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We discuss two-dimensional massive quantum electrodynamics both as a 

superrenormal i zab le  and a renormal i zab le  theory, showing the i  r equiva- 

lente up t o  a renormal izat ion.  The Green's func t ions  are e x p l i c i t l y  

constructed i n  the zero fermion mass l i m i t .  

Discutimos eletrodinâmica quânt ica massiva em duas dimensões tan to  co- 

M uma t e o r i a  superrenormal i záve l  c o m  uma t e o r i a  renormal i záve l  . Mos- 

tramos sua equivalência a menos de uma renormal ização, As funções de 

Green são constru idas exp l ic i tamente  no l i m i t e  em que a massa do f e r -  

mion tende a zero. 

1. INTRODUCTION 

The quantum theory o f  gauge f i e l d s  has recent ly  received much a t ten-  

t i o n  i n  connection w i t h  the u n i f i c a t i o n  o f  e lectromagnet ic and weak 

i nterac t ions .  There are  a1 so many attempts t o  i ncorporate s t rong i n t e -  

rac t ions  i n  t h í s  scheme, the concept o f  "asymptotic freedom" having 

played a cen t ra l  r o l e  i n  t he i  r endeavour'. I t i s ,  therefore,  convenient 

t o  have a theo re t i ca l  labora tory  a t  one's d isposal  i n  order  t o  study 

problems connected w i t h  gauge invar iance.  With t h i s  idea i n  mind,we 

discuss 2-dimensional electrodynamics ( Q E D ) ~  ' 3  both as a superrenorma- 

l i z a b l e  and a renormal i zab le  theory. Although t h i s  i s  on ly  an abe l ian  

model, we th ink  i t  i s  worthwhi le t o  discuss i t  mainly f o r  pedagogical 

reasons. 
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One o f  the pecu l i a r  features o f  2-dimensional QED i s  that ,  due t o  the 

f a c t  t ha t  the phase space d2k increases on l y  as k 2,  f o r  la rge k, the 

theory i s  renormalizable i n  the so- cal led u n i t a r y  gauge and superre- 

normal izable i n  the gauge which, i n  the 4-dimensional world, i s  c a l l e d  

renorma'izable. The equivalence o f  these two formulat ions can be ex- 

p l i c i t l y  studied.  Another advantage i s ,  o f  course, the exact  s o l u b i l i -  

t y  o f  the theory, i n  the zero fermion mass l i m i t .  

We introduce the usual paraphernal i a  o f  Bogoliubov-Parasiuk-Hepp - Zim- 

-mermann (BPHz) per turbat  ion theory4 ", i n  the above ment ioned two gau- 

ges, i n  Sects. 2 and 3. They include the discussion o f  Ward i d e n t i -  

t i e s ,  equations o f  rnotion, and the zero mass l i m i t .  Ih Sect.4, we show 

the equivalence o f  the u n i t a r y  and renormalizable gauges, and i n  Sect. 

5 we make contact  w i t h  the so lub le  zero mass l i m i t .  The conclusions 

are contained i n  Sect.6. 

2. THE UNITARY GAUGE 

Let us consider the 2-dimensional theory spec i f i ed  by the e f f e c t i v e  

Lagrange densi ty which fo l lows:  

whe r e  

a Lagrangian which, up t o  the four- fermion i n te rac t i on ,  corresponds t o  

masqi ve QED i n  the so-cal l e d  uni  t a r y  gauge. The f ree meson propagator 

re a ds 



Due t o  the bad asymptotic behaviour o f  D Eq. (2.1) describes i n  four  w ' 
dimensions a nonrenormalizable theory. I n  two dimensions, however , 
@~,,JI)A" i s  a super- renormalirable i n t e r a c t i o n  ( i t  has a d i m n s i o n  d= 

1 < 2 ) ,  and the power count ing f o r  a proper graph, y, constructed from 

(2.1) and (2.2), gives 

(F = No. o f  ex terna l  fermion l i n e s  of y; B = No. o f  ex terna l  boson li- 

nes o f  y ) ,  f o r  the degree func t ion ,  d ( y ) ,  which measures the supe r f i -  

c i a l  divergence o f  y.The reason f o r  having included the T h i r r i n g  i n t e -  

rac t i on 6,  fi"), i n  (2. I ,  i s  t ha t  one needs i t i n  order t o  ha- 

ve a renormal izable theory. If n o t  present i n  zero th  order, t h i s  cou- 

p l  i ng  would be induced i n  order  e r 2 .  Thus the theory turns ou t  t o  be 

renormalizable, the divergencies o f  our graphs being e i t h e r  zero o r  

one . 

