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A method t o  const ruc t  t o t a l l y  antisymmetric K-harmonics w i t h  d e f i n i t e  

t o t a l  angular momentum, t o t a l  sp in  and t o t a l  isospin,  by coup l ing  Sla- 

t e r  determinants, i s  p r e s e n t e d  . For l i g h t  nuc le i  i t  can be made by 

hand but ,  f o r  heavy nuc le i  , computers must be used. The no ta t i on  and 

presenta t ion  o f  the method i s  made aiming t o  such a p o s s i b i l i t y .  Chan- 

g ing the determinants by permanents and tak ing  i n t o  account the corres-  

ponding s y m t r y  m d i f i c a t i o n s ,  the method app l ies  as we l l  t o  t o t a l l y  

symmetric K-harmonics f o r  the case o f  boson systems. 

Apresenta-se um método para se const ru i  r K-harmÕni cos totalmente ant i s -  

s imét r icos  com momento angular, sp in  e i sosp in  t o t a i s  e suas t e r c e i -  

ras componentes bem def in idos .  Para núcleos leves seu uso pode ser  

f e i t o  à mão mas, para núcleos pesados, é necessário usar-se computado- 

res. A apresentação do método e a notação usada foram f e i t o s  tendo em 

v i s t a  essa poss ib i  1 idade. O método também se a p l i c a  a sistema bosôni- 

cos, bastando para tan to  t roca r  os determinantes por permanentes e l e-  

var em conta as modificacões acarretadas pe la  npva s ime t r i a .  

1. INTRODUCTION 

A method f o r  ob ta in ing  bound s t a t e  energies and wave func t ions  o f  a 

systems o f  A p a r t i c l e s ,  the K -  h a r m o n i  c s  methods , was i'ntroduced 

by ~ i c k e n d r a h t '  andsimonov2. The s t a r t i n g p o i n t  o f  themethod i s  t o  
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As p o i n t e d  o u t  by ~ i m o n o v ~ ,  the  po lynomia ls  (2.1) a r e  a u t o m a t i c a l l y  har- 

m n i c  when K=K and K + 1 .  For ?(>Kmin + 1 ,  however, t h e y  a r e  
mi n  rni n  

n e i  t h e r  harmonic nor  e i  genfunct  ions  o f  t o t a l  angu la r  momentum (L), t o -  

t a l  s p i n  ( S )  an t o t a l  i s o s p i n  (T). 

I n  the  f o l l o w i n g ,  a  method t o  couple the polynorn ia ls  (2.11, t o  produce 

polynomia ls  w i t h  d e f i n i t e  va lues o f  L ,  M, S, SZ,  T and T i s  developed. 
Z 

As an example, i t  i s  a p p l i e d  t o  o b t a i n  the  K-harmonics a p p r o p r i a t e  f o r  

d e s c r i b i n g  a - p a r t i c l e  s t a t e s  w i t h  S= T = 0. 

The t o t a l  angu la r  momentum, i n  the  c e n t e r  o f  mass frame, 2 , i s  d e f i n e d  

as the v e c t o r  sum o f  t h e  angu la r  momentum i n  each r e l a t $ v e  J a c o b i  v a m -  
-+ + 

ab te .  I n  terms o f  the v a r i a b l e s  x . = r  - 3  i t  can be w r i t t e n  as z i 

+ 
where the dash i n  the  sum means t h a t  one x ( i  t can be any one) must be 

i 
e x c l  uded. 

-f 

From ( 2 . 4 ) ,  and the f a c t  t h a t  L i s  a  f i  r s t  o r d e r  1 i n e a r  o p e r a t o r ,  i t  

f o l  lows t h a t  the e f f e c t  o f  a c t i n g  wi  t h  any component o f  on a polyno-  
+ 

n i a l  o f  a  v e c t o r  v a r i a b l e  x i s  the  same as the  one ob ta ined  a c t i n g  
+ + i 

w i t h  t h i s  cornponent o f  ~ ( x . ) ,  i . e . ,  
Z 

+ 
f o r  any polynomia l  P i n  t h e  components o f  the  v e c t o r  x  i ' 

One now uses the  p r o p e r t i e s  o f  the  d e r i v a t i v e  o f  a  de te rminan t ,  t o o b t a i n  

whe r e  



use being made o f  (2.5) i n  the l a s t  step. 

