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The Ernst-Shakin-Thaler (EST) method, which approximates a loca l  po-

t e n t i a l  by one that  contains a number o f  separable terms, by u t i l i z i n g  

as basis o f  expansion a set o f  states belonging t o  the d iscrete and 

continuous spectra o f  the Hamiltonian, i s  discussed and appl ied t o  a 

simple Yukawa po ten t ia l ,  and t o  the Ma l f l ie t- T jon 3 S  ,  poten t ia l  as 

Wel l . We make a comparison between the o f f - she l l  R-matrices and pha-

se- shi f ts  corresponding t o  the local potent ia ls  and those obtained from 

second and t h i r d  degree EST approximations. A reasonable agreement ,

pa r t i cu l a r l y wi t h  regard t o  the phase-shi f t s ,  was found f o r  energies 

up t o  about 150 MeV. The replacement o f  the s ta te  w i th  zero energy by 

the bound state, i n the basis o f  the EST potent ia l ,  d i d  not improve 

t he ag reemen t . 

O método de Ernst, Shakin e Thaler, (EST) concebido para aproximar um 

potencial  loca l  por out ro  contendo um dado Número de termos separáveis, 

e que u t i  l iza, como base de expansão, estados pertencentes aos espec- 

t ros  contínuo e d iscreto da hami l toniana, é discut ido e aplicado a um 

potencial  de Yukawa, como também ao potencial  3 S ,de M a l f l i e t  e Tjon. 

Fazemos uma comparação numérica das matrizes R, fora da camada da ener- 

gia, e das fases associadas ao potencial  loca l ,  com as obtidas através 

da aproximação EST. Para energias até 150 MeV , encontrou-se uma con- 

cordância razoável, particularmente com relação às fases. A subst i-  . 

tu ição do estado de energia zero pelo estado i igado, na base de expan- 

são do potencial EST não melhorou a concordância. 
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** Postal address: Caixa Postal 5956 , 01000-São Paulo SP. 



1. INTRODUCTION 

Much e f f o r t  has been devoted t o  the d e s c r i p t i o n  o f  the nucleon-nucleon 

i n t e r a c t  ions through separable potent  ia1 s ' - ~ .  The advantage o f  havi  ng 

separable p o t e n t i a l s  i s ,  o f  course, t h a t  the t h r e e - b ~ d ~ ~ ' ~ ,  and a l s o  

the  nuc lear  mat ter  ca l  cu la t i ons2 ,  become much s impler .  

i n  recent  years, severa1 methods have been devised f o r  the construct ion 

o f  separable approximatic~ns7"0 t o  l o c a l  p o t e n t i a l s .  More e x p l i c i t l y ,  

the aim o f  these approaches i s  t o  o b t a i n  p o t e n t i a l s ,  w i t h  a few sepa- 

rab le  terms on ly ,  which y i e l d  low energy phase- shi f ts ,  and o f f - s h e l l  

T-matrices, which f i t ,  as c l o s e l y  as poss ib le ,  those der ived from a 

given l oca l  p o t e n t i a l .  

The best  known o f  these separable approximations i s  the Un i ta ry  Pole 

Approximation8 (UPA), which gives a one term separable p o t e n t i a l  which 

takes i n t o  account the po le  o f  the T-matr ix  generated b y  t h e  bound 

s t a t e  o f  the l oca l  p o t e n t i a l .  A gene ra l i za t i on  o f  the UPA i s  the Uni-  

t a r y  Pole ~ x ~ a n s i o n '  (uPE) which gives a separable expansion o f  the 

l oca l  p o t e n t i a l ,  us ing as a bas is  the e igenfunct ions  o f  the kerne l  o f  

the Lippmann-Schwinger equat ion appropr ia te  t o  t h a t  p o t e n t i a l .  