The renormal i z a t i o n  scheme we wi l l adopt i s  a s o f t  vers ion7" o f  the 

BPHZ sub t rac t i on  procedure. Since i t  involves changes i n  the mass pa- 

rameter, m, i t  w i l l  be convenient t o  use the fo l l ow ing  var iab les
g
:  

With d e f i n i t i o n  (2.4), we can rewr i t e  (2.1) and (2.2) as 

The Green's func t ions  o f  the theory are ca 

the Gell-Mann and Low formula: 

I cu la ted  as a f i n i t e  p a r t  o f  



(0) N (0) K ( O )  L (o) 
= f i n i t e  p a r t  o f  < O I T  ii i1, ( 2 )  ii Ji (y.) ii A (zk)expi  

i = l  j=1 J k = l p k  

where the superscr ip t  ( O )  ind ica tes  the f ree  f i e l d s  as spec i f i ed  by 

L,. The f i n i t e  p a r t  p resc r ip t i on  consists i n  the app l i ca t i on  o f  Zimmer- 

mannls fo res t  formula w i t h  two qeneral ized Taylor  operators8,  -c(') and 

The scheme above i s  adequate f o r  the der 

t r i c  d i f f e r e n t i a l  equations, and has the 

dependences o f  the subt rac t  ion  t e  rms are 

can be most e a s i l y  taken. Since we are 

l i m i t ,  t h i s  subt rac t ion  scheme i s  a very 

Due t o  our subt rac t ion  scheme (2.8), the 

f o r  l oga r i  thmical l y  

d i  vergence graphs 

f o r  1 i nea r l y  d ivergent 

graphs . 

vat  ion o f  homogeneous parame- 

advantage tha t  the M, and rn, 

t r i v i a l ,  and zero mass l i m i t s  

nterested i n  the soluble M + O  

conveni ent  one . 

vertex funct ions o f  t h i s  mo- 

del ,  i(UV,L)(p -q -n2,~,u), where pi and q stand f o r  fermion and me- <' i' i 
son wmenta, respect ive ly  , s a t i s f y  the fo l lowing normal izat ion condi- 

t ions :  



where 

Observe tha t  the parameters m, and M, are not  the vector-meson, and 

fermion physical  masses. The fermion physical  mass, however, goes t o  

zero as M + 0. 

As we see from (2.3), the two-point funct ion  o f  the meson f i e l d  i s o n l y  

l oga r i t hm ica l l y  d ivergent.  The meson wave funct ion  renormal izat ion is, 

therefore,  f i n i  te ,  and accordingly we have not  included a counter term 

o f  the type F F" . 
UV 

Normal products up t o  degree 6=2 are here def ined i n  the usual waylO. 

I f  0, denotes any combination o f  the basic f i e l d s ,  and i t s  der ivat ives,  

o f  canonical dimension less o r  equal t o  two, then the normal product 

N6[d i s  def ined by 

ITN~[~]x> = f i n i t e  p a r t  o f  

N N 

w i t h  a degree funct ion,  



f o r  proper subgraphs conta in ing  the specia l  ver tex N~[O]. As we make 

our subt rac t ions  a t  zero mmenta, these normal products s a t i s f y  the 

d i f f e r e n t i a t i o n  formula 

2a. EQUATIONS OF MOTION AND WARD IDENTITIES 

Equations o f  motion f o r  the fermion and meson f i e l d s ,  and Ward i d e n t i -  

t i e s ,  can be der ived i n  the standard way5. One f inds, f o r  example, 

L N 

au<A (x)x> = 1 a 6 x - z  T X  > + e 1 (6 (x-xj)-6(sy .)) <TX> u i 'i 3 i = l  j - 1  

where 

Equation (2.17) can be der ived by n o t i n g  tha t  the l ine corresponding 

t o  the A f i e l d  can be 1 inked e i t h e r  d i  r e c t l y  t o  another meson f i e l d  
s t  u n d 

( 1  terrn) o r  t o a  cu r ren t  ver tex  (2 term). I n  the l a t t e r  case, one 

uses cu r ren t  conservation which i s  expressed by 

Equation (2.17) i s  represented g raph i ca l l y  i n  Fig.1. We sketch de r i -  

va t i on  o f  (2.18). F i r s t ,  because o f  (2.16), we have 



Using now the graphical representation f o r  (2.19), i n  momenturn space, 

we have 

where we used 

But 

and 

and (2.18) follows. 