-+ 
Consider, then, A  independent vectors v and A funct ions,  one f o r  each i 
vector, wi t h  d e f i n i  t e  angular momentum R and z- p ro jec t i on  mi. Denoting i 
(s loppi  l y )  these funct ions by I!Limi>i , the appl i c a t i o n  o f  a  component 

o f  the t o t a l  angular momentum on a  product o f  such funct ions gives 

-+ 
~ ~ l a , m , > ,  la2m2>,. . . I a  A A A  m > = [L q  (V,) l~ ,m,>~]   IR,^,>^. . . l ~ ~ m ~ > ~  

From t h i s  resu 

f i n i t e  angular 

momentum L and 

ru les  t o  couple func t ions  o f  de- l t ,  i t  fo l lows the usual 

momentum t o  obta in  funct ions w i t h  d e f i n i t e  t o t a l  angular 

z- project  i on M. 

Equations (2.6) and (2.8) are formal l y  i d e n t i c a l .  One, then, can use 

the usual ru les  of coupl ing  angular momenta t o  obta in ,  from (2. I ) ,  t o -  

t a l l y  a n t i s y m t r i c  polynomials w i t h  d e f i n i t e  angular momentum L and 
-+ 

z - p ro jec t i on  M. Denoting, by @n.a.,,.(xi), rhe funct ions (2.2) wi t h  spa- 
1, 2 2 

t i a 1  p a r t  g iven by (2.3), a  possib le coupl ing could be 

g i v i n g  a  polynomia 

M. 

. . (A-I)'A" 

1 w i t h  def i n i t e  angular momentum L and z- project ion 

The same arguments ho ld  i n  the couplings o f  sp in  and isosp in  and the 

three coupl ings are evident  1 y  i ndependent. 



expand the wave func t i on  o f  the system i n  terms OT a complete se t  o f  

angular func t ions  over the uni t y  sphere o f  the 3(A-1)-dimensional vec- 

t o r  space o f  r e l a t i v e  coordinates o f  the A p a r t i c l e s .  Such a n g u l a r  

funct ions,  whose const ruc t ion  i s  essen t i a l  t o  the method, are known as 

K-harmnics and are a 3(A-1)-dimensional general i z a t i o n  o f  the usual 

spher ical  ha rmn ics .  They are the angular p a r t  o f  homgeneous and har-  

monic polynomials i n  the space var iab les ,  whose c o e f f i c i e n t s  are func- 
1 

t i o n s  o f  sp in  and isosp in  var iab les .  

To enforce the Paul i p r i n c i p l e ,  such K-harmonics must be t o t a l l y  a n t i -  

symnetric o r  symmetric i n  space, sp in  and isosp in  var iables,  according 

t o  whether one i s  deal i ng  wi t h  a system o f  fermions o r  bosons, respec- 

t i v e l y .  One way o f  ob ta in ing  such t o t a l l y  an t isymnet r ic  ( s y m t r i c  ) 

K-harmonics i s  t o  const ruc t  s p a t i a l  polynomials w i t h  d e f i n i t e  permuta- 

t i o n a l  symnetry and couple them wi t h  sp in- isosp in  f unc t i ons o f  the 

appropr iate permutational symmetry, i n  o rder  t o  have func t ions  o f  the 

desired s y m t r y  ( s~mmet r i c  o r  a n t i s y m t r i c  under the exchange o f  par-  

t i c l e s )  [ We quote i n  Refs. 3-7 some papers i n  t h i s  1 ine.]. Another way 

i s  t o  const ruc t  S la te r  determinants (o r  permanents) w i  t h  s i n g l e  p a r t i -  

c l e  funct ions o f  space, sp in  and isosp in  var iab les .  To ob ta in  func t ions  

w i t h  d e f i n i t e  t o t a l  angular mmntum, t o t a l  spin,  t o t a l  i sosp in  and 

the i  r z-components, ou t  o f  these S l a t e r  determinants (or  ~ermanents)  , 
p r o j e c t i o n  techniques are usede. 