We s h a l l ,  i n  t h i s  paper, concern ourselves w i t h  the separable poten- 

t i a 1  c a l l e d  EST', which has the proper ty  t h a t  i t  generates t h e  same 

wave func t ions  as the l oca l  one, a t  a number o f  convenient ly  chosen 

energies. The EST method may a l s o  be considered a general i z a t i o n 9  o f  

the UPA, as the UPA p o t e n t i a l  generates c o r r e c t l y  the bound s t a t e  o f  

the l oca l  p o t e n t i a l .  However, a t  the p r i c e  o f  having more separable 

terms, the EST p o t e n t i a l  i s  able t o  reproduce, i n  add i t i on ,  a g iven 

se t  o f  s ta tes  i n  the cuntinuum. 

The usefulness o f  any o f  these methods l i e s  i n  i t s  a b i l i t y  t o  y i e l d  

good approximations. I n  p rac t i ce ,  t h i s  means t h a t  the low energy T- 

matr ices,  der ived from a separable p o t e n t i a l  o f  second o r  t h i  r d  de- 

grees, should g i ve  a s a t i s f a c t o r y  f i t  t o  those obtained from the l o -  

ca l  one. Thus, i t  becomes important  t o  perform numerical t e s t s .  I n  the 



case o f  the EST p o t e n t i a l ,  two such t e s t s  have been made, one f o r  a 

square-wel l p o t e n t i a l " ,  and the o the r  f o r  a modif i ed  ~ e i d ' ~  potent ia l ;  

bo th  t e s t s  have produced good f i t s .  

I n  the present study, we compare the exact  and EST s-wave phase-shifts, 

and o f f - s h e l l  R-matrices, f o r  a s imple Yukawa p o t e n t i a l  and  f o r  the  

M a l f l  i e t - ~ j o n ' ~  3 ~ 1  p o t e n t i a l .  We r e s t r i c t e d  ourselves t o  separable 

EST p o t e n t i a l s  o f  second and t h i r d  degrees. I n  order  t o  o b t a i n  the R- 

m a t r i x  corresponding t o  the l oca l  p o t e n t i a l ,  the method o f  Kowalski- 

~ o ~ e s ' ~ - ' ~  was employed. 

I n  Sect ion 2, a summary o f  the EST method i s  given, and i n  Sect ion 3 
we de r i ve  expressions f o r  the separable T and R-matrices, and present 

a b r i e f  d iscuss ion o f  the vers ion  o f  the Kowalski-Noyes' method u t i l i -  

in 4 i s  devoted t o  the presenta- 

i n e d .  

zed i n  the present work. F i n a l l y  

t i o n  and d iscuss ion o f  the resu 

, Sect io 

l t s  obta 

2. THE EST POTENTIAL 

We s h a l l  work i n  the  representa t ion  o f  f i x e d  o r b i t a l  angular momentum. 

As our s t a r t i n g  p o t e n t i a l  i s  cen t ra l ,  a11 re levant  ma t r i x  elements are 

diagonal i n  o r b i t a l  sp in  and o r b i t a l  sp in  p ro jec t i on .  We may thus su- 

press the angular momentum quantum numbers, and a f ree  two-nucleon 

s ta te ,  corresponding t o  the center  o f  mass energy k 2 ( f i  = rn = I ) ,  wi l l 

be denoted s imply by l k > .  The normal iza t ion  and cornpleteness r e l a t i -  

ons we s h a l l  use a re  

The separable EST p o t e n t i a l  , 8, o f  degree N, associated t o  the poten- 

t i a 1  V, i s  de f ined by9 

N 



where the hermit ian matrix, M, i s  given by 

In  Eqs. (3) and (4), the states Si are bound-states o r  states i n  the 

continuum, which are solut ions o f  the Schorudinger equation corres- 

ponding t o  the potent ia l  V. Thus, we w r i t e  

where +(B.) represents bound states, = -E. being the binding ener- 
2 2 

) the states i n  the continuum corresponding t o  the energy 

EiPk2 . 
Ei 

Here we rnake the remark that  Eqs. (3) and (4) are a common s t a r t i n g  

po in t  o f  severa1 m e t h o d ~ ~ " ~  deal ing w i t h  the construct ion o f  separa- 

b l e  approximations t o  loca l  potent ia ls ;  these methods are thus d i s t i n -  

guished by t h e i r  prescr ip t ions f o r  the functions Jii only.  

