n a l y t i c  i n  the  cu t  plane, i 3 
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an i n teg ra l  o f  the t y p e o f  (2.7) can be approximately evaluated by the 

method o f  the steepest descents7, which y i e l d s  the r e s u l t :  

where a i s  the angle t h a t  the steepest descent l i n e  makes w i t h  the  rea l  

axis,  and z i s  the saddle po in t  o f  g . (z ) ,  determined by: o i  3 

Hence 

Subst i tu ing  (2.7) i n t o  (2.4), we ob ta in  

where 

Since g ,(z) i s  the sane f o r  each j, c f .  Eq .  (2.8), the same holds f o r  
3 j 

and z oi . 

From (2.9), (2.12) and (2.131, we ob ta in  



z = exp(a + f 3 ~  .) . 
oi 3 

By combining (2.11) end (2.14), i t  fo l l ows  tha t  

which i s  the r e s u l t  we se t  f o r t h  t o  der ive .  

2.2 The Gibbs Method 

I n  t h i s  approach, the  t o t a l  energy o f  the system i s  no t  a constant, and 

a canonical d i s t r i b u t i o n  i s  postulated.  There i s  no need t o  group leve ls  

i n t o  c e l l s  nor t o  f i n d  the associated m u l t i p l i c i t i e s ,  One s t a r t s  from 

the p a r t i t i o n  func t ion ,  def ined as 

c a r r i e d  ou t  over the se t  

cons is ten t  w i t h  the cond 

where p i s  the  index o f  the energy leve ls ,  and the  sumnation i s  t o  be 

n l o f  a11 p o s s i b l e v a l u e s o f n  which are 
P P 

ions 

and 

The sumat ions  (2.16) are, however, cumbersome because o f  condi t i o n  (2. 

17). To remove t h i s  d i f f i c u l t y ,  we t ransform (2.16) i n t o  the grand ca- 

nonical  p a r t i t i o n  func t ion :  



The double summat ion  (2.19) 

the r e s t r i c t i o n  (2.17): 

can be converted i n t o  a  s ing le  one,free from 

The average t o t a l  number o f  p a r t i c l e s  can be obtained from 

Hence, the e q u i l i b r i u m  occupation number i s  g iven by 

This i s  the same as (2.15), i f  we i d e n t i f y  Z = ea and B1=-B 

2.3 The Darwin-Fowler Method 

I n  t h i s  approach, the physical  cond i t ions  are  the same as those o f  the 

Boltzmann method, namely, the t o t a l  number o f  p a r t i c l e s  and the t o t a l  

energy are  f i x e d  constants. However, the o r t i f i c e  o f  grouping energy 

l eve l s  i n t o  c e l l s  i s  e l im inated.  Without t h i s  a r t i f i c e ,  the r e l a t i v e  

p r o b a b i l i t y  o f  any al lowedstate o f  the system becomes the same. There i s  

no most probable s t a t e  t o  be i d e n t i f i e d  as the equ i l i b r i um s t a t e .  One 

takes averages w i t h  respect t o  a l l  permiss ib le  s ta tes  and i d e n t í f i e s  the 

equ i l i b r i um s t a t e  w i t h  t h i s  average s ta te .  I n  p a r a s t a t i s t i c s ,  each ie-  

vel  admits up t o  k p a r t i c l e s ,  i.e., n = 0,l ... k .  When the permitt2dva- 
P 



l ues  o f  n a r e  g i v e n  i n  t h e  s e t  Cn 1 ,  a s t a t e  i s  u n i q u e l y  de f ined .  Thus, 
P P 

denot ing  t h e  number o f  ways t o  r e a l i z e  a s t a t e  {n 1 ,  by ~ { n  1 ,  we have : 
P P  

where 

y(np)  = 1 , if n  = O , l , . .  . , k  , 
P 

= O o t h e r w i s e  . (2.24) 

The s t a t e s  d e f i n e d  by a s s i g n i n g  va lues  t o  n  must be compat ib le  w i t h  the  
P 

r e s t r i c t i o n s  

, E = l n ~  . 
P P 

Hence, t h e  average occupa t ion  number can be d e f i n e d  as 

whe r e  

and t h e  summations a r e  t o  be c a r r i e d  o u t  o v e r  a11 p o s s i b l e  s t a t e s  {no} 

which a r e  compat ib le  w i t h  (2 .25) .  The t a s k  i s ,  then, t o  e v a l u a t e  (2.26) 

and (2 .27) .  For t h i s  purpose, we now i n t r o d u c e  a g e n e r a t i n g  f u n c t i o n  

de f  i ned by 



where the summations are now t o  be c a r r i e d  ou t  over a11 s ta tes  w i thout  

r e s t r i c t i o n s ,  (2.25). S im i l a r  t o  the Boltzmann method, G can be i d e n t i -  
N E  

f i ed  wi t h  the coe f f  i c i e n t  o f  x y , i n  (2.28). Hence, apply ing Cauchy's 

theorem, we have 

Applying the method o f  steepest descent, we ob ta in  

where (xD,y,) i s  the saddle p o i n t  t o  be determined from the equations 

X 
aF tN + 1 ) ~  = O  , 

a F 
yo K -  ( E +  I ) F =  O . 

From (2.31 ) , we have 

Subst i tu ing  (2.28) i n t o  (2.33), we ob ta in  



Hence, 

which i s  t h e  same r e s u l t  as g i v e n  i n  (2.15) and (2.22), i f  we i d e n t i f y  
C1 B 

x = e  and y = e  . 
O 

3. CONCLUSION 

The equ iva lence  o f  t h e  t h r e e  methods, mentioned i n  t h e  I n t r o d u c t i o n ,  i s  

shown f o r  an i d e a l  gas o f  i d e n t i c a l  p a r t i c l e s  wh ich  s a t i s f y  p a r a s t a t i s -  

t i c s .  The t h r e e  methods, t h e r e f o r e ,  can be regarded as e q u i v a l e n t ,  inde- 

pendent o f  t h e  s t a t i s t i c s .  

The Boltzmann "elementary" method, when a p p l i e d  t o  p a r a s t a t i s t i c s ,  beco- 

mes r a t h e r  complex as compared t o  i t s  a p p l i c a t i o n  t o  B o s e - E i n s t e i n  o r  

Fermi-Di rac s t a t i s t i c s .  The mathemat ica l  apparatus needed becomes s i m i -  

l a r  t o  t h a t  needed f o r  the  Darwin-Fowler method. 

Though o u r  d e r i v a t i o n s  may seem a b i t  compl icated,  i t  i s  hoped t h a t  they 

may c l a r i f y  some p o i n t s  l e f t  o u t  i n  t h e  d e r i v a t i o n  by I s i h a r a .  
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