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I n  the eikonal  approximation o f  c l a s s i c a l  op t i cs ,  the uni t p o l a r i z a t i o n  

3-vector o f  l i g h t  s a t i s f i e s  an equation tha t  depends on ly  on the index, 

n, o f  r e f r a c t i o n .  I t  i s  known tha t  i f  the o r i g i n a l  3-space l i n e  element 

i s  do2, then t h i s  p o l a r i z a t i o n  d i r e c t i o n  propagates p a r a l l e l y  i n  the 

f i c t i t i o u s  space n2du2. Since the equation depends on ly  on n, i t  i s  

possib le t o  invent 'a  f i c t i t i o u s  curved 4-space i n  which the l i g h t  per- 

forms a n u l l  geodesic, and the p o l a r i z a t i o n  3-vector behaves as the 

"shadow" o f  a p a r a l l e l y  propagated 4-vector. The inverse, namely, the 

reduct ion o f  Maxwell 's equation, on a curved ( d i e l e c t r i c  f ree)  space , 
t o  a c l a s s i c a l  space wi t h  d i e l e c t r i c  constant n=(-goo)-1/2 i s  we l l  known, 

but  i n  the l a t t e r  the d i e l e c t r i c  constant E and permeabi l i t y  l.~ must a l so  

equal ( -goo ) - l / ' .  We ca l cu la te  the r o t a t i o n  o f  p o l a r i z a t i o n  as  1 i g h t  

bends around the sun by u t i l i z i n g  the reduct ion t o  the c lass i ca l  space. 

This (non-) r o t a t i o n  may then be i n te rp re ted  as para1 l e l  t ranspor t  i n  

the 3-space n2d02. 

Na aproximação do e ikona l  da õp t i ca  c láss ica ,  o ve to r  u n i t á r i o  de pola-  

r ização da l uz  s a t i s f a z  uma equação que depende somente do i n d  i ce de 

refração,  n. Sabe-se que se o elemento de l i nha ,  no espaço t r id imens io-  
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na1 o r i g i n a l  , f o r  da2, esse v e t o r  de p o l a r i z a ç ã o  propagar-se-á p a r a l e-  

lamente no espaço f i c t i c i o ,  n2da2.  Como a equação depende somente de n, 

é p o s s i v e l  c r i a r  um espaço quadr id imensional  f i c t í c i o  n o  qua l  a  l u z  

descreve uma geodésica nu la ,  e  o v e t o r  u n i t á r i o  de p o l a r i z a ç ã o  compor- 

ta- se  como a "sombra" de um q u a d r i v e t o r  para le lamente propagado. O i n -  

verso, i s t o  é, a  redução das equações de Maxwell, em um espaço curvo, a  

um espaço c l á s s i c o  com cons tan te  d i e l é t r i c a  n=(-g )-"', é bem conheci -  
O O 

do, se bem que nes te  caso a cons tan te  d i e l é t r i c a  E e a permeabi l idade LI 

são também i g u a i s  a (-g )"". U t i  l izando-se da redução a o  e s p a ç o  
O O 

c l á s s i c o ,  estudamos a ro tação  da p o l a r i z a ç ã o  da l u z  quando essa c u r -  

va-se ao passar  nas v iz inhanças  do s o l .  Essa (não-) ro tação  pode s e r  

i n t e r p r e t a d a  como t r a n s p o r t e  p a r a l e l o  no espaço t r i d i m e n s i o n a l  n 2da 2.  

1. INTRODUCTION 

I t  i s  w e l l  known, and c i t e d  i n  t e x t s  on c l a s s i c a l  ~ ~ t i c s ' ' ~  t h a t  the  

behavior  o f  l i g h t  i n  a  space w i t h  d i e l e c t r i c  cons tan t  E, p e r m e a b i l i t y  

v ,  and index, n, o f  r e f r a c t i o n  i n  a m e t r i c  o f  the fo rm 

which we shal  l c a l  1  " d i e l e c t r i c "  o r  D-space, can be redescr ibed  s imp ly ,  

i n  the  e i k o n a l  approx imat ion,  i n  a f i c t i t i o u s  space ("B1'-space, o r  the 

b a r r e d  space) by 

Here, y represen ts  the  o r i g i n a l  3-space m e t r i c  i n  c u r v i l i n e a r  c o o r d i -  
uv 

nates ,  an3 i t  c o u l d  j u s t  as w e l l  rep resen t  a  curved 3-space. 