The normalization o f  the states need not be supplied as i t  can be 

easi l y  shown from Eqs. (3) and (4) that  the mul t i p l  i ca t i on  o f  by 
A 

an a rb i t r a r y  constant fac to r  does not a l t e r  V . This resu l t  has the 

consequence tha t  the asymptot i c boundary condi t ions on the states Jl(k ) t 
may be a r b i t r a r i  l y  chosen". We sha l l  adopt f o r  conveniente stat iona- 

ry  boundary, that  i s  $ ( k E  ) i s  supposed t o  sa t i s f y  the in tegra l  equa- 
i 

t i o n  



P 
where G,(E) i s  the p r inc ipa l  value Green's funct ion, i .e., 

Here, H, i s  the kinetic-energy operator. The scat ter ing solut ions , 
subject t o  outgoing boundary condi t ions, shal 1 be denoted by C(kE) .  

P + 
They sa t i s fy  Eq. ( 6 ) ,  wi th  G,(E) replaced by G,(E) = (E-H, + ic):' 

A 

We next present the most relevant propert ies o f  the EST po ten t ia l ,  V . 
A resu l t  which fol lows from Eqs.(3) and (41, fo r  a r b i t r a r i l y  chosen 

functions, $;, that  i s ,  which i s  appl icable t o  other methods besides 

the EST, i s  the r e l a t i on  

Thus , f rom Eq. (31, one gets 

T h e a p p l i c a t i o n o f E q . ( 4 ) , t o t h e r i g h t h a n d s i d e o f ~ ~ . ( 9 ) ,  y i e l d s  

Eq. (8) . 

In' the case o f  the EST po ten t ia l ,  one gets, i n  addit ion, that  the sta- 

te  $(kE.), defined by Eq. ( 6 ) ,  coincides w i  t h  the corresponding s ta te  

$(k ),'appropriate t o  the po ten t ia l  % , which sa t i s f i e s  the equation 
Ei 

Z 

That is ,  fo r  the EST potent ia l  one has the re la t ionship 

The above property f o i  lows by not ing that,  i f  one replaces )>, 
E i  

i n  Eq.(6), by ?I$(kEi)> , according t o  Eq.(8), one f inds that  $(k 
a lso sa t i s f i e s  Eq. ( 1 0 ) .  



Furthermore, from the equat ion f o r  the  bound-states i n  the p o t e n t i a l  V, 

one gets from Eq. (8) t h a t  +(Bi) i s  a l so  a bound-state appropr ia te  t o  

the EST p o t e n t i a l ,  w i t h  the same b ind ing  energy, Bi . 

Sumnarizing the above resu l t s ,  one f inds  then tha t  both Hamiltonians, 

H, + V and H, + 8, have the same eigenstates a t  the  N speci f i ed  values 

Ei o f  the energy spectrum. I t can be shown17 that ,  i f  the s t a r t i n g  

p o t e n t i a l  , V, i s  a1 ready separable, o f  degree N, then the EST potent ia l  

o f  the same degree coincides w i t h  V. 

+ 
As was po in ted ou t  before, we may replace i n  Eq.  (5), $(k  ,) by $ (k  ), 

L 'i 
without  changing the p o t e n t i a l  Tr . I f  one makes t h i s  subs t i t u t i on ,  and 

f o l  lows the steps u t i  1 i zed i n  d e r i v a t i o n  o f  Eqs. (8) and (1 11 ,  one gets 

the analogous resul  t s  

As the h a l f - s h e l l  T-matr ix s a t i s f  ies the r e l a t i o n  

the r e s u l t s  (13) and (14) are equ iva lent  t o  the staternentg t h a t  the 

ha l  f - s h e l l  T-matri ces, <~ IT (E{ )  I kE .> and < k l T ( ~ ~ )  IkE.>, corresponding 
-'L 'L 

respec t i ve l y  t o  p o t e n t i a l s  V and V, do coincide.  A s i m i l a r  resul t ,  f o r  

