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The problem o f  the sca t te r i ng  o f  two l ong i t ud ina l  plasma o s c i l l a t i o n s  

i n t o  a s ing le  transverse wave i s  considered. The theory i s  formulated 

t o  second order i n  the Electromagnetic F i e l d  using a Vlasov type se t  o f  

non-l inear  equations. The emission ra te  and spectrum are w r i t t e n  i n  

terms o f  the e lec t ron  d i s t r i b u t i o n  funct ion,  and the re la t i onsh ip  bet-  

ween the observed emission and the dynamics o f  the plasma i s  discussed. 

Considera-se o problema do espalhamento de duas osci lações de plasma 

long i t ud ina i s  resultando em uma Ünica onda eletromagnética transversa . 
A t e o r i a  é formulada inclu indo-se os termos de segunda ordem no campo 

eletromagnético, usando-se um conjunto de equações não 1 i neares do t i  - 
po de Vlasov. Escreve-se a taxa de emissão e espectro em termos da fun- 

ção de d i s t r i b u i ç ã o  de e lé t rons ,  e discute-se a relação ent re  a emissão 

observada e a dinâmica do plasma. 

1. INTRODUCTION 

The p r o b l e m o f  t h e e m i s s i o n o f  r a d i a t i o n w i t h  a frequency near twice 

the plasma frequency has been discussed by severa1 peoplel. We reformu- 

l a t e  t h i s  theory i n  such a way tha t  the re la t i onsh ip  between theemi t ted  

r a d i a t i o n  and the p a r t i c l e  d i s t r i b u t i o n  func t i on  i s  e a s i l y  analyzed. 

The bas ic  idea i s  t o  consider the plasma t o  be described by Maxwel I ' s  

equations and the c o l l i s i o n l e s s  Boltzmann equation. These equations 

are taken t o  second order  i n  the f i e l d s  and the d i s t r i b u t i o n  func t ion  . 
We then consider the p a r t i c l e  response t o  the f i  r s t  order f i e l d s  ( i n  our 



case, the e l e c t r i c  f i e l d  associated w i t h  the l ong i t ud ina l  plasma waves) 

t o  be a source cu r ren t  t h a t  emits rad ia t ion .  This method i s  very s imi-  

l a r  t o  t h a t  used by Bi rrningharn et a2. ', however we do not  consider a 

t e s t  p a r t i c l e  m d e l  s ince we want a11 e f f e c t s  t o  be e x p l i c i t l y  w r i t t e n  

i n  terms o f  the p a r t i c l e  d i s t r i b u t i o n  funct ions 

2. BASIC FORMALISM 

We consider a neut ra l ,  f u l  l y  ion ized plasma t o  be described by Max- 

well's equations: 

and by the c o l l i s i o n l e s s  Boltzmann equation: 

where a l abe l s  the species o f  ion  o r  the e lec t rons .  These two equations 

are coupled through the re lat ions'h ip:  

+ + 
We begin by w r i t i n g  f, E, and B i n  the form 

p = f, + h f  + h 2 f  
1 2 ' 



where X i s  an expansion parameter t h a t  we w i l l  l a t e r  s e t  equal t o  one. 

The Boltzmann equation i s  i n  terms o f  Eq. (4) and each order  o f  A i s  

set  equal t o  zero. That i s ,  by neg lec t ing  terms i n  A 3  o r  higher,we get 

the equations 

and 

The physical  s i g n i f i  

i s  the  d i s t r i b u t i o n  

f o  i s  no t  necessar i l  

cance o f  each term i n  Eq. (5) i s  the fo l lowing:  f, 
f unc t i on  o f  the p a r t i c l e s  i n  an undisturbed s ta te ;  

y an e q u i l i b r i u m  s t a t e  bu t  i t  does not  inc ludeshort  
+ + 

wavelength o s c i l l a t i o n s .  E0 and Bo are externa1 e l e c t r i c  and magnetic 
+ + 