I t  i s  presented, i n  t h i s  paper, an a l t e r n a t i v e  way t o  ob ta in  funct ions 

w i t h  d e f i n i t e  quantum numbers, ou t  o f  S l a t e r  determinants ( o r  perma- 

nents), j u s t  by coup l ing  them i n  a way s i m i l a r  t o  the coupl ing o f  angu- 

l a r  momenta, i n  which the s y m A t r i e s  o f  determinants (or  permanents) are 

f u l l y  exp lo i t ed .  To a l l ow  f o r  the app l i ca t i on  o f  such a coupl ing sche- 

me t o  heavy nuc le i ,  a non-standard nota t ion ,  which enables one t o  tmns-  

l a t e  i t  i n  any h igh  leve1 programming language i s  introduced. The me- 

thod i s  developed i n  terms o f  S la te r  determinants, the adaptat ion f o r  

permanents being s t ra igh t fo rward .  

I n  Sect ion 2, a method t o  couple S l a t e r  determinants i s  presented which, 

i n  Sect ion 3, i s  app l ied  t o  describe the S=T=O s ta tes  o f  the alpha par- 



< 

t i c l e .  I n  Sect ion 4, the e f f e c t  o f  the Laplacian over coupled polyno- 

mials i s  exh ib i ted ,  wh i l e  i n  Sect ion 5 the p o s s i b i l i t y  o f  apply ing the 

methocl t o  heavier  nuc le i  i s  examined. 

2. METHOD OF SLATER DETERM'INANTS COUPLING 

Let  us denote by (I$ $ 2 , . . . , @  ) the S la te r  determinant 
1 A 

constructed from the s i n g l e - p a r t i c l e  funct ions 

where fi(x.), ai(j) and ~ { ( j )  are, respect ive ly ,  the spa t i a l ,  sp in  and 
3 

i sosp in  p a r t  o f  the wave func t i on  o f  p a r t i c l e  j. The r e l a t i v e  spa t i a l  
+ 

coordinate x i s  re fe r red  t o  the center  o f  mass, t o  assure t r a n s l a t i o -  
j 

na1 ir ivariance t o  (I$1, $2,...,$A). 

Taking the func t ions  f i z . ) ,  i n  (2.21, as homgeneous p o l y n o m i a l s  o f  
-2 3 

degrea Ai, the func t i on  (2.1) turns out  t o  be a homgeneous polynomial 

o f  degree K = CX i n  the s p a t i a l  variables, as requi red by the K-harmo- i 
n ics  rnethod. For a g iven A, K assumes the values K= Kmin , Kmin+l ,. . . , 
where Kmin i s  a f unc t i on  o f  A. Fol lowing Simonov

g , we wi 11' take f o r  
+ 

the func t ions  f . ( x  .) the polynomials 
-L 3 

since these polynomials cons t i t u te  a basis f o r  homgeneous polynomials, 

o f  degree X.= 2n. + Ri, i n  the s p a t i a l  coordinates. They have the 
2- Z 

advantage o f  having d e f i n i  t e  angular mmentum R and z-pro jec t ion  m i i '  



For a  g i v e n  nucleus,  t h e  s p i n - i s o s p i n  coup l ings  can be p e r f o r w d  once 

f o r  a l l ,  f o r  a11 degrees K o f  the  s p a t i a l  p a r t  o f  (2 .1) .  L e t  us i l l u s -  

t r a t e  t h i s  p o i n t  w i t h  t h e  K - h a r m n i c s  which appear i n  c o n s t r u c t i n g  the  

a - p a r t i c l e  s t a t e s  w i t h  S=T=O. 

3. ANTISYMMETRIC POLYNOMIALS FOR A SYSTEM OF TWO PROTONS AND 
TWO NEUTRONS (ALPHA PARTICLE) WITH S = T = O 

The c o u p l i n g  o f  fou r  1/2 sp ins ,  t o  t o t a l  ' s p i n  0, g i ves  r i s e  t o  two s t a -  

tes  : 

The sare  r e s u l t  a p p l i e s  t o  i s o s p i n .  So, f o r  f i x e d  s p a t i a l  p a r t s  o f  the  

Oi1s, t h e r e  are, a t  most, f o u r  p o s s i b l e  ant isyrnmetr ic  po lynorn ia ls  w i t h  