the h a l f - s h e l l  R-matrices, i s  der ived from the r e l a t i o n  



3. THE SEPARABLE AND THE EXACT R-MATRICES 

The equat ion f o r  the  T-matrix, which corresponds t o  the separable po- - 
t e n t i a l  V, i.e., 

i s  easi  l y  solved. According t o  Eqs. (3) and (1 7), ? must be o f  the form 

l n s e r t i n g  the expression ( 

pulat ions'7,  the  equat ion 

8) i n t o  Eq.(17), one gets, a f t e r  some mani- 

+ 
(E)<%l (V  - VGo @)V) I+k> = 6ik . (19) 

which determines the ma t r i x  t (E) .  

Instead o f  comparing the exact and EST T-matrices, we s h a l l  do so f o r  

the R-matrices. We found i t  more convenient t o  work w i t h  the R-rnatrix, 

as the l a t t e r  i s  a rea l  symmetric ma t r i x  f o r  rea l  p o t e n t i a l s .  Once the 

R-matrix i s  determined, the T-matrix may e a s i l y  be obtained f r o m  the 

Hei ther  r e l a t i ~ n ' ~ ~ ' ~ :  

This approach has the add i t i ona l  advantage t h a t  the u n i t a r i t y  o f  the 

T-matrix, which fo l lows from the h e r m i t i c i t y  o f  the R-matrix, i s  pre- 

served. 

& 

The equat ion f o r  the separable R-matrix, R(E), i s  obtained from Eq.(17) 
P 

by rep lac ing G:(E) by G,@) . By f o l  lowing the steps used i n  the de- 

r i v a t i o n  o f  !? , one obta ins  the r e s u l t ,  analogous t o  Eqs.(l8) and (19), 



where the N-dimensional mat r ix ,  AE),  i s  given by 

E i  ther  by apply ing the Hei ther  r e l a t i o n ,  Eq. (201, o r  by  rep lac ing 
P 

G;(E), i n  Eq.(19), by G ~ ( E ) - ~ ~ S ( E - H ~ ) ,  one derives"  the fo l l ow ing  ex- 

pression:  

which gives t (E) d i r e c t l y  i n  terms o f  the rij(E). 
ij 

The separable p o t e n t i a l ,  and the corresponding R and T-matrices, 

be expressed exc lus i ve l y  i n  terms o f  the matr 

which co inc ide w i t h  the h a l f - s h e l l  R-matrices 

Ionging t o  the continuous spectrum o f  H. + V. 

ment <$il~l$j>, which appears i n  Eqs. (4) and 

( c f  . ~ q .  (16)) f o r  % be- 

Thus, the m a t r i x  e le-  

(22), may be w r i  t t e n  

where q.=O, i f  the s t a t e  ai i s  a bound s ta te ,  and n.=1, i f  i t  belongs 
Z Z 

t o  the continuum. The expression (24) was obtained by rep lac ing i n  the 

ma t r i x  element, < + i l ~ l $ j > ,  I). by the r i g h t  hand side o f  Eqs.(6) or (121, 
'L 

i n  the cases q.=O and r l .= l ,  respect ive ly .  
'L Z 



The second term, on the r i g h t  hand s ide  o f  Eq. (22), rnay be w r i t t e n  mo- 

r e  e x p l i c i t l y  as 

The eva lua t i on  o f  the p r i n c i p a l  value i n teg ra i s ,  lead ing t o  Eqs. (24) 

and (25), was accornpl ished by rnaking use o f  the r e l a t i o n  

The R-matr ix  appropr ia te  t o  the l o c a l  p o t e n t i a l ,  V, i s  g iven by the in- 

teg ra l  equat ion 

where we i ntroduced the no ta t  i on  

V(k,k') = < k l v ] k f >  , 

~ ( k , k ' , ~ )  = < ~ I R ( E )  l k f >  . 