f i e l d  imposed on the plasma. El and B i  are the e l e c t r i c  and magnetic 

f i e l d s  o f  a c o l l e c t i v e  o s c i i l a t i o n  o f  the plasma, such as an e l e c t r o -  

magnetic wave o r  l ong i t ud ina l  plasma o s c i l l a t i o n .  f i  gives the motion 
3 + 

o f  the p a r t i c l e s  due t o  these c o l l e c t i v e  o s c i l l a t i o n s .  E2 and B2 are  

the e l e c t r i c  and magnetic f i e l d s  caused by an i n t e r a c t i o n  between modes 

o f  type 1 .  F inal  l y ,  f2 gives the p a r t i c l e  response t o  e lectromagnet ic 



f i e l d s  o f  type 2 .  Clear ly ,  our fo rmula t ion  i s  good on ly  i n  cases where 

f o  >> f l  >> f2. Since we are i n te res ted  i n  the wave proper t ies  of the 

plasma, i t  i s  convenient t o  Four ie r  t ransform a l l  o f  the bas ic  equa- 

t ions .  We note tha t  s ince fo, 20, and Ifo are taken t o  be constant, o r  

a t  l eas t  o f  wavelength and per iod  much la rger  than the c o l l e c t i v e  o s c i l -  

l a t i ons  o f  the plasma, we on ly  consider the k = w = O Four ie r  c o e f f i -  

c i e n t  o f  fo, etc .  . Formal l y ,  t h i s  wi 1 l appear as though these "0 " 
quan t i t i es  remain untransformed whi le  the others are t rans fo rmd .  

The basi c equations can then be w r i  t t e n  i n  the form 

and 

The l a s t  term i n  Eq. (7) i s  a shor t  hand no ta t i on  f o r  the expression 

348 , 



We wi 1 l on ly  consider the specia l  case o f  no externa1 f i e l d s  so t h a t  
-+ -+ 

from now on we s e t  E. = Bo = O. Recal l  t h a t  i n  the l i n e a r  theory i t  
++ 

i s  convenient t o  de f ine  a conduc t i v i t y  a by the equation 

C3 
and a d i e l e c t r i c  constant K by the equation 

' f 
With these d e f i n i t i o n s  and the c o n t i n u i t y  equation, p = k. j /w , we f i n d  

tha t  M a m e l l ' s  equations become 

-+ 
3 ++ 3 
k .  K .c = O , kxz =e 

C '  

-+ k . t = O  , -+ k x B = - - . ~ ,  -+ 

C 

and the d i e l e c t r i c  constant i s  given by the expression 

I t  i s  then simple t o  der ive  the d ispers ion  r e l a t i o n s h i p  

3 -+ 
kx(kxlf) = - -TE . (13) 

c2 

This l i n e a r  theory i s  w e l l  known so we w i l l  no t  consider t h i s  p a r t  f u r -  

ther  bu t  proceed t o  the non- l inear case. From Eq. (7), we see t h a t  
-+ 

f2(k,w) can be w r i t t e n  i n  the form 



where we have neglected 8 w i  t h  respect t o  , and E i s a term t h a t  has 

been introduced f o r  mathematical convenience . ~ h i  ch wi 1 1  l a t e r  be s e t  

equal t o  zero. From Eq. (6), we can w r i  t e  the equation 

I n  Eq. ( 

i s  much 

form 

15), we have taken on ly  e lec t rons  s ince the e lec t ron  mass, m ,  
3 

less than any ion mass. We note t h a t  E, can be w r i t t e n  i n  the 

Froni Eq. (16), we then see t h a t  a2 has sarnponents given by the expres- 

s i  ons 

i n a l  i tud 
+- 3 

We f i r s t  note t h a t  i f  E, i s  p a r a l l e l  t o  k, then f o r  these long 

waves we have the r e l a t i o n s h i p  



so t h a t  we can rewi te  Eq.(15) i n  the form 

where pS i s  g iven by the equation 

and D i s  g iven 
L 

by the 

DL = 

equat ion 

In  E ~ S .  (20) and (21), we have used the usual d e f i n i t i o n  o f  the plasma 

frequency, w , given by the expression 
P 

and f i s  now normalized t o  one instead o f  n. 