The r e d u c t i o n  o f  Eq. (1.1) t o  (1.2) i s  p o s s i b l e  o n l y  f o r  those p roper -  

t i e s  t h a t  depend o n l y  on t h e  index, n ,  o f  r e f r a c t i o n .  These a r e  then 

t h e  t r a j e c t o r y  i t s e l f  and the p ropaga t ion  o f  the  unit 3-vector  i n  t h e  

d i r e c t i o n  o f  the  e l e c t r i c  o r  magnetic f i e l d .  I n  terms o f  the B-space , 
the  t r a j e c t o r y  i s  a geodesi c, and the  un i  t p o l a r i z a t i o n  v e c t o r  undergoes 

p a r a l l e l  t r a n s p o r t .  

On t h e  o t h e r  hand, i t  i s  w e l l  known and c i t e d  on t e x t s  on General Rela- 

t i v i t y 3  t h a t  Maxwel l 's  equa t ions ,  i n  a s t a t i c  curved s p a c e ,  w i t h o u t  

d i e l e c t r i c  cons tan t ,  permeabi 1 i t y ,  o r  index o f  r e f  r a c t i o n  ("G" o r  "gra- 

v i t a t i o n a l "  space) wi t h  m e t r i c  

can be redescr ibed  i n  terms o f  a space o f  the  t ype  i n  Eq. (1.11, namely 

D-space w i t h  the  i d e n t i f i c a t i o n  o f  the d i e l e c t r i c  parameters as 

I t  i s  c l e a r  t h a t  the  l a t t e r  s i t u a t i o n  can be tu rned  around t o  c l a r i f y  

the c l a s s i c a l  problem: s t a r t i n g  w i t h  the  d i e l e c t r i c  space, o f  Eq. (1.11, 

w i t h o u t  Eq. (1.4) be ing  v a l i d ,  i .e . ,  w i t h o u t  n e c e s s a r i l y  E = u = n, one 

can i n t r o d u c e  a f i c t i t i o u s  curved space o f  the  t ype  i n  Eq. (1.31, p r o v i -  

ded, however, t h a t  the p r o p e r t i e s  under consi  d e r a t i o n  depend o n l y  on n. 

Th is  then a p p l i e s  t o  the  t r a j e c t o r y  and the u n i t  p o l a r i z a t i o n  3- vector .  

The former w i l l  be a nu11 geodesic i n  t h e  f i c t i t i o u s  G-space, and the  

l a t t e r  wi  11 behave as the  "shadow" o f  a 4 -vec to r  t h a t  i s  para1 l e i  d i s -  

p laced  a long  t h e  t r a j e c t o r y .  Thus, f rom t h e  p o i n t  o f  view o f  t h e  c l a s -  

s i c a l  p o l a r i z a t i o n  problem (D-space), one can e i t h e r  i n t r o d u c e  t h e  f i c -  

t i t i o u s  B-space or the  f i c t i t i o u s  G-space f o r  a s i m p l i f y i n g  r e d e s c r i p -  

t i o n  i n  terms o f  p a r a l l e l  t r a n s p o r t .  

I t  i s  a l s o  c l e a r  t h a t  i f  one s t a r t s  w i t h  a r e a l  curved s p a c e ,  1 i g h t  

propagat ion,  as w e l l  as o t h e r  e lec t romagnet i c  phenomena, can be under-  



stood i n  terms o f  a f i c t  

reduct ion t o  the specia l  

when i t bends around the 

i t i o u s  D-space o r  B-space-. We s h a l l  apply t h i s  

case o f  the propagation o f  p o l a r i z a t i o n  of l i g h t  

sun. 