I n  order  t o  avo id  the s i n g u l a r i t y  o f  the kerne l ,  a 

the d i r e c t  numerical i n t e g r a t i o n  o f  ~ ~ . ( 2 7 )  d i f f i c u  

Kowalski-Noyes rnethod, which achieves the reduct ion  

i n t e g r a l  equat ion w i t h  a nonslngular  kerne l ,  i n  add 

t u r e  whi ch determines the on-shel 1 R- rnatr ix. 

q=kE, which makes 

t, we ernployed the 

o f  Eq. (27) t o  an 

t i o n  t o  a quadra- 

According t o  the vers ion  o f  the Kowalski-Noyes procedure we have adop- 

ted, one solves f i r s t  the i n t e g r a l  equat ion 



where the kernel  , 

i s  nonsingular. i n  terms o f  the B-matrix, the R-matrix reads 

where VE and RE denote respec t i ve l y  the ma t r i x  elernents v(kE,kE), and 

R(kFkE,E), the l a t t e r  being given by 

We rernark here t h a t  the integrand, i n  ~ ~ . ( 3 1 ) ,  has no s i n g u l a r i t y  a t  

k= kE by v i r t u e  o f  the r e l a t i o n  

which fo l lows from Eqs. (30) and (31). For the h a l f - s h e l l  R-matr ix , 
which i s  the on l y  input  required f o r  the eva luat ion  o f  the separable 

R-matrix, one gets from Eqs. (32) and (34) 



YUKAWA 

Fig.  1 - M a t r i x  elements, V(k,kf), f o r  the exact and approximate Yukawa 

p o t e n t i a l  as f u n c t i o n  o f  k, f o r  k' = 0.004 f m - ' ,  and 2.41 fm- ' .  The 

f u l l  l i n e  corresponds t o  the i oca l  p o t e n t i a l  Y ;  the broken l i n e  t o  the  

EST p o t e n t i a l  Y I ,  w i t h  expansion energies 0.061 MeV, and 52.37 MeV;the 

c i r c l e s  t o  the p o t e n t i a l  Y2 ,  w i t h  expansion energies 0.061 MeV, 28.29 

MeV, and 97.17 MeV; the crosses t o  p o t e n t i a l  Y:;, w i t h  expansion ener- 

g ies  -2.25 MeV, 28.29 MeV, and 97.17 MeV. 



YUKAWA 
P hase - shif ts 

Fig.  2 - Phase s h i f t s ,  6(kE), versus kE (k2  = E, l f m - 2  = 41.5 MeV), fo r  E  
the Yukawa p o t e n t i a l  Y ( f u l  l 1 ine) ; the EST p o t e n t i a l  Y 1  (broken 1 ine); 

the p o t e n t i a l  Y2 ( c i r c l e s ) ,  and the p o t e n t i a l  Y 3  (cresses). 



4. NUMERICAL APPLICATIONS OF THE EST METHOD 

We performed a numerical t e s t  o f  the EST method f o r  a s imple Yukawa 

p o t e n t i a l ,  and f o r  the ~ a l f l  i e t - ~ j o n ' ~  3 ~ 1  p o t e n t i a l  I I I, the l a t t e r  

cons i s t i ng  i n  the superpos i t ion  o f  two Yukawa p o t e n t i a l s .  

Le t  us f i r s t  descr ibe the r e s u l t s  f o r  the Yukawa p o t e n t i a l  

e -ar 
v+) = A - , 

r 

f o r  whi ch the f o l  lowing assi  gnment was made'' : 

( Y )  A = -65.25 MeVfm, a = 0.632 fm". This p o t e n t i a l  has a bound-sta- 

t e  a t  -2.245 MeV (1 = fi2/rn = 41.5 MeV fm2). 

We s tud ied the f o l l o w i n g  choices f o r  the expansion energies:  Ei , i =  

1 ,  ..., N, which def ine  the se t  o f  s ta tes  $i u t i l i z e d  as a bas is  i n  the 

cons t ruc t i on  o f  the EST p o t e n t i a l  ( c f .  Eq .  (5))  : 

(Y l )  N = 2, El = 0.061 MeV, E2 = 52.370 MeV ; 

(Y2) N =  3, E, =0.061 MeV, E, =28.286MeV, E, = 9 7 . 1 7 2 M e V ;  

(Y3) N = 3, E1 =-2.245 MeV, E2 = 28.286 MeV, E g  = 97.172 MeV . 