I n  the case o f  transve'rse waves, we can use Eqs. (17), (14) and (3) t o  

g ive  the r e l a t i o n s h i p  

where DT and 5 are def  ined by the equations 
S 



and 

-+ 
I t  i s  important t o  note t h a t  we have taken j t o  be given by two par ts ,  , 2 t -+ 
jS and a p a r t  p ropor t iona l  t o  E, . The p a r t  p ropor t iona l  t o  E, i s  a 

-+ -+ 
p a r t i c l e  response t o  the wave E, , and js i s  a cur rent  due t o  E , and 

-+ 
f l  serves as a source cur rent  t o  emit  waves E, 

3. EMISSION OF WAVES 

-+ 
We now compute the energy, W, emit ted by the source jS. That is,wecom- 

pute 

T 
w = i i m  dt 1 d 3 r  Z2(:,t).js(:,t). 

!P=' 

By Parseval ' s  theorem Eq. (26) can be w r i  t t e n  as the equat ion 

and the energy per u n i t  frequency, Wu, i s  given by the equation 

t r i  cted ourselves t o  the case w > 0 ;  how We have res er ,  the Four ie r  

transforms are def ined f o r  a1 1 w. We make t h i s  change by m u l t i p l y i n g  

Eq. (27) by 2 and i n t e r p r e t i n g  w as I w l .  



By combining Eqs. (16) and (28), we can wr i  t e  the equation 

From Eqs. (19) and (23), we then can w r i  t e  Eq. (29) i n  the form 

The D;' term i s an emi t t e d  l ong i t ud ina l  wave, and the D;' term i s  an 

emi t t e d  transverse wave. Since on ly  a transverse wave can be emit ted 

from the plasma, we r e s t r i c t  ourselves t o  the second term i n  Eq. (30) . 
We r e c a l l  t ha t ,  f o r  transverse waves, w i s  o f  the order  kc, so t h a t  
-f + 
k.v < < w i n  Eq. (24) and then, by s e t t i n g  E = O, we get the r e l a t i o n -  

sh ip  

W i  t h  these approximations we can then w r i  t e  Eq. (30) i n  the form 



-+ 
I t  i s  convenient t o  de f ine  a wave vector, k T ,  def ined by the equation 

and note tha t  the denominator o f  Eq. (32) can then be w r i t t e n  i n  the form 

By combining thece equations we are f i n a l l y  able t o  w r i t e  

-+ -f 

The fac to r  j (kT,w) must now be calculated.  I n  Eq. (25) the f a c t o r  
-f 

S 

v d l  i s  neglected as being a r e l a t i v i s t i c  co r rec t i on  and we take the long 
+ + 

wavelength l i m i t  so t ha t  t o  f i r s t  o rder  i n  k.v/u we get the equation 



It i s  poss ib le  t o  w r i t e  f l  i n  terms o f  f from Eq. (7). We see t h a t  f, 
-+ o 

and afo/av are re la ted  by the equat ion 

I f  f l  from Eq.(37) 
-+ 

pression fo r  j t o  
S 

i s  pu t  i n t o  Eq. (36) we then get  the fo l l ow ing  ex- 
-+ -+ 

f i r s t  o rder  i n  k.v/u : 

I n  p r i n c i p l e ,  

i f  we know fo 

two prob 1 ems . 