The bas ic  ideas o f  t h i s  paper are no t  new. They are  imp l ied  by the ge- 

nera l  r e l a t i v i s t i c  e ikona l  approximation as s e t  f o r t h  by ~ h l e r s '  , and 

by the reduct ion i n  Ref. 3 c i t e d  above. What we wish t o  do i s  c l a r i f y  

t h e i r  app l i ca t i on  t o  some spec ia l  cases, and i n  p a r t i c u l a r  t o  the t ran-  

s i t i o n  from the c l a s s i c a l  D-space t o  the curved G-space. 

I n Sect.2, the r e l a t  ionshi  p between a 4-space covar i  ant  de r i va t  i ve and 

a 3-space one i s  discussed b r i e f l y .  I n  Sect.3, c l a s s i c a l  e ikonal  theo- 

r y  i n  a d i e l e c t r i c  medium i s  discussed, w i t h  a s i m p l i f i e d  reduct ion t o  

B-space presented i n  Sect .4. The redesc r i p t i on  o f  the c lass i  ca l  problem, 

i n  terms o f  the f i c t i t i o u s  G-space, i s  contained i n  Sect. 5 .  Here, the 

r e l a t i o n  between the geodesic behavior i n  B-space, and tha t  i n  G-space, 

i s  discussed, and the p o l a r i z a t i o n  behavior i n  G-space derived. I n  Sect. 

6, the use o f  D-space, t o  ca l cu la te  a problern o r i g i n a t i n g  i n  a curved 

space, i s  presented. 

2. MATHEMATICAL DIGRESSION 

I n  t h i s  paper, L a t i n  ind ices  represent va 

ind ices  represent values 1,2,3. We c a l l ,  

I t  wi 

Then , 
zero , 

lues 0, 

i n  t h i s  

1,2,3, whe reas  Greek 

Sect i on , 

11 be assumed t h a t  the metr ic ,  i n  Eqs. (1.2) o r  (1.31, i s  s t a t i c .  

the C h r i s t o f f e l  symbols, appropr iate t o  Eq. (1.3), t h a t  a re  no t  

are 



L igh t  w i l l  be supposed t o  be moving along some path d e s c r i b e d  by a 

spa t i a l  parameter q, i n  the space o f  Eq.(1.3), o r  by the distance o , 
where 

i s  the space p a r t  o f  Eqs. (1.3) o r  (1.2). I t  i s  assumed tha t  a func- 

t i o n a l  re la t i onsh ip  ex i s t s ,  namely, 

(See Sect ion 5 f o r  t h i s  func t ion . ) .  

If ri represents the C h r i s t o f f e l  symbols i n  the bspace  o f  Eq. (1.31, 
jk 

then an absolute de r i va t i ve ,  along q, i s  

whereas a 3-space absolute de r i va t i ve ,  described by a, i s  

I f  f o r  "iat, i n  Eq.(2.5), we use a space index, say 1, o r  Fi, the r e s u l t  

w i  1 1  n o t  be the same as i n  Eq. (2.6), s ince there e x i s t  non zero T:~'S: 

For the gradient ,  c u r l  and Laplacian, i n  3-space, we have i n  mind the 

usual weight zero fo rmula t ion  appropr iate t o  general c u r v i l i n e a r  coor- 



dinates. I n  what fo l lows,  yFiv could represent a space t h a t  i s  already 

curved. 

3. CLASSICAL EIKONAL THEORY 

We f o l l o w  here the discussion o f  Born and wo l f5 .  I n  an i s o t r o p i c  d ie -  

l e c t r i c  rnedium, w i t h  D = EE, B = W, and 

and i n  a space o f  the type i n  Eq, (1.1), the e l e c t r i c  f i e l d  s a t i s f i e s  

Solving, the lowest order e i  konal approximation, consists i n  the ex- 

pansion i n  k-' o f  the assurned form 

-t -t ik,~(;) .-iwt 3 = e ( , ,  e 9 (3.3) 

where S i s  the eikonal  sca lar ,  and k, = w/c . ~ ~ . ( 3 . 3 )  i n  (3.2) gives 

+ x + 2/(ik,) + @/(ik,)'= O (3.4) 

+ + -f 
where K, L and M are independent o f  k,. 