The on l y  d i f f e rence  between the p o t e n t i a l s  Y2 and Y3 i s  t ha t ,  f o r  the 

s t a t e  corresponding t o  the lowest expansion energy, we used the bound- 

- s t a t e  i n  Y 3 .  The purpose f o r  cons ider ing  t h i s  l a s t  case was t o  t e s t  

whether the replacement o f  a s ta te ,  w i t h  a s l i g h t l y  p o s i t i v e  energy, 

by the bound s t a t e  would improve the f i t ,  as one would expect from the 

f a c t  t h a t  p o t e n t i a l  Y3 i s  an ex tens ion o f  the UPA p o t e n t i a l .  

l n  Fig.1, we p l o t  the m a t r i x  elernents <k1v(kr> ,  f o r  the l o c a l  poten- 

t i a l ,  Y together w i t h  those f o r  the separable: ones, Y I ,  Y2 and Y3 as 

func t i on  o f  k ,  f o r  k'= 0.004 f m - I ,  and k '  = 2.407 f m - I .  I n  F ig .  2 ,  a 

cornparison between the exact  phase s h i f t s ,  p l o t t e d  as func t i on  o f  k E ,  



Fig.3a - Off- shel l  R-matrix elements, ~ ( k , k ' , ~ ) ,  as function o f  k, f o r  

k '  = 0.004 fml, 1.28 fm-', 2.41 frn-', and E= 3.86 M ~ v  (kg=0.305 fm-'1. 

The f u l l  1 ine corresponds t o  the Yukawa po ten t i a l ;  the EST po ten t i a is  

Y2 and Y3 are  represented respectively by c i r c l e s  and crosses. 



E = h5.1 MeV 

Fig.3b - Off-shell R-matrix elements, ~ ( k , k ' , ~ ) ,  as function o f  k , f o r  

k 1  = 0.004 f m - l ,  and 2.41 fm- ' ,  and E = 15.09 MeV ($  = 0.603 frn" 1. 
The f u l l  1 ine corresponds to  the Yukawa po ten t i a l .  The EST cases Y1, 

Y2, and Y 3 ,  are represented respectivsly by a broken l i n e ,  c i r c l e s  and 

crosses. 



and those corresponding t o  the separable p o t e n t i a l s ,  i s  mde .  For va- 

1 ues o f  kE, up t o  about 1.5 fm-' (E = 91 MeV) , one f inds a b e t t e r  than 

10 percent  agreernent i n  the case Y 1 .  I n  cases Y2 and Y3, the l a rges t  

discrepancy, between the EST and exact  phase-shi f ts ,  i s  l ess  than 3 

percent  i n  the above range o f  values o f  k E' 

I n  Fig.3a, we present the exact  and the separable R-matrices, <kl~(E)lk3, 

as f unc t i on  o f  k, a t  one small,  one i a rge  and one intermediate vaiue 

o f  k', f o r  E = 3.86 MeV. I n  F ig .  3b, s i m i l a r  r e s u l t s  f o r  E = 15.09MeV 

are  given. I n  Fig.3a, we om i t t ed  the r e s u l t s  corresponding t o  the po- 

t e n t i a l  Y 1 ,  which were found t o  1 i e  very c lose t o  those for  the poten- 

t i a 1  Y2, as they would obscure the f i g u r e .  

One sees, from Fig.3a, t h a t  the s u b s t i t u t i o n  o f  a s t a t e  w i t h  p o s i t i v e  

energy by the bound s ta te ,  i n  the bas is  o f  the EST p o t e n t i a l ,  does no t  

necessar i l y  lead t o  an improvement o f  the f i t .  I n  Fig.3b, the po in t s  

corresponding t o  p o t e n t i a l s  Y2 and Y 3  are very c lose,  wh i l e  a t  s t i l l  

h igher  energies they were found t o  over lap  p r a c t i c a l l y .  This l a s t  re-  

s u l t  i s  expected, s ince E i s  now la rge compared t o  the b ind ing  energy. 