we can now f i nd  the emi t t e d  energy from Eqs. (35) and (38), 
-+ 

and the associated E, . However, we are then faced w i t h  

F i r s t ,  there are an i n f i n i t e  number o f  f ' s  t ha t  solve 
o 

the O' th order  Vlasov equation so t h a t  a choice o f  f depends on theme- 

thod o f  p repara t ion  o f  the plasma o r  i t s  i n i t i a l  condi t ions.  Second, we 
-+ 

must have some model t o  f i n d  E, . The l i n e a r  theory w i l l  g ive  us a d i s -  
-+ 

pers ion r e l a t i o n s h i p  from which we can f i n d  the r e l a t i o n s h i p  between k 
3 

and w , f o r  the f i e l d  E, , bu t  we a l s o  need a model t o  f i n d  the ampli-  

tude o f  t h i s  e l e c t r i c  f i e l d .  I t  i s  then impossible t o  g ive  a comple- 

t e  s o l u t i o n  o f  Eq. (35). However, as we s h a l l  see i n  the next  Section, 

some very general r e s u l t s  can be der ived w i thout  d e t a i l e d  knowledge o f  
-4 

f, and the exact spectrum o f  E, . 

4. EMISSION FROM TWO PLASMA WAVES 

A simple c a l c u l a t i o n  o f  the energy and mmentum o f  each type o f  wave 
* 

shows tha t  the on ly  way t o  produce a transverse wave i s  by the scat te -  



r i n g  o f  two l ong i t ud ina l  plasma osci  1 l a t i ons .  We, there fore ,  consider 

on ly  the case o f  two plasma waves s c a t t e r i n g  t o  g ive  one transverse wa- 

ve. The $,'s i n  Eq. (38), therefore,  wi 1 1  be taken t o  be due t o  l ong i -  

tud ina l  plasma waves. From Eqs. (12) and (13), we see t h a t  f o r  = O 
-+ 

and by tak ing  k t o  be i n  the z- di  rec t ion ,  we can wr i  t e  the z-z-component 

o f  the d i e l e c t r i c  constant as 

and 

l n  Eq. (39) 

term i n  V 
Z 

s ion r e l a t  

-+ 
, we have taken f i s o t r o p i c  i n  v so tha t  the f i r s t  order 

o -+ 
goes t o  zero. I f  we take k t o  be rea l  and use the disper-  

ionship,  we get  f o r  complex w  = wR + i w  the expression 
I 

I f  uI < < w  which i s  required i f  the idea o f  a plasmawave i s  t o  be 
R '  

meaningful, then Eq. (41) can b e w r i t t e n  f o r  rea l  and imaginary pa r t s  

i n  the form 



Figure 1. The ratio o£ the imaginary part of the frequency to the real 
part vs. o(o~ = oup) for a Maxwell-Boltzmann distrlbution. 

Figure 2. The energy density of longitudinal waves as a function of w .  Since E l ( o )  
is a function of T we have plotted only the functional form of the energy 
density and thus the units of E?(o)/8n are arbitrary. 

357 



and 

I f  we def ine  a by the  equat ion 

W R ! W  , 
P 

then the condi t i o n  t h a t  w, << wR becomes 

where v. i s  def ined as 

We note t h a t  a 2 1 and t h a t  as a goes t o  1 the  le f t- hand s i  de o f  ~ ~ . ( 4 4 )  

goes t o  zero f o r  any normal izable d i s t r i b u t i o n  func t ion .  Also the l e f t -  

-hand r ide o f  Eq. (44) wi 1 1  be a maximum near v ,  = <vi>' / '  o r  f o r  a = 1.5 

and f o r  l a rge r  a, the long wavelength approximations we hav'e used s t a r t  

t o  break down. I n  Fig.1, we show the specia l  cases o f  f o  being a Max- 

wel I-Boltzmann d i s t r i b u t i o n .  

The per iod  of a wave i s  given by T = 2T/w R and the decay t ime t d = lh,. 