S = T = O .  Adopt ing the f o l l o w i n g  enumerat ion o f  the  s p i n  and i s o s p i n  

func t ions ,  

p = p r o t o n  w i t h  s p i n  up ++ 1 , 
- 
p = p r o t o n  w i t h  s p i n  down ++ 2 , 
n = neu t ron  wi t h  s p i n  up ++ 3 , 
- 
n = neu t ron  w i t h  s p i n  down-4 , 

and o m i t t i n g  ( f o r  the  moment), i n  the  RHS, the  s p a t i a l  p a r t s ,  these po- 

l ynomia ls  a r e  w r i t t e n  ( n e g l e c t i n g  o v e r a l l  m u l t i p l i c a t i v e  constants)  as 



I n  the above expressions, any o f  the terms (a  b c d) ,  on the RHS's, a re  

S la te r  determinants ( 2 . 1 ) ~  a11 o f  them having the same s p a t i a l  pa r t s  

given by f =f,f = g ,  f =h,f =u. The d i g i t s  1 t o  4, showing up ins ide  
1 2  3 4 

parentheses, r e f e r  t o  sp in  and isosp in  values, i n  accordance w i t h  con- 

ventions (3.2). 

When some o f  the func t  ions f,g,h,u are  equal , one can use the symmetries 

o f  the S la te r  determinant t o  simpl i f y  (and, eventual l y ,  ann ih i  l a t e )  the 

polynomials (3.3). 

Taking i n t o  account t ha t  the s p a t i a l  func t ions  i n  (a b c d) are of the 

form (2.3), f u r t h e r  s i m p l i f i c a t i o n s  occur when some o f  them, q i n  num- 

ber say, have the sarne quantum numbers, n and Ri, d i f f e r i n g  only be the i 
quantum number m I n  t h i s  case, we make i n  (3.3) the coupl i ng  o f  the i' 
spa t i a l  par ts ,  coupl ing together those q func t ions .  I n  t h i s  way, each 

term (a b c d) ,  i n  (3.3), leads t o  an s p a t i a l  l y  coupled polynomial w i t h  

d e f i n i t e  L and M, hereby denoted by (a b c d}. Such coupled polynomials 

have the add i t i ona l  property t h a t  the interchange o f  two o f  the numbers 

a,b,c,d, associated t o  any two o f  these q funct ions,  simply m u l t i p l i e s  

(a b c d} by a (-1) f ac to r ,  i f  the coupl ing i s  syrnmetric, o r  leaves i t  

unchanged when antisymmetric. For example, 



In this way, when one couples the spatial parts of the Slater determi- 

nants in ( 3 . 3 ) ,  substantial sirnplifications occur in the following ca- 

ses : 

1) When two spatial functions have the same labels n 9,.  and are cou- i' 2,  

pled syrnmetrically, PI and PII vanish identically while PIII and PIV 

become' O 

2) When two spatial functions have the same labels n ti, and are cou- i' 
pled antisyrnmetrically, PIII and PIV vanish identically, while P and I 
PII become 

3) When two pai rs of spatial functions have the same ni, Ri., and each 

pair is coupled symmetrically, we have a particular case of ( 3 . 5 )  and 

the resulting polynornials are 



4) I n  the  s i t u a t i o n  o f  i t e m  3, b u t  w i t h  an an t i symmet r i c  c o u p l  i n g  i n  

each p a i r ,  one i s  l e f t  once aga in  w i t h  o n l y  two po lynomia ls :  

5 )  When one p a i r  i s  coupled s y m m e t r i c a l l y  and the  o t h e r  an t i symmet r i -  

c a l l y ,  a l l  po lynomia ls  (3.3) van ish  i d e n t i c a l l y .  

6 )  When thi -ee s p a t i a l  f u n c t i o n s  have the  same n Ri, and a r e  coupled i' 
symmet r i ca l l y ,  we have a  p a r t i c u l a r  case o f  (3.5) w i t h  PIII 0 ,  and 

one i s  l e f t  w i t h  o n l y  one po lynomia l  

7) When t h r e e  s p a t i a l  f u n c t i o n s  have the  same n Ri, and a r e  coupled i' 
a n t i s y m m e t r i c a l l y ,  one has a  p a r t i c u l a r  case o f  (3 .6)  w i t h  E; P 