Besides (2.18), we wi 1 1  need the Ward-Takahashi identi  ty  fo r  the ax ia l  

surrent N : 



Fig.1 - The a A' l i n e  can be attached on ly  t o  the l ong i t ud ina l  p a r t  of 
lJ 

the rneson l i n e ,  o r  t o  an en te r i ng  (or  leaving) fermion l i n e .  

Fig.2 - Graphs a, b ,  c contributi .ng t o  an iso t rop ies  and graph d, which 

appears i n  the i t e r a t i o n  o f  the equation o f  motion f o r  ( a  . 
1i 



which can be shwn  t o  be t rue,  by fo l l ow ing  the same steps tha t  l ed  t o  

Eq. (2.18). (This t ime however one uses #Y' = (J!+$-M)y5+y5 (g-M)+2My5 ) . 

We n w  consider Zimmermann's i d e n t i t y :  

MNl = tN2(?&h5$) + PZ'A + s~~[a,,fiI*~I)] , (2.24) 

where ? = €"av , and 

TN h'$] (0)Ap(k) Io> I P rop 
9 

1 k=O 

a Prop 
- 9 = 4  

s Y,Y' = - i u  < O ~ T N ~  &'$I ( O ) W ( ~ ) + ( ~ )  \ O >  ( . 
a4 q=o 

This equation can be der ived by no t i ng  t h a t  the d i f fe rence among ver tex  

funct ions,  contain ing MNI a s $ )  and N~ (@y5$), comes from subtract ions 

for  proper graphs which contain these special  ver t ices .  For example, 

graphs wi t h  two externa1 fermion 1 ines wi 11 requi re e i  ther  the appl i ca- 

t i o n  of .r('), o r  .r('), according t o  whether they contain the degree, one, 

o r  the degree two, normal product. This produces an expression, o f  the 



times the amplitude f o r  the reduced diagram. Since the reduced diagram 

w i l l  have a specia l  vertex, w i t h  two fermion f i e l d s ,  t h i s  w i l l  g ive a 

c o n t r i b u t i o n  t o  the lSt and 3rd terms on the r.h.s. o f  (2.24). ( Charge 

conjugat ion p rope r t i es  have al ready been appl i ed  i n  order  t o  exclude the 

v e r t e x f i  y5ã'$ from (2.24)). The second term, on the r . h . s .o f  (2.24), u 
can be explained by a s i m i l a r  reasoning. 

Observe the absence o f  a f ou r  fermion ver tex  on the r.h.s. o f  (2.24); as 

i s  w e l l  known, t h i s  r e s u l t s  from Fermi s t a t i s t i c s ,  and f rom s p e c i f i c  

p roper t ies  o f  the two dimensional D i rac  matrices, as w e l l .  With the i n -  

format ion contained i n  (2.24), and (2.23), we rewr i  t e  the a x i a l  vector  

Ward i d e n t i t y  as 

Note t h a t  both h and R are mass independent, due t o  (2.24) and (2.25). 

2b. HOMOGENEOUS PARAMETRIC EQUATIONS 

The de r i va t i on  o f  homogeneous parametr ic  equations i s  g r e a t l y  s imp l i -  

f i e d  by the i n t roduc t i on  o f  the f o l  lowing d i  f f e r e n t i a l  ver tex  operations 

(D.v.o.) 1 1 :  



Wíth t h i s  nota t ion ,  the Lagrangian (2.5) can be rewri t t e n  as 

Not ice tha t  F F " i s  a so f t12  operator, s ince i t  cancels out  the lon-  
Fiv 

g i  t u d i  na1 p a r t  o f  the vector meson propagator (2.6) . We have, therefore, 

two  s o f t  inser t ions :  

Due t o  our subt rac t ion  scherne, (2.9), i t  i s  easy t o  der ive  the f o l l m i n g  

re la t i ons  f o r  the ver tex  funct ions r (2 N,L). 

The pecul i a r  form of  (2.31);s a d i  r e c t  consequence o f  

r iab les ,  (2.4). The v-dependence o f  r (2N'L) i s  given by 

our change o f  va- 

where the c o e f f i c i e n t s  a. are mass independent. They can be determined 
Z 

d i  r e c t l y  by observing tha t  p enters on ly  v i a  the subt rac t ion  terms. For 

examp 1 e, 



The counting i d e n t i t i e s  

can be derived by in tegrat ing the equations o f  motion 

Making use of Eqs.(2.31-37), and (2.39) which follows, 

one can establ ish a homogeneous pararnetric d i f f e r e n t i a l  equation o f  the 

weinberg13 type 



The proof of (2.40) i s  standard5. One subst i  t u tes  the above equations 

i n t o  (2.35), and equates t o  zero the c o e f f i c i e n t  o f  each D.V.O., Ai , 
i = 1 2 ,  7 .  This gives the fo l lowing system o f  equations f o r  the 

p's, y 's ,  and B's: 

This system always has a s o l u t i o n  i n  pe r tu rba t i on  theory, s ince i t s  de- 

terminant i s  non vanishing i n  zeroth order.  