For a wave t o  e x i s t ,  the pe r i od  must be less than the decay t ime o r  the 

wave w i l l  be damped before we get  a complete o s c i l l a t i o n .  The requ i re-  

ment T < t i s  then the same as requ i r i ng  t h a t  (w /w ) < 0.16. From Fig. 
d I R 



1, we see t h a t  a ;  1.3 i n  order t o  s a t i s f y  the above requirernents. A l-  

though Fig.1 was made f o r  the spec ia l  case o f  a Maxwell-Boltzmann d i s -  

t r i b u t i o n ,  the r e s u l t s  are e s s e n t i a l l y  the same f o r  any i so t rop i c ,  con- 

t i n u o u ~ ,  rnotonomically decreasing func t i on  o f  V That i s ,  f o r  most 
2' 

reasonable d i s t r i b u t i o n  func t ions  the frequency o f  the l ong i t ud ina l  wa- 

ves i s  r e s t r i c t e d  t o  the i n t e r v a l  w < w < 1.3 w I n  a s i m i l a r  way , 
P P'  

we can argue tha t  the wave vector ,  k ,  i s  r e s t r i c t e d  t o  the range 

-+ 
Although we know the range o f  frequencies o f  $ 1  (k:w), we s t i  11 need an 

est imate o f  i t s  amplitude i n  order  t o  ca l cu la te  the t o t a l  emission rate. 
-t 

Again, i t  i s  impossible t o  answer the quest ion o f  the  amplitude o f  € 1  , 
i n  general, f o r  a l l  poss ib le  s i t ua t i ons ;  however, f o r  a l l  cases inwhich 

-+ 
the concept o f  e lec t ron  temperature i s  va l i d ,  the amplitude o f  E l  i s  

given by i t s  thermal value. 

The energy dens i ty  per u n i t  frequency o f  the l ong i t ud ina l  waves i s  given 

by the formula3 

where uo 

By comb i n 

i s  def ined by the equation 

i n g  Eqs. (46) and (47), we get  the expression f o r  E: (w) 

I n  order  t o  f i n d  the t o t a l  energy o f  the l ong i t ud ina l  waves % we 
< gra te  ~ : / 8 n  over a1 l f requency i n  the a l  lowed i n t e r v a l  w 5 w - aw 

P P 
get the expression 

i n te -  

, t o  



We note tha t  we have used the c l a s s i c a l  1 i m i  t, i n  Eq.  (46), so t h a t  Eq.  

(49) i s  on ly  v a l i d  i f  h w  << KT. From Eq. (48), we can f i n d  the am- 
P 

p l i t u d e  o f  El(w) so tha t  we can now, i n  principie, solve f o r  j (0) .  
S 

The problem now i s  simply one o f  doing i n teg ra l s  f o r  var ious f o ' s  t o g e t  

j s (w)  and then the emission ra te ,  Ww; however these i n teg ra l s  wi 1 1 ,  i n  

general, r equ i re  numerical so lu t ions .  Since we are not  in teres ted i n  a  

p a r t i c u l a r  f but i n  the general behavior o f  emi t t i n g  plasmas we choose 
o 

t o  s i m p l i f y  the problem i n  such a  way t h a t  a11 the essen t i a l  physics i s  

re ta ined but  the in tegra t ions  are made simple. To do this,we note tha t  

E (w) i s  r e s t r i c t e d  t o  the smal 1 i n t e r v a l  w < w < aw where a  1 . 3  
1 P P '  

and t h a t  E, i s  an increas ing func t i on  o f  w i ns ide  t h i s  i n t e r v a l  ( see 

Fig.2). 

We, therefore,  can approximate El(w) by the func t ion  

-+ -+ 
where E1(k1) i s  def ined i n  such a  way tha t  the t o t a  

s t i l l  given by Eq. (49). We then can w r i t e  the exp 

1 energy dens i ty  i s  

ress i on 



where T i s  in terpre ted as some long time i'n which a11 our emission pro-  

cesses take place, and we wi l l requi re  tha t  

so tha t  we are looking on l y  a t  time average energy dens i t ies .  From Eqs. 