The eikonal  approximation, i n  lowest order, se 

+ .Z = [VS -Vinu - ~ ~ 5 7 :  - 2(e  

S i s  regarded as a wave f r o n t ,  w i t h  i t s  normals representat ing r a y s  . 
Thus, from Eq. (3.51, the i d e n t i f i c a t i o n  



i s  made. Squaring both sides gives n 2 = ( ~ ~ ) 2 ,  which i s  Eq.(3.5). 

Eq. (3.7) i s  the ray equation. O r ,  i f  desired, S can be el iminated,  by 

tak ing  a de r i va t i ve 6,  t o  ob ta in  

The p o l a r i z a t i o n  i s  more compl icated.  However, i f the uni  t vector  u" , 

C1 
i s  introduced, then u s a t i s f i e s  a r e l a t i v e l y  simple equation, depen- 

d ing  on ly  on n, der ived from Eq. (3.6) (Ref.7): 

Eqs. (3.8) and (3.10) are the bas ic  equations o f  the e ikona l  approxima- 

t i on .  One can a l ço  get  informat ion about i n tens i t y ,  from squaring (3.3) 

and f i n d i n g  é , but t ha t  i s  i r r e l e v a n t  t o  t h i s  paper. 

4. INTRODUCTION OF THE BARRED SPACE 

As mentioned e a r l i e r ,  Eq.(3.8) can be i n te rp re ted  as a geodesic i n  the 

barred space o f  Eq.(1.2), and Eq.(3.10) can be i n te rp re ted  as p a r a l l e l  

propagation i n  the same space. In t h i s  Section, we present a s imp l i -  

f i e d  de r i va t i on  o f  these resu l t s .  The reduct ion  i s  poss ib le  sinceEqs. 

(3.8) and (3.10) depend on ly  on n, and not ,  say, on E s p e c i f i c a l l y .  

F i  r s t  consider Eq. (3.8). A geodesic i n  the barred space i s  def ined by 



UV 
- rt ypv . From the de- where i$ i s  computed from the 7 , where ? - z 

'V 
f i n i t i o n ,  we get 

Fa6 = i\8 + a l n n  + 6' a l n n -  yaBY'' % l n n .  (4.2) 
ax B axa ax 

Eq. (4.1) becomes, w i t h  t h i s ,  

But t h i s  i s  e a s i l y  seen t o  be Eq. (3.8), i f  i n  the l a t t e r  we w r i t e  

do = dÜ/n . Thus Eq. (3.8) can be i n te rp re ted  as a g e o d e s i  c i n  t h e  
4 

barred 3-space. 

For the p o l a r i z a t i o n  equation, (?..]O), we must take i n t o  account t ha t  
CL 

i f  the vec tor  i s  described as u , i n  the 3-space o f  Eq. (1. l ) ,  then the 

same vector  has components 

i n  the barred 3-space. The s implest  way t o  see t h i s  i s  t o  n o t i c e t h a t ,  

i n  both spaces, i t  i s  the  same vector  and must be normalized: 

I f  i s  p a r a l l e l  propagated, i n  the barred 3-space, then 

Using Eq. (4.2), t h i s  equat ion reduces t o  Eq. (3.10) i f, from previous 
c1 

work on the wave equation, the f a c t  t h a t  u and dxa/dcr are perpendicu- 

l a r  i s  a l s o  used. 

Thus the uni t vector  üa i s  para1 l e l  t ransported i n  the barred space. 

436 



5. REDESCRIPTION I N  TERMS OF GSPACE 

Just  as i n  the previous sect ion,  Eqs. (3.8) and (3.10) were redescribed 

i n  a simple manner, i n  the f i c t i t i o u s  barred space, we wish here t o  show 

t h a t  a s i m i l a r  r e s u l t  occurs i n  the G-space o f  Eq. (1.3). Again, the re- 

duct ion i s  poss ib le  on ly  because Eqs. (3.8) and (3.10) depend only on n. 

We f i r s t  wish t o  show tha t  Eq. (3.8) corresponds t o  a nu11 geodesic i n  

G-space: 

To do t h i s ,  we f i r s t  must f i n d  the r e l a t i o n  between the parameter q and 

the path length o , i n  the 3-space. This can be done by l e t t i n g  i = O  

i n  Eq ( 5 . l ) ,  us ing Eqs. (2.8) and (2.2): 

However, i f c 2  = 0 ,  from Eq. (1.3) we have 

The d e r i v a t i v e  o f  the square root  o f  Eq. (5.3) i s  zero, a r e s u l t  incom- 

p a t i b l e  w i t h  Eq. (5.21, unless 

This i s  the desired r e l a t i o n .  

The remainder o f  the proof  cons is ts  i n  w r i t i n g  down the space pa r t s  o f  

Eq. (S. ] ) ,  us ing Eq. (2.7): 

D &' 3~ &' dxO dx" 
= ( n )  + r " - - = O ,  

O0 do do 



where &/dq has been replaced by ndrci/da, according t o  Eq. (5.4). üsing 

Eqs. (2.2) and (5.4), i n  the l a s t  terrn, we easi l y  see t h a t  Eq. (5.5) re- 

duces t o  Eq. (3.8). 

The connection between the nu11 geodesic behavior i n  the G-space, and 

the space geodesic i n  the barred space, can be seen d i  r e c t l y  f rom the 

r e l a t i o n  dC = O which can be w r i t t e n  

1 /2 
cdt 
3 = [ n 2  ypv g g]  =g.  

I f  the l i g h t  goes between po in t s  A and B, the time elapsed wi11 be 

Thus, rninirnizing the time, i n  G-space, corresponds t o  minirnizing the 

3-space distance, i n  B-space, This i s  why both spaces give geodesics 

f o r  the motion. 

' We now tu rn  t o  Eq. (3.10). How i s  t h i s  t o  be descr i  bed i n  G-space? We 

s h a l l  argue tha t  the equation s a t i s f i e d  by u' i s  the same equation t h a t  
a i 

i s  s a t i s f i e d  by the p ro jec t i on  w o f  a bspace  vector  a perpendicular  

t o  the path va = drca/da, t ha t  i s ,  by 

i 
where a i s  t o  have the fo l l ow ing  proper t ies :  i t  i s  propagated p a r a l l e l y  

a long and orthogonal t o  the ray i n  G-space, and i t s  space p a r t s  mustnot 
a a 

b e p a r a l l e l  t o v .  The l a t t e r  cond i t ion  i s  needed, f o r  if a - v a  , 
C1 

then s ince v v
a 

= 1 ,  Eq. (5.8) gives w = O .  I n  other words, the pola-  
a a 

r i z a t i o n  uni t vector  i n  3-space, u , propagates as a "shodow" o r  "image" 

o f  a p a r a l l e l y  propagated vector  i n  G-space. 



To prove tha t  Eq. (5.8) s a t i s f i e s  Eq. (3.10), consider f i r s t  the prop- 
i e r t i e s  of a . -Since i t i s  orthogonal t o  the ray i n  G-space, 

Since i t  i s  t o  be p a r a l l e l y  propagated, i t s  magnitude must be constant 

(we can choose t h i  s do be 1) 

and i t s  equations o f  motion, from Eqs. (2.7) and (2.81, are 

Also 

i 
W i  t h  these proper t ies  o f  a , the behavior o f  wa, i n  Eq. (5.8), can be 

a determined. F i r s t ,  we see tha t  i t  i s  orthogonal t o  V : 

This fo l lows imnediately from the d e f i n i t i o n  i n  Eq. (5.8). Second, i t s  

magnitude i s  aa in ta ined a t  a constant value 

11 w w = a'a - (a'v ) = azai = i. 
!J U ' (5.15) 

The squared term i s  evaluated using Eqs. (5.9) and (5.13). Thi rd, i t s  

equation o f  motion i s  obtained by tak ing  3 ~ / ~ q  o f  Eq. (5.8): 



C1 
where, f o r  V a@, we used Eq. (5.9). 