From the equations above, we have 

B2 = ey2 . 

To see tha t ,  one uses the Ward i d e n t i  t y  



which fo l lows d i r e c t l y  from (2.18). Equation (2.48) i m p l  i e s  tha t  

a = ea s = es t = e t  and thus, using (2.44) and (2.45) , we 
5 4, 5 4, 5 4, 

ob ta in  (2.47). 

We can now show tha t  severa1 parameters, occur r ing  i n  ( 2 . 4 0 ) ~  do vanish, 

namely, 

whe re 

which i s  easi l y  derived, since A i  i s  an in tegra ted zeroth order normal 

product. Now, the de r i va t i ve  o f  (2.40), w i t h  respect t o  m2, gives 

Thus, comparing (2.51) wi t h  (2.52), i t f o l  lows t h a t  yZEO. From (2.42) 

and (2.471, we have, then, p1=B2=0. 

To show tha t  Bl=O, we fo l l ow  the recipe o f  Ref . l 4 .  Here, the f o l l w i n g  

notat ion,  f o r  proper funct ions,  contain ing on l y  one normal product ver- 

tex, w i l l  be used: 

Normal product Nota t i on 

N, C fi,r lcd 



Then f o l  lowing the same steps as above ve can der ive  

Note the add i t i ona l  term i n  Eq.(2.55). I f  the 6's are zero, i t  i s  re- 

l a t e d  t o  the so c a l l e d  b ind ing dimension, which i s  a con t r i bu t i on  t o  

the anomalous dimension o f  the Nl [$y5$] f i e l d ,  produced i n  the process 

o f  j o i n i n g  T ( x ) y 5 ,  and +(Y), t o  form the composi t e  ob jec t .  Because o f  

cur rent  conservation, the corresponding term i s  absent from (2.54) . We 

now apply the operator D t o  the Eqs. (2.18) and (2.231, and use (2.54) 

and (2.55), together w i t h  the r e l a t i o n  yUy5 = rUvyv, t o  ob ta in  

As we have seen, h does n o t  depend on the masses. Thus, from (2.57), 

we have 

ah - L3 - - o .  
1 ag 

(2.59) 

ah 
But - # O, as a simple ca l cu la t i on  shows. Hence, 

ag 

We can understand these resu l t s ,  perhaps more e a s i l y ,  by using the i n -  

f i n i t e  counter term approach15. I n  t ha t  language, the p's, 6's and y 's  

are associated w i t h  i n f i n i t e  mass, coup l ing  and wave func t i on  renorma- 

l i z a t i o n ,  respect ive ly .  y , f o r  example, i s  zero, because the meson 

two-point f unc t i on  i s  on ly  l oga r i t hm ica l l y  d ivergent ,  imply ing the ab- 
Fi sence o f  i n f i n i t e  wave fun t i on  renormal izat ion f o r  A . 

I n  computing t h i s  logar i thmic  divergence, o f  the vector-meson propaga- 



tor ,  one can se t  M 4 ,  since 

But because o f  the property 

terms proport ional t o  M are already f i n i t e .  

o f  the two-dimens i onal D i  rac aigebra, 

and symmetric integrat ion, the vector-meson mass renormalization i s  fi- 

n i te ,  implying the vanishing o f  p, . Since i n  gauge theories, B2 = ey,, 

i t  follows tha t  g2=0. That B1=O i s ,  f i n a l l y ,  a consequence o f  the fact  

that  the interact ion, as IrW), i s  o f  the form : j'j , wi th  j divergen- u : u 
celess, and a combination o f  f ree f i e lds ,  as i t  w i l l  be shown l a t e r  

(Sect .5) . 