We next  discuss our r e s u l t s  f o r  the M a l f l i e t - T j o n  p o t e n t i a l :  

where the parameters have the va l  uesl : 

(M) A = -627.23 MeV f m  , a = 1.55 f m - l ,  

B = 1439.5 MeV f m  , b = 3.11 fm- ' .  

This p o t e n t i a l  has a bound s t a t e  a t  -2.230 MeV, appropr ia te  t o  the deu- 

t e  ron . 

We g ive  here r e s u l t s  f o r  the f o l l o w i n g  choices o f  EST p o t e n t i a l s :  

(MI) PJ = 2, E, = 15.440 MeV, E, = 113.144 MeV; 
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F i g .  4 - Phase s h i f t ,  6 ( k E ) ,  versus k f o r  the  M a l f l i e t - T j o n  p o t e n t i a l  
E' 

M ( f u l l  1 i n e ) ;  the  EST p o t e n t i a l  M1, wi  t h  expansíon energ íes  15.44 MeV 

and 113.1 MeV (broken l i n e ) ;  t h e  p o t e n t i a l  M2, w i t h  expansion energ ies  

0.035 MeV, 31 .27 MeV and 209.5 MeV ( c i r c l e s ) ;  p o t e n t i a l  M3, w i t h  ex- 

pansion energ ies  0.035 MeV, 60.34 MeV, and 388.7 MeV ( r rosses)  . 



( ~ 2 )  N = 3, E ,  = 0.035 MeV, E ,  = 31.267 MeV, E ,  = 209.481 MeV; 

( ~ 3 )  N = 3, E, = 0.035 MeV, E, = 60.344 MeV, E ,  = 388.690 MeV. 

I n  Fig.4, the comparison o f  the phase s h i f t s  i s  presented. The agree- 

ment between the EST and the exact  phase- shi f ts i s  alrnost pe r fec t ,  f o r  

kE up t o  2.0 f ~ l  (E = 162 M ~ V ) ,  f o r  the p o t e n t i a l s  M1 and M2. I n  Figs. 

5a - 5 i ,  the separable and exact  R-matrix elements are presented as 

funct ion  o f  k , f o r  th ree values o f  k', and three values o f  E. I n  the 

regiun o f  very la rge values, o f  both k and k' (c f .  ~ i ~ . 5 e ) ,  the exact 

and separable R-matrices d i f f e r  o f t e n  by a f a c t o r  o f  f i v e  o r  more.This 

la rge r a t i o  i s  compensated by the f a c t  tha t ,  i n  t h i s  region these ma- 

t r i x  elements become very small i n  magnitude, and are thus expected t o  

y i e l d  negi i g i b l e  c o n t r i  bu t ions t o  the  three-body ca l cu la t i ons .  

L i ke  i n  the case o f  the Yukawa p o t e n t i a l ,  we a l s o  performed, f o r  the 

M a l f l i e t - T j o n  p o t e n t i a l ,  ca l cu la t i ons  using an EST p o t e n t i a l  M4, which 

i s  obtained from the case M3 by making the replacement o f  the s t a t e  

corresponding t o  the lowest expansion energy, E1, by the co r rec t  bound 

s ta te .  The resul  t s  were s i m i l a r  t o  those obtained f o r  the Yukawa po- 

t e n t i a i ,  t h a t  i s ,  f o r  the  lower energies the r e s u l t s  were no t  as good 

as those o f  the case M3, whereas, f o r  the higher values o f  L, the R- 

matrices corresponding t o  p o t e n t i a l s  M3 and M4 are  almost identical.We 

d i d  not  make ca l cu la t i ons  f o r  negat ive energies, f o r  which the case M4 

should y i e l d  b e t t e r  r e s u l t s  than those f o r  M3. 