For the f i r s t  term, on the r i g h t  i n  Eq. (5.16), use Eq. (5.11). For the 

second,use Eq. (5.5). For the t h i r d ,  use Eq. (5.12). Almost every th ing  

cancels and we are l e f t  wi t h  

But t h i s  i s  j u s t  Eq. (3.10), which was what was t o  be proved. 

Thus, the l i g h t  propagation, i n  terms o f  the f i c t i t i o u s  G-space, i s t h a t  

i t s  path i s  a nul l -geodeçic,  and the 3-space u n i t  p o l a r i z a t i o n  vector  

behaves as a "shadow" o f  a vec tor  para1 l e l y  t ransported.  

6. REDUCTION OF A GRAVITATIONAL CALCULATION 

I n  t h i s  Section, we s t a r t  frorn 1 i g h t  propagation i n  a c u r v e d  space 

wi thout  d i e l e c t r i c  constant o r  index o f  r e f r a c t i o n ,  i .e. G-space.ln t h i s  

space, a rea l  f i e l d  tensor, FijJ e x i s t s  re la ted  t o  rea l  e l e c t r i c  and 

magnetic f i e l d s ,  E and B , by " 1.i 

\ 

As ind ica ted i n  these equations, the 3-vectors are considered t o  be true 

vectors, i n  the 3-space. Here, sUaB i s  the a1 te rna t i ng  syrnbol. I f ,  i n  

add i t ion ,  the fo l l ow ing  f i c t i t i o u s  q u a n t i t i e s  are defined: 



then i t  i s  we l l  known3 t ha t  Maxwell 's equations, i n  the curved but  d ie -  

l e c t r i c a l l y  empty G-space, have the form o f  Maxwell's equations i n  a 

d i e l e c t r i c  medium w i t h  Eq. (1.4) de f i n i ng  the d i e l e c t r i c  parameters. O f  

course, the 3-space cu r l s ,  divergences, etc. ,  must be def ined i n  gene- 

r a l i z e d  c u r v i l i n e a r  coordinates, corresponding t o  the poss ib ly  c u r v e d  

yllv tensor.  

What t h i s  means as f a r  as l i g h t  i s  concerned i s  t h a t  l i g h t  propagation 

i n  G-space can be redescribed by l i g h t  propagation i n  the D-spaceof Eq. 

( 1 . 1  s i  1 .  I n  add i t ion ,  s ince B-space i s  equ iva lent  toD-space 

i n  t h i s  respect, l i g h t  can be regarded as propagated as i f  i n  the f i c -  

t i t i o u s  B-space. 

For c a l c u l a t i o n  purposes, i t  i s  f requent ly  eas ier  t o  compute equations 

i n  the c l a s s i c a l  terminology. We wish t o  complete t h i s  Sect ion by ca l -  

c u l a t i n g  the r o t a t i o n  o f  po la r i za t i on ,  as l i g h t  bends around the sun, 

using Eq. (3.10). The me t r i c  i n  G-space i s  taken t o  be the Schwarzchi l d  

m t r i c ,  whose space p a r t  i s 8  

using n-2 t o  represent g o o :  

w i t h  m = GM/C', M the mass o f  the sun. 

The de f l ec t i on  of l i g h t  can,without loss o f  general i ty ,  be considered t o  

take place i n  the plane 8 = ~ / 2 .  Eqs. (3.10) becom,using t h e c h r i s t o f f e l  

symbols, der ived from Eq. (6.3): 



The f 

i s  an 

i r s t  two o f  these are coupled equat 

equation f o r  u e ,  whose s o l u t i o n  i s  

e ru  = const 

I n  tensor no ta t ion ,  a vector  i s  w r i  t t e n  

t o r s  Z : 
U 

, r  = dn 
- 5 (6.7) 

r 4 
ons f o r  u and u . The t h i  r d  

(6.8) 

irnmediate 

n terms o f  non-un i t basi c vec- 

(6.9) 

I n  terms of the u n i t  vectors,  6 the same vector  i s  w r i t t e n  
11' 

For the met r ic ,  i n  Eq. (6.3), t h i s  means t h a t  

whence, f rom Eq. (6.81, 

8 
U = const . (6.12) 

This r e s u l t  enables us t o  obta in  an answer t o  the r o t a t i o n  o f  po la r i za -  
C1 

t i o n  w i thout  so l v i ng  Eqs.(6.8) and (6.9). For we know tha t  u i s  perpendi- 

cu la r  t o  dxa/do , and,can there fore  be resolved i n t o  components i n  the 

5, and Ek d i  rec t ions ,  where 4 i s  perpendicular  t o  both ge and &?/do : 

u uU = ueue + ukuk . (no sums on r i g h t )  u (6.13) 

and the f i r s t  term on the r i g h t  i s  

But the le f thand s ide  i s  constant along the t r a j e c t o r y  (see Eq. ( 3 . 9 ) )  , 
constant (see Eq. (6.15) o r  (6.8)) . 

tant." This means tha t  the r a t i o ,  

istance, before the 1 igh t  passes around 

Hence, the o ther  term must be cons 

u e / 8  , evaluated a t  an i n f i n i t e  d 



t h e  sun, must be t h e  same as when eva lua ted ,  a t  an i n f i n i t e  d i s t a n c e  , 
a f t e r  passage around t h e  sun. I n  o t h e r  words, t h e r e  i s  no r o t a t i o n  o f  

p o l a r i z a t i o n  around the  p ropaga t ion  d i r e c t i o n .  T h i s  i s  a  r i g o r o u s  con- 

c l u s i o n ,  f rom t h e  lowest  o r d e r  e i k o n a l  theory .  

7. CONCLUSIONS 

I n  t h i s  no te ,  we have shown t h a t ,  j u s t  as the  c l a s s i c a l  p ropaga t ion  o f  

l i g h t  i n  a  d i e l e c t r i c  medium can be i n t e r p r e t e d  s imp ly  i n  the  f i c -  

t i t i o u s  3-space o f  Eq. (1 .2) ,  so t o o  i t  can be i n t e r p r e t e d  s imp ly  i n  

the f i c t i t i o u s  4-space o f  E q .  (1 .3) ,  where the  p o l a r i z a t i o n  u n i t  3-vec- 

t o r  propagates as a k i n d  o f  "shadowl' o f  a  p a r a l l e l y  propagated v e c t o r  

the re .  

A lso,  i t  was shown t h a t  c a l c u l a t i o n s ,  i n v o l v i n g  l i g h t  i n  a curved space, 

can be t r e a t e d  i n  a r o u t i n e  rnanner by c o n v e r s  i o n  t o  the  equat ions o f  

c l a s s i c a l  o p t i c s  by means o f  the wel l- known i d e n t i f i c a t i o n  o f  (-g p/* 
o o 

w i t h  n, the  d i e l e c t r i c  constant .  As an a p p l i c a t i o n ,  i t  was shown t h a t  

the p o l a r i z a t i o n  u n i t  3-vector  w i l l  n o t  r o t a t e  around the p ropaga t ion  

d i r e c t i o n  as l i g h t  i s  bent  around the sun. A t  l e a s t ,  n o t  i n  the  lowest  

o r d e r  e i k o n a l  approx imat ion.  Accord ing t o  the  equ iva lence  o f  the spaces 

i n  Eqs. ( I . ] ) ,  (1.2) and (1.3),  i n  t h i s  example, the  n o n- r o t a t í o n  can 

be understood as p a r a l l e l  p ropaga t ion  o f  the  u n i t  3 - v e c t o r  i n  t h e  

B-space o f  E q .  (1 .2) .  

One o f  the au thors  (M.B.) was on leave a t  the I n s t i t u t o  de F í s i c a  e Qui- 

mica de São Car los when t h i s  work was done, and wishes t o  t h a n k  t h a t  

I n s t i t u t e ,  and i n  p a r t i c u l a r  Pro fessor  Rober to Lobo, f o r  i n v i t i n g  h im 

t o  t h e i r  campus and making h i s  s t a y  a g r e a t  p leasure .  
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