3. THE SUPERRENORMALIZABLE GAUGE 

I n  four dimensions, the nonrenormalizabil i ty o f  the mde l ,  o f  the pre- 

vious Section, i s  solved by a gauge p r inc ip le :  instead o f  (2.51, one 

considers a new Lagrangian 

where the f i n i t e  counterterms w i l l  be f ix9d below and the addit ion o f  

the term ( a  A ' ) ~  has the e f f e c t  o f  improving the u l  t r av i o l e t  behaviour v 
o f  the vector-meson propagator. We have 

With mo f i n i t e ,  (3.2) i s  a meson propagator i n  an i nde f i n i t e  m e t r i c  

H i l be r t  space. As, i n  four dimensions, only gauge invar iant  ( i  .e., m o  
i ndependent) objects can have phys i cal retevance. 

The power counting adequate f o r  (3.1) gives 



where N(ve) i s  the number o f  vert ices, o f  the type F C  $, i n  y. Observe, 

frorn (3.31, that  the vert ices, A A' and (a are t r i v i a l  from the 
lJ 1i 

renormalization po in t  o f  view: e i t he r  they belong t o  a I P R  (one p a r t i -  

c l e  reducible) graph, o r  t o  a f i n i t e  graph. Thus, i n  the Lagrangian 

(3. l ) ,  these vert ices are wel l  def ined as ordinary products. I f one uses 

the renormal i za t  ion scheme, (2.8). then the vertex functions o f  t h i s  

model w i l l  sa t i s f y  normalization condit ions o f  the type (2.9) - (2.13), 

wi th  the addi t i ona l  requi rement that e=O i n  these formulas. 

The der ivat ion o f  Ward iden t i t i es ,  and homogeneous parametric equations, 

can be pursued s im i l a r l y  t o  what was done i n  Section 2. The gauge.cri- 

t e r i a  fo r  t h i s  model, however, deserve some comnent. We have 

which shows that  a A' i s  a f ree f i e l d  o f  mass mo. Furthermore, because 
Fi 

o f  the superrenormal izabi 1 i t y  o f  the in teract ion v&, the discussion o f  

the mo independente o f  physical quant i t ies  i s  great ly  s impl i f ied.  We 

have ( f o r  the Green's functions C; (2N.L)): 

where the normal product i s  subtracted according (3.3). By us i the 
equations o f  motion i t  i s  a simple matter t o  v e r i f y  tha t  



where A, i s  the D.V.O. g iven by (4 .8)  and the term conta in ing  p comes 

from the graphs o f  Fig. (2.d) . 

Using the analog o f  (2.37) one sees tha t  i f the counterterrns are f i xed  

as 

(1 - C) = ( I  - c 0 )  (mo) 2 P 

(1 + d )  = ( i  - d o )  

(g  + f) = ( g  + f,) (mo)" 

where the mo independent constants c o, do, f, are used t o  f i x  the f e r -  

mion mass-shell and the normal iza t ion  cond i t ion  on the four  p o i n t  func- 

t i o n ,  one obtains mo-independent Green's funct ions fo r  t ransversal  rneson 

and on-shel l  fermion f i e l d s .  There w i l l  be no an i so t rop i c  normal pro-  

ducts5 coming up, s ince graphs w i t h  one i n t e i n a l  meson l i n e  are already 

convergent. By an extension, composite ob jec ts ,  having degree less o r  

equal t o  two, w i  1 1  be gauge i nva r i an t ,  i f  they s a t i s f y  both the equa- 

t i o n s  (3.4) and (3.5). 

4. AN EQUIVALENCE THEOREM 

I n  the previous Sections, we have seen two formulat ions o f  the theory 

o f  a massive vector  boson i n t e r a c t i n g  wi t h  a massive sp inor  f i e l d  i n  

two dimensions. The p o s s i b i l i t y  o f  a formulat ion,  d i  r e c t l y  w i thout  

ghost f i e l d s ,  i s  a p e c u l i a r i t y  o f  the  two-dimensional world, and i n t h i s  

Sect ion we want t o  i nves t i ga te  the equivalence o f  theor ies t ha t  d i f f e r  

by the presence, o r  absence, o f  the ghost f i e l d .  We wi 1 l show that, f o r  

gauge i n v a r i a n t  quant i  t i e s  the theor ies,  o f  Sections 2 and 3 are  equi-  

va len t  up t o  a renormal izat ion.  To t h i s  end, we consider the c lass o f  

theor ies spec i f i ed  by a parameter A, O A <  1 : 



The degree func t ion ,  which determines the number o f  subt rac t ions  t o  be 

made, f o r  proper subgraphs, i s  given by 

F 
6(y)  = 2 - - - 1 (2 - 6,), (4.2) 

a 

where, except ing the ver tex  S+4'$, the degree 6 f o r  the normal products 
a '  

o f  the Lagrangian (4. I ) ,  i s  2. I n  the case o f  the ver tex  $&$, we de- 

f i n e  6 = I  f o r  the corresponding normal N-product, whereas, f o r  D P ~ ,  a 

I, i f  v i s  an ex terna l  vertex,  i .e., i t  has 
a 

6 = 
an ex terna l  A attached t o  V[ f i  JI 1, 

a 1-i 

2, otherwise. 