Here we make the remark tha t ,  f o r  both l oca l  p o t e n t i a l s  considered, the  

phase s h i f t s  which correspond t o  the EST p o t e n t i a l s  were found n e v e r t o  

exceed the exact ones. The phase s h i f t s  corresponding t o  the l oca l  po- 

t e n t i a l  thus seem t o  represent an upper 1 i m i  t i n  the EST method. 

We mention here t h a t  no e f f o r t  was made t o  ob ta in  best  f i t s  f o r  the 

o f f - s h e l l  R-matrices, o r  phase s h i f t s ,  by making systematic v a r i a t i -  

ons o f  the expans ion energies . 



F i g . 5 a  - R- matr ix  elements, H ( k , k ' , ~ ) ,  
as funct ion  o f  k ,  f o r  k' = 0 .007  fm- '  

and E = 7.06 k V  ( kE = 0 . 4  1 2  fm- ' )  . 
The f u l l  1 ine  corresponds t o  the  Mal- 

f l i e t  p o t e n t i a l  M; the EST p o t e n t i a l s  

M1, M2 and M3, a r e  represented respec- 

t i v e l y  by a  broken l i n e ,  c i r c l e s  and 

crosses. 

1 - - 
u 

E.706 MeV 

F i g . 5 b -  Same as F i g . 5 a ,  f o r  k' = 1 .38  

fm-'. end E = 7.06 W ( k e . 4 ~ 2  fm-'9.  



F i g . 5 ~ -  Same as Fig.Sa, for k'= 0.007 f m l ,  and E=31.3~e~(k~=0.868frn-l). 
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E =113 MeV 
ki 

= 0.007 fm-' 

F i g . 5 f  - Same as F ig.5a,  f o r  k1=0.007fm-l,  and E= 113MeV (kF1 -65 f m - ' 1 .  
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MeV 
f m - l  

/ 

F i g . 5 i  - Sane as Fig.5a, f o r  k '=  1 . ] 8 f i 1 ,  and E=)l  .]MeV (kE=0.868 fm-I). 



The equa t ions  used t o  o b t a i n  a numer ica l  s o l u t i o n ,  f o r  t h e  e x a c t  R-ma- 

t r i x  were Eqs. (30) ,  (32) and ( 3 3 ) .  For  t h e  separab le  R- mat r i x ,  we u t i -  

1  i z e d  Eqs. (21) and (22) ,  coup led  t o  Eqs. ( 2 4 ) ,  (25) and (35) .  

For t h e  c a l c u l a t i o n s ,  a  20 p o i n t s  Gaussian mesh, i n  momentum space,was 

used. Thus, by approx imat ing  t h e  i n t e g r a l ,  i n  Eq.(30), by a Gaussian 

quadra tu re ,  t h e  i n t e g r a l  e q u a t i o n  co r respond i  ng t o  t h e  e x a c t  R-matr i  x 

i s  rep laced  by a system o f  1  i n e a r  equa t ions ,  which was s o l v e d  by means 

o f  t h e  Gaussian r e d u c t i o n Z 0 .  The i n t e g r a l s  wh ich  appear i n  Eqs. (24),  

(25) and (33) were a l s o  e v a l u a t e d  th rough  Gaussian quadra tu res .  

The wave f i i n c t i o n s  o f  t h e  bound s t a t e ,  needed f o r  t h e  c a l c u l a t i o n  o f  

the EST p o t e n t i a l s  Y3 and M4, were o b t a i n e d  by s o l v i n g  t h e  Schrud inger  

e igenva lue  p r o b l e m  i n  c o n f i g u r a t i o n  space. The m a t r i x  elements, 

< ~ ~ v I $ ( B , ) > ,  where $ ( B 1 )  i s  t h e  wave f u n c t i o n  o f  t h e  bound s t a t e ,  were 

e v a l u a t e d  by making Bessel t rans fo rms.  

A p a r t i a 1  check o f  o u r  computer program was ach ieved  s i m p l y  by u s i n g  

as i n p u t ,  i n s t e a d  o f  t h e  l o c a l  p o t e n t i a l ,  a separab le  p o t e n t i a l  o f  se- 

cond degree. 
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