11 ' 
so one i s  l e f t  w i t h  o n l y  one po lynomia l ,  namely, 

8) I n  the  s i t u a t i o n  o f  i t e m  7  b u t  w i t h  an an t i symmet r i c  coup l ing ,  o n l y  

one p o l  inomi a1 remai ns: 

I t  i s  p o s s i b l e ,  making use o f  formulas (3.5)-(3.111, t o  c o n s t r u c t  a l l  

homogeneous po lynomia ls  o f  any degree K which a r e  used t o  d e s c r i b e  the  



s ta tes  o f  the alpha p a r t i c l e ,  w i t h  S = T = 0, and any L < K  . To t h i s  

end, one f i r s t  f i nds  a l l  the p a r t i t i o n s  o f  K i n  f ou r  non negative i n -  

tegers, and for  each p a r t i  t i on ,  one se lec ts  a1 1 possib le f u n c t i m s  (2.3) 

t h a t  can be coupled t o  the desired L value. One, then, simply cheks 

each p o s s i b i l i t y ,  t o  see i n  what o f  cases 1) t o  8) i t  app l ies .  

4. THE EFFECT OF THE LAPLACIAN OPERATOR ON THE COUPLED 
POLYNOMIALS 

Once the coupled polynomials, w i t h  d e f i n i t e  values o f  L,M, S ,  S Z ,  T ,  TZ 

have been constructed, one has t o  take 1 inear combinations o f  thern i n  

order t o  ob ta in  harmonic polynornials, as required by the K-harmonics 

method. To t h i s  purpose, i t  i s  necessary t o  know the e f f e c t  o f  the 

Laplacian operator on these polynomials. Since they are expressed i n  
-+ 

the var iab les  x re fe r red  t o  the center  o f  rnass, i t  i s  h e l p f u l  t o  
j ' 

have the Laplacian i n  these var iab les ,  namely, 

where the dashes i n  the surns mean t h a t  one terrn (it can be rmyone) i s  
+ 

missing, and i n  f ,  the x corresponding t o  the rnissing index should be 

replaced, using the r e l a t i o n  

Another usefu l  formula i s  

The Laplacian of each polynornial (3.3), o f  some degree K, being a ho- 

mogeneous polynomial o f  degree K-2, i s  e x p r e ~ s i b ~ e  as a l i n e a r  cornbi- 

na t ion  o f  harmonic polynornials o f  type (3.3) w i  t h  degrees K-2,~-4,. .. , 
the c o e f f i c i e n t s  o f  the l i n e a r  cornbination being propor t iona l  t o  p,p2, 

p4,.  . . , where p i s  the hyperdistance i n  the 3(~-1)-d imensional  vector  



space spanned by the r e l a t i v e  Jacobi var iab les  [see Ref. 7 f o r  the 

proof.]. This i s  a powerful check t o  the ca lcu la t ionç .  

As a warning, i t  should be mentioned tha t  t h e  polynomials obtained 

from (3.5) t o  (3.11) may not  be l inea r l y  independent, due t o  t h e  1 i- 
-+ 

near dependence among the xi 's expressed i n  Eq. (4.2). 

5. APPLICATION TO HEAVIER NUCLEI 

I n S e c t i o n  3, onehasseen  howourmethodworks  i n  d e s c r i b i n g  the 

S = T = O s ta tes  o f  the alpha p a r t i c l e .  I t  i s  evident  t ha t  the method 

can be app l ied  t o  describe o ther  s ta tes  o f  the alpha p a r t i c l e  and o f  

heavier  nuc le i  as w e l l .  A11 we have t o  do i s  t o  ob ta in  the analogs o f  

Eqs. (3.5) t o  (3.1 I ) .  For heavier  nuc le i ,  t h i s  task i s ,  o f  course, hu- 

manly impossible, bu t  a t  t h i s  p o i n t  one can ca l  1 the computers t o  one's 

rescue. The method has a very r i c h  s t r u c t u r e  which al lows f o r  an easy 

c o d i f i c a t i o n  o f  computer programs t o  do the job.  I t  was having such a 

c o d i f i c a t i o n  i n  mind tha t  the non-standard nota t ions  o f  Sections 2 and 

3 were introduced. 

We warmly thank Pro f .  J. Le.al Fe r re i ra ,  f o r  h e l p f u l  suggestions. 
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