Thus, 

where 

V : n? o f  ve r t i ces  N [TP $1 

: n? o f  ex terna l  A f i e l d s  attached t o N [ v ~ $ ] .  
Fi 

Up t o  renormal i z a t i o n  (two theor ies are equal up t o  renormal i za t ions ,  i f  

they d i f f e r  on ly  by the values o f  t he i  r counter terms) , we see tha t  the 

case A=l corresponds t o  the superrenormal i zab le  theory o f  S e c t  i o n  3 , 
wh i l e  the case X=O corresponds, i n  the l i m i t  mo+ , t o  the theory des- 

c r ibed i n  Section 2. 

I n  order  t o  obta in  a gauge i nva r i an t  S-matrix, the Green's func t ions  

wi 1 1  have t o  s a t i s f y 1 6  



with A o  some D.V.O. normalized on-mass shell .  This can be established 

by conveniently adjusting the counter terrns, i n  (4.11, as we w i l l  show 

now. F i rs t ,  we have 

where we are employ ing the notation 

Now, we want to prove the ident i ty  

where 



The term ulA1 i s  absent f rom the r.h.s. o f  Eq. (4.71, because u1 i s  g i -  

ven by (0,O). Current conservation makes ~ ~ r ( ~ , ~ ) ( i , k , )  trans- 

verse i n  i t s  externa1 meson l ines ,  and i t  thus vanishes a t  k,=k,=O. 

The i d e n t i t y  (4.7) i s  proved by i t e r a t i n g  the Ward i d e n t i t y ,  

< ~ a # ~  G).D = - 1 A ~ ( X  - e;, rn : )<~~-  > + 
o vi "i 

N 
+ iern2 I [~~(z-x~,rn:) - ~ ~ ( x - ~ ~ . r n ~ )  0 < ~ x >  , 1 (4.9) 

O i = l  

and tak ing i n t o  account the add i t i ona l  terms, coming from anisotropies 

i n  subtract ions,  f o r  the graphs i n  Fig. 2.a, b, c and the con t r i bu t i on  

from the graph o f  Fig. 2.d. Observe tha t  these graphs must contain a t  

l eas t  one ver tex  E. 

The E i nser t i on  can be e1 iminated f rom (4.7) , i f one uses 

where the coef f ic ien ts  Si(gaeaXau), i=1,2,3,4, are associated w i t h  sub- 

t rac t i ons  present i n  graphs contain ing b, but  absent i n  those contai-  

n ing A. Note tha t  the ver tex  N,[A~] i s  absent from the r.h.s. o f  (4.10), 

by the same reason as i n  ~q . (4 .7 ) .  Using (4.10), ~ ~ . ( 4 . 7 )  can be rew- 

r i t t e n  as 

From (4.5) and (4.11), we see tha t  i n  order t o  s a t i s f y  ~q. (4 .4)  the coun- 

t e r  terms must be chosen as 



Thus we s t i l l  have, a t  ou r  d i s p o s a l ,  t h e  cons tan ts  ( independent o f  mo ) 

bo,  c o ,  do, and f o ,  which wi  11 be f i x e d  by imposing t h e  A-independence o f  

the  S - m t r i  X. We now have 

Us i ng (4 .10)  , (4 .13)  becomes 

The rernaining s t e p  i s  t o  r e w r i  t e  (4 .14)  i n  terms o f  gauge i n v a r i a n t  no r-  

mal produc ts  n2[Ù]. These a r e  1 i n e a r  cornbinat ions o f  the  N,[q n o r m a l  

p roduc ts  

s a t i s f y i n g  



Observe tha t ,  on ly  fo rmal ly ,  gauge i nva r i an t  products Ùi can appear i n  

(4.15). The ma t r i x  [vIij c e r t a i n l y  has an inverse [wIij i n  pe r tu rba t i on  - 
theory, and, therefore,  (4.14) can be expressed i n  terms o f  the Ai as 

The coe f f i c i en ts ,  i n  (4.171, must be mo-independent, since, on the fermion 

mass-shell both G (w'L) and Ãi are such; they can be evaluate by chmsing 

mo= p. Thus, imposing A-independence o f  G (2N'L), i t  w i l l  r e s u l t  i n  the 

fo l l ow ing  system o f  equations 

(4.18) 

ab, ac, aa, a t o  
which can be solved p e r t u r b a t i v e l y  f o r  K, K, r and - . a x 

This concludes the proof  o f  



Let us now discuss the re la t ion,  o f  the theories constructed i n  t h i s  

Section, t o  the ones o f  Sections 2 and 3. Due t o  (4.191, we get the sa- 

me Green's functions, f o r  any value o f  A. For example, f o r  A=1, which 

corresponds, up t o  renormalizations, t o  the superrenormalizable case,the 

Lagrangian (4.1) contains no D.V.O. o f  the t ypexb .  Thus, the anisotro- 

pies are absent, and the counter terms b,c,d and f, are mo-independent . 
Since, f o r  A=l, the nurnber o f  subtractions i s  the same as that  o f  the 

superrenormal izable case, the 1 i m i  t mo -+ w wi 11 not ex is t ,  e x c e p t  for  

gauge-invariant quant i t ies  on the mass shel l ,  which are already mo-inde- 

pendent . When we t a l k  about equivalence, up t o  renormalizations, we 

always exclude these gauge invar iant  objects. 

Since our Green's functions are A-independent, the l i m i t  mo -+ rn, cannot 

e i t he r  e x i s t  f o r  A=O, f o r  gauge-dependent objects. In  t h i s  case, howe- 

ver, we d id  make the same number o f  subtractions as i n  the renormaliza- 

b l e  un i tary  gauge. Thus, now, the mo-dependent counter terms diverge i n  

the m -+a l i m i t .  We conclude that  i n  t h i s  l i m i t ,  i n  which the equiva- 
O 

lence, up t o  renormal izat ions, obviously continues t o  hold, one needs 

an i n f i n i t e  renormalization t o  go from the theories o f  t h i s  Section t o  

the un i tary  gauge. 

5. THE SOLUBLE ZERO MASS LIMIT 

Two dimensional QED i s  known t o  be soluble, i f  the mass of the fermion 

i s  zero, even when the vector f i e l d  has a bare mass d i f f e ren t  from ze- 

ro. Actually, t h i s  model i s  an example of a dynamical generation o f  

mass, i n  which the vector f i e l d  gets a mass through the in te rac t iohwe 

want t o  consider, here, the 1 i m i  t !&O of the model o f  Section 3. Due 

t o  the presence o f  vert ices, o f  the superrenormalizable type, i n  (3.1), 

some remarks are needed. 

i . Due t o  the renormal i zat ion condi t ion ( 2 .9 ) ,  wi t h  e=O, reduced graphs 

w i th  vert ices w i th  two fermion l ines wi ll have a momentum factor,  

which improves the infrared convergence o f  the in tegra l ,  i n  the l m p  

momenta o f  these l ines (see ~ i ~ . 3 ) .  This i s  necessary i f  one wants t o  

avoid in f rared divergencies a r i s i ng  from the fac t  that,  we have two 

legs wi t h  zero mass i n  the unsubtracted integrandl' . 



i i. Increasing the number o f  ve r t i  ces, o f  the type ~ F i $ ~ U I ' ,  i n  a graph, 

does not introduce i n f  rared problerns i f the mass o f  the vector boson 

i s  maintained d i f f e ren t  from zero. This w i l l  not be true, i n  general, 

i f  rnf=O. Even i n  the Landau gauge (rno=O) ,there wi 11 occur divergen- 

cies associated w i th  graphs o f  the type o f  Fig.4, and the perturbat ion 

series i n  e ' w i l l  not ex is t .  Hwever, because o f  the mass generation, 

an exact so lu t ion w i l l  ex is t .  To obtain t h i s  solut ion, one should 

f i r s t  take the l i m i t  !&O, maintaining rn and m, d i f f e ren t  from zero; 
o '  

next, sum the perturbat ive ser ies t o  get the exact solution, and then 

discuss the other zero mass 1 i m i  t s  f o r  gauge invar iant  cpanti t ies .  

Let us begin discussing the 1iW) 1 i m i  t. From (3.41, the vector meson 

propagator s a t i s f  ies 

whereas f o r  the cu r l  o f  A , we have 
UI' 

j,,<x) = N, ~Y , , $ ]<x>  . 

I n  obtaining (5.21, we used the axial- vector current conservation: 



Fig.3 - The reduced v e r t e x  has a  momentum f a c t o r  which improves t h e  i n -  

f r a r e d  behaviour  o f  t h i s  graph. 