(49) and (51 ) , we then have the expression 

Tha murce  current ,  js(2,w), i s  then given by Eqs. (38) and (50) i n  the 

form 

We nno observe tha 

kIgt1 ; -21 .  i t  i s  

a near head-on c01 

t k r w /C and k f  2 w ~ / < v ~ > ' / ~  so that  k << k t  and that  
P 

then c lea r  t ha t  the two long i tud ina l  waves must s u f f e r  

l i s i o n  i n  order t o  produce emi t t e d  rad ia t ion .  

-f 
We note t h a t  only the cl.v/w term, i n  Eq. (541, i s  non-zero f o r  a funct ion  

-P 
f, (v) t ha t  i s  an even funct ion.  Since an odd funct ion  would imply a plas-  

ma w i t h  a bu lk  motion o f  one o f  the species wi t h  respect t o  the center 

o f  MSS o f  the system (such as an e lec t ron  beam i n  a plasma), we w i l l  only 
3 

consider even f 'S .  W i  thout  loss o f  general i  ty ,  we take k ' ,  t o  be i n  the 
O + + 

z -d i rec t i on  and thus (k-k ' )  i s  almost i n  t h a t  d i rec t i on .  We can, there- 

fore, w r i t e  Eq. (54) i n  the form 



3 -+ 
where we have taken k - k '  = -i and asiumed t h e  I-component o f  afo/3$ i r  

3 
'ôfo/auz which i s  t r u e  f o r  any f o ( v )  t h a t  i s  separable i n t o  t h e  form 

-+ 
fo(vZ)fo(v )f (vz) . C l e a r l y ,  o n l y  the  z-component o f  jS i s  non-zero so 

Y o  

Equat ion (56) i s  now í n t e g r a t e d  by p a r t s  tw ice ,  t o  g i v e  the equa t ion  

-+ 
C l e a r l y  Eq.  (57) i s  odd i n  k so  t h a t  the i n t e g r a l  goes t o  ze ro . in  o r d e r  

3 + 
t o  get  a f i n i t e  term, we must then i n c l u d e  second o rder  terms i n  k.v/w, 

whi ch then g i  ves t h e  e q u a t i  on 

l f  E l ( i )  i s  s h a r p l y  peaked near  k' = kL, where i r  g iven by the  d i s -  

p e r s i o n  r e l a t i o n s h i p  



then 

From Eqs. (35) and ( 5 9 ) ,  we can w r i  t e  the emission ra te ,  W i n  the form 
W '  

The t ime average power emi t t e d  from the plasma i s  then given by the ex- 

press i on 

where L i s  a c h a r a c t e r i s t i c  length  o f  the plasma. 

5. DISCUSSION 

I n  the above Sections, we have der ived an expression f o r  the power 

emi t ted  from an i so t rop i c ,  n o n- r e l a t i v i s t i c ,  non-degenerate plasma í n  a 

narrow range o f  f requencies, near 2.6 w Due t o  the nature  o f  the 
P' 

approximations made, we cannot make any prec ise  statements about the sha- 

pe o f  the spectrum; however, i t i s  c l e a r  t h a t  i t wi l l be reasonably 

sharp ly  peaked, near 2.6 w I t should be noted tha t  our expression i s  
P'  

very d i f f e r e n t  from those given i n  o ther  papers on t h i s  problem o f  two 

pla'sma osc i1 la t i ons  s c a t t e r i n g  i n t o  an electromagnet ic wave. This d i f -  

ference i s  due t o  the f a c t  t ha t  we kept  a1 1 terrns t o  second order i n  
+ -+ 
v.k/w, and a l l  o ther  work done on t h i s  problem has been from a Poisson 

equation, neg lec t ing  thermal e f f e c t s ,  which i s  equ iva lent  t o  on ly  kee- 

p ing  O' th order  terms i n  our formulat ion.  The r e s u l t s  o f  t h i s  work are 



e a s i l y  app l ied  t o  many as t rophys ica l  problems which wi11 be discussed i n  

l a t e r  papers. 
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