F i g . 4  - Graphs which d i v e r g e  i f  rn = M = O . 
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where a and B are known funct ions o f  the masses, and coupl i ng constants. 

Equation (5.2) can be e a s i l y  integrated,  y i e l d i n g  

> = -  ã A (x-y;m' + 4,  v F (5.3) 

which shows, e x p l i c  

gene ra  t i on o f  mass 

i n  the a x i a l  vector  

i t l y ,  t ha t  A' 
1-i 

i s ,  as we see, a 

Ward i d e n t i t y .  

i s a f r e e f i e l d , o f m a s s m 2 + c ( .  The 

d i  r e c t  consequence o f  the anoma 1 y 

Using the i d e n t i t y  

i n  (5.4) the vector  a' being expressed i n  terms o f  i t s  divergence and 

cur l " ,  we ob ta in  

Other Green's func t ions ,  wi t h  a t  l e a s t  one vector  rneson, can be obtained 

i n  a s i m i l a r  way. If 

then we have, f o r  example, 



The above formulas indicate that  A,, can be w r i  t t en  as 

wh i t  $ i o  + and $2 = $ 2 0  + $ 2 1 ;  and $ 2 0  are zero mass scalar 

f ie lds, whi le $,, and are scalar f i e l d s  o f  (mass)* md, and m f 2 +  a , 
respectively. 

We can now integrate the Ward iden t i t i es ,  for  the vector and axial-vec- 

t o r  currents, t o  obtain 

Green's functions, containing only fermion f ie lds ,  need a l i t t l e  b i t  mo- 

re o f  discussion. We s t a r t  from the Dirac equation 



and use the W i  lson19 ident i  t y  

Note that  a,, a,, and a,, are independent o f  e', M, and m', while a, i s  

l inear  i n  e'. Moreover, a,=O because, i n  the zero mass l i m i t ,  i t  i s  gi-  

ven by 

since i t  resu l ts  from the f i r s t  subtract ion term, f o r  l i nea r l y  diver- 

gent graphs. But using the normal i za t ion  condi t ion,  (2.9). and 

<TN ~ ( 0 ) ] ~ i ( p ) > ~ ~ ~ ~  
3/2 

= cont r ibut ion o f  the t r i v i a l  graph , 

i n  Eq. (5.101, we obtain the r esu l t ' t ha t  (5.11) i s  equal t o  zero. Subs- 

t i t u t i n g  (5.10) i n t o  (5.9), i t  fol lows that 

Applying p(a/au) t o  (5.111, and using (5.48), we obtain 



which shows t h a t  as &-?O, Z2/Z1, and Z,/Z,, a r e  f i n i t e  cons tan ts ,  b u t  t 

Z1= e, wi t h  e1 a f i n i t e  c o n s t a n t .  

Using these r e s u l t s ,  we can r e w r i  t e  (5.12) as 
I 

iikT$(x)~> = 

N - 
i ( - I ) ~ + ~  6 (x-yk)<TY. > - e<T(&) (x)D - $T: (juYu$) (x) :Y>, (5.13) 

k= 1. Yk 

- - 
where t h e  Z f a c t o r  has been absorbed i n t o  $; e = (z2/zl)er, g=(z3/zl)g. 

1 

From (5.6) and (5.8) , we haveZ0 

<T ( A ~ Q )  (x)ij>(y) > 

and 

whe r e  



Green's funct ions,  w i t h  more than two fermion f i e l d s ,  can be s i m i l a r l y  

constructed. 

From (5.5), and (5.161, we can v e r i f y  Eq. (3 .5 ) .  Furthermore, we can 

e x p l i c i t l y  see tha t  the mo -dependente can be gauged away. 

6. CONCLUSION 

We have shown how t o  c o n s t r u c t  G r e e n ' s  func t ions ,  i n  gauges which 

d i f f e r  i n  the h igh  energy behavior o f  the photon propagator. Yet, they 

a11 lead t o  the same S-matrix, due t o  the presence o f  su i t ab le  counter 

terms which, i n  the mo -t m l i m i t ,  become i n f i n i t e ,  i n  order t o  absorb 

the d i f f e rence  between a superrenormalizable, and a renormal izabletheo- 

ry .  Observables are, o f  course, mo -independent. 

The considerat ions o f  t h i s  paper can be extended t o  four dirnensions2', 

where one has an i n f i n i t e  number o f  counter terms, whose presence i s  t o  

ensure t h a t  the renormalizable, and the nonrenormalizable theory, g ive  

r i s e  both t o  the same S-matrix